Zeitschrift: L'Enseignement Mathématique
Herausgeber: Commission Internationale de I'Enseignement Mathématique

Band: 24 (1978)

Heft: 1-2: L'ENSEIGNEMENT MATHEMATIQUE

Artikel: ON CAYLEY'S EXPLICIT SOLUTION TO PONCELET'S PORISM
Autor: Griffiths, Phillip / Harris, Joseph

Kapitel: 2. Application to the Poncelet problem

DOI: https://doi.org/10.5169/seals-49688

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 27.04.2026

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-49688
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

— 38 —

2. APPLICATION TO THE PONCELET PROBLEM

We consider two smooth conics C and D meeting transversely at four
points x; (i=0, 1, 2, 3) of the projective plane P?. The dual conic D*
< P?* consists of the tangent lines £ to D, and we consider the incidence
correspondence

E < C x D*

of pairs p = (x, &) with x € & (c.f. Figure 1 above). E is the basic algebraic
curve underlying the Poncelet construction, and we shall now examine it.
Referring again to Figure 1, there are on E a pair of involutions defined
by
{ i(x,8) =59
i"(x", &) = (x", &)

whose composition j = i’ o i is given by j (x, &) = (x', ). It follows that
Poncelet’s construction beginning at p = (x, &) gives a closed polygon of n
sides if, and only if,

j"() =p.
The mapping

(x,¢) - x

represents £ — C as a two-sheeted branched covering whose branch points
are just the points x;€ C n D (i=0, 1, 2, 3), and the involution i’ inter-
changes the sheets of this mapping (c.f. Figure 2 below). Similarly, 7 inter-
changes the two sheets of the mapping E — D* given by (x, &) — ¢ whose
branch points are the four bitangents to the pair of conics. It follows that
if we choose the origin to be 0 = (x,, ;) in Figure 2 below
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Figure 2-

then E is an elliptic curve; i.e. a smooth algebraic curve of genus one with a
marked point chosen as the identity for the group law. If we let p = (x, )
in Figure 2, then the Poncelet theorem is:

The Poncelet construction gives a closed polygon of n sides with arbitrary
initial data q = (x, &) € E if, and only if,

(11) np = o
on the elliptic curve E.

Proof. We want to show that (11) is equivalent to

i"(@) = q

for an arbitrary point g € E. On the universal covering C of E any involution
i; having at least one fixed point lifts to

~

i (u) = — u + v modulo A,
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and i; (p) = o is equivalent to v € A. It follows that

—u — w modulo A

i (u)

| ;’(tt) = —u  modulo 4,

Il

so that

}(U) =u + wmodulo 4,
and consequently
j"(q) = g <>nw = 0 modulo 4.

Taking p to be the image of w in E = C/A4, we have
p=Jj()=(2)

in Figure 2, which proves our assertion. Q.E.D.
To complete our story we want to combine this result with the explicit
formula (10). As in the introduction we consider the pencil of conics

D, ={tC(x) +D(x) =0}

passing through the four base points x;. The determinant det (z C (x)
+ D (x)) is a cubic polynomial in # with non-zero roots ¢, (i=1, 2, 3).
For ¢ # t; we draw the tangent line to D, through x, meeting C in a unique
residual point x (z). It is easy to see that ¢ = 7; is mapped into x; (with
suitable indexing), and since D, = C the value t = oo is mapped to x,.
Taking ¢+ = 0 we see that ¢ = 0 corresponds to x, so that in summary:

The elliptic curve E is birationally equivalent to the Riemann surface of
the algebraic function \/ det (¢ C(x)+ D (x)) with the origin o corresponding
to t = oo and the point p = (X, _5_) to one of the two points lying over
t = 0.

Combining this with (10) gives Cayley’s result stated in the introduction.
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