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Since V, and ¢, are both injective outside 4, X C, we can replace Q2
by Q n (U, ¥,) over (D,—{|z|<r,) % C, (the intersection being relative
to ,) and by (U, ¥,) over {| z| < r,} X C. [See the shaded figure in the
diagram above.]

This gives us a manifold X, and a map = : X - C2, such that ™! (a)
“contains at most two points for any a € C2. This is locally Stein; in fact the
boundary of ™! (D, x C)is locally described by an inequality max (v, v) < 0
where u, v are strongly plurisubharmonic. This is known to be sufficient to
guarantee that 7~ ! (D, x C) is Stein. Over a small neighbourhood U of
(0,0), =~ ! (U) is isomorphic to the disjoint union U ¥, ! (U). Thus

n>2
n : X —» C? is locally Stein. However, X is not Stein. In fact, if
K={(z,weC*|zreal, 0<z<1Y, |w|=1},

the envelope L = (n7 ! (K))" of the compact set =~ ! (K) has the property
that © (L) contains the discs

z =—,|lw| <1
n

for n > 2, so that L cannot be compact.

§ 2. PSEUDO-CONVEX DOMAINS

Strongly pseudo-convex domains with smooth boundary in C" have
some very useful properties not shared by arbitrary bounded domains of
holomorphy. Here are two such properties.

I. Let Q be a strongly pseudo-convex domain with smooth boundary.
Then Q has a fundamental system of pseudo-convex neighbourhoods.
II. Subelliptic estimates.

We begin with a definition.

If fe L? (R"), let f denote its Fourier transform, and, for a real s > 0,
define || /||, by

TIE =I{J}(5) 2 (1 +(e)de
We set
# R = {feL2®R)| || S]], < 00} .
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Let
R} = {(x(,...,x,)eR" | x, >0},

and define #° (R}) as the set of g € L* (R") for which there exists f e #° (R")
with /= g on R. We introduce a norm on #° (R}) by setting

lg [l = inf [[£,

the infimum being taken over those fe #° (R") for which f = g on RI.
This definition extends to compact manifolds with boundary (using
local coordinates and a finite partition of unity).
If I, J are strictly increasing sequences of integers between 1 and n,

I= (i, ...i,), J = (i, nr j,), We set
dzy = dz;; N ... A dzip, dz; = dz;; A ... A dZJ-q.

Let Q be a bounded open set in C" with smooth boundary, and let
o be a C” differential form on Q. We can write w uniquely in the form

= ZaIJdZI/\dZJ,
I,J

where 7, J are strictly increasing sequences of integers between 1 and n
and a;; are C*-functions on Q. We define the s-norm of w by

lolls = X Naylls.

I,J

If w, " are differential forms of the same type (p, ¢q),

w = Z aIJ dZI A dZJ, CO, - z aIJdZI AN d_Z-J,
I1,J I,J

we define a scalar product < w, @ > by
<w,0'>= Y [ga a;;dv
1,7
(dv = Lebesgue measure)

and use this scalar product to define the adjoint 0* of the operator 0. Note
that the condition that a C*-form on Q be in the domain of 0* is given by
boundary conditions on the form.

Let Q be a pseudoconvex domain in C" with smooth boundary, and let
a e 0 Q. We say that the J-Newmann problem is subelliptic at a for forms
of type (p, q) if there exists a neighbourhood U of a in C" and constants
C > 0, ¢ > 0 such that |

\

% lloll; <C{lldwlls + lId*olls + llwlls}
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for all forms of type (p, ¢) with compact support in U n Q which lie in the
domain of ¢*.

One of the central results in the study of the behaviour of solutions of
the equation 0 ¢ = w near the boundary in the following theorem (see
Kohn [12]; also Princeton Mathematical Notes No. 19 by P. Greiner and
E. Stein: Estimates for the 0-Neumann Problem, as well as the references

given there).

THEOREM. Let Q be strongly pseudo-convex with smooth boundary.
Then, for any a€dQ, any g >0, p >0, the 0-Neumann problem is
subelliptic at a for forms of type (p, q).

In fact, we may take ¢ = 1 in (**) in this case, and this is best possible.

While this theorem, and the theorem about pseudo-convex neighbour-
hoods of Q, fail to be true for pseudo-convex domains in general, it follows
from results of Kohn [13] and Diederich-Fornaess [4] that they remain
true if the boundary is real-analytic (without any hypotheses concerning
the points where Q is strongly pseudo-convex). We shall now describe the
results of Kohn [13] and Diederich-Fornaess [4] in a little greater detail.

Let p be a real-valued C*-function on an open set U in C", let a € U,
p (a) = 0. Suppose that d p # 0 on U. Then, the set

M ={xeUlp(x) =0}
is a real submanifold of U of dimension 2 n— 1. The complex hyperplane

"0
TyO(M) = {(&y, ..., t)eC | Y —

0
= 6zv(a) {, = 0}

is called the complex tangent space of M at a (it is the largest complex
subspace of C" contained in the real tangent space of M at a).

The Levi form of p at a is the restriction to 7'} ° (M) of the hermitian
form

We also call this the Levi form of M at a. Note that a change in the
defining equation p of M merely multiplies this form by a non-zero real
constant.

The null space of this Levi form is the set of vectors

n 2

o
N, = {4, L) eTEO (M) Y %(@-g,; 0,v=1,..,n).

n=1 0 Zy
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Let X be a real analytic set in U with a e X. We define the (Zariski)
tangent space T .°° (X) of X at a as follows: let I, be the ideal of germs at a
of real-analytic functions that vanish on X in some neighbourhood of a.
Then

Tyo(X) = {L-—- S G eTE(C)|LU) =0,er1x}.

v

If X < M, the integer
inf dimg (T2° (X) A N,)
acX
1s called the holomorphic dimension of X and denoted by hol. dim X.
If X is a complex analytic set contained in M, its holomorphic dimension
is equal to the (complex) dimension of X.
Kohn’s main theorem on subelliptic estimates is the following [13]:

THEOREM 1. Let Q be a pseudo-convex domain, a€ d Q, and suppose
that 0 Q is smooth and real-analytic in a neighbourhood of a.

Let g > 0. Then, the 0-Neumann problem is subelliptic at a for forms
of type (p, q) if the following condition is satisfied :

There is a neighbourhood U of a such that 0 Q n U contains no germ
of a real-analytic set whose holomorphic dimension is > q.

[Theorems 4 and 5 below, due to Diederich-Fornaess [4], imply that
this condition is satisfied for any ¢ > 0, if 0 Q is smooth and real-analytic
everywhere.] |

We turn now to the problem of finding Stein neighbourhoods of Q.

Let S < 0 Q be the set of points at which Q is not strongly pseudo-
convex. :

We say that the pseudo-convex domain 2 is regular, if there exist
smooth, locally closed submanifolds V, ..., V. of 0 Q such that

10. V, is contained in 0 @ — U V¥, as a closed subset.
l<k

208 < vV,
k=,

30, The Levi form of @ Q, restricted to T'2*° (), is positive definite for all
aeVy,allk =1, ..,r.
The theorems of Diederich-Fornaess [4] can be stated as follows.

THEOREM 2. If Q is regular, then Q has a fundamental system of
- pseudo-convex neighbourhoods.
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THEOREM 3. If Q has a smooth real-analytic boundary, then £ s
regular.

The essential ingredients in the proofs of these two theorems are con-
tained in the next two [4].

THEOREM 4. Let Q be a pseudo-convex domain with a smooth boundary,
andlet ae 0 Q. Let U be a neighbourhood of a in C" such that 0 Q N U
is real-analytic.

Let g >0, and suppose that 0 Q n U contains the germ of a real-
analytic set whose holomorphic dimension is > q. Then 0Q n U contains
the germ of a complex analytic set of dimension = q.

THEOREM 5. Let X be a compact, real-analytic set in C". Then X does
not contain the germ of any complex analytic set of dimension >0.

Putting these results together, one obtains the following theorem.

THEOREM 6. Let Q be a bounded pseudo-convex domain in C" with a
smooth, real-analytic boundary. Then

a) Q has a fundamental system of neighbourhoods that are pseudo-convex,
hence Stein.

b) Forany ae d Q, andany g > 0, the 0-Neumann problem is subelliptic
at a for forms of type (p, q).

These results and techniques are being very actively pursued at present.
Many problems which looked inaccessible until recently have been solved,
at least in important special cases. For instance, the Mergelyan theorem
for Q has seen significant progress (see e.g. [9]). So has the question of
global defining equations for the boundary of a pseudo-convex domain ([3]).
Finally, a beginning has been made in the study of domains whose bound-
aries do contain complex analytic sets of positive dimension ([2]).
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