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a time which was ripe for such discoveries, because of the movements to
make algebra abstract and to algebricize topology.

What started as a problem became a theory and this led to problems
again: What are the groups of cohomological dimension one ? (By Stallings
and Swan, just the free groups). What is the full algebraic interpretation of
H?* (G, A) (still a mystery)? Is Whitehead’s conjecture true? If Ext (G, Z)
= 0 for given G and the abelian group Z, is G free? (answer, by Shelah,
maybe yes or maybe no, depending on your set theory (see Ecklof [1976])).
There appears to be a movement in mathematics from problem to ideas to
theories to problems to counterexamples—and back again.

Are there breakthroughs of complete novelty? Not quite. As we have
argued, there are decisive papers, like the 1942 paper of Hopf which started
our whole subject. There were striking new ideas in that paper, but they
were not unprecedented; rather, they were rooted, as we have noted, in
earlier studies on homotopy and on the homology of Lie groups. Hopf’s
paper was a new idea, but one built on an older one, hence not a new para-
digm. With such a new idea, other developments, here the higher dimen-
sional cohomology, became inevitable—as their multiple discovery shows.
In this case, the development came soon; that is not always so, as witness
the long wait before the “inevitable” development of the notions of adjoint
functors. With the inevitable developments, there are also some which are
evitable: They were not needed and they don’t seem to matter. It is well
known that there are many such papers; just by way of a constructive
existence proof, I cite the 1947 paper by Eilenberg and Mac Lane in which
the higher cohomology groups H" (G, A) were interpreted by non-asso-
ciative multiplications. This result seems to have found no use; no matter,
the exploration of the unknown is sure to lead us up some false paths.

Finally, our small piece of history shows that the development of mathe-
matics is by no means single-minded. It involves the interaction between
the ideas of many individuals and the interpenetration of different fields.
In the present case, the interplay between algebra and topology is prominent,
and is typical of the contributions of Beno Eckmann to our science.

BIBLIOGRAPHY

ALEXANDER, J. W. II [1915]. A proof of the invariance of certain constants of analysis
situs. Trans. Am. Math. Soc. 16, pp. 148-157.

—— [1926]. Combinatorial analysis situs. Trans. Am. Math. Soc. 28, pp. 301-329.

ALEXANDROFF, P. [1928]. Gestalt und Lage abgeschlossener Mengen. Ann. of Math. (2)
30, pp. 101-187.

—— [1932]. Einfachste Grundbegriffe der Topologie. Springer, Berlin. 48 pp.



27 —

ALEXANDROFF, P. und H. HopF [1935]. Topologie. Erster Band. Springer, Berlin. 636 pp.

ATivAaH, M. F. and F. HirzeBrucH [1961]. Bott periodicity and the parallelizability of
the spheres. Proc. Camb. Philos. Soc. 57, pp. 223-226.

Baer, R. [1934]. Erweiterungen Gruppen und ihren Isomorphismen. Math. Z. 38,
pp. 375-416.

—— [1935]. Automorphismen von Erweiterungsgruppen. Actualités Scientifiques et Indus-
trielles, No. 205. Paris. ‘

—— [1940]. Abelian groups that are direct summands of every containing abelian group.
Bull. Am. Math. Soc. 46, pp. 800-806.

BArR, M. and J. Beck [1966]. Acyclic models and triples. Proc. Conference on Categorical
Algebra, La Jolla, 1965, pp. 336-344. New York, Springer.

—— [1969]. Homology and standard constructions. Seminar on Triples and Categorical
Homology Theory. Lecture Notes in Mathematics. Vol. 80, pp. 245-336. Berlin-
Heidelberg-New York: Springer.

BARRATT, M. G. [1955). Track groups 1, 11. Proc. London Math. Soc. (3) 5, pp. 71-106
and pp. 285-329.

BRAUER, R., H. Hasse und E. NoeTHER [1932]. Beweis eines Hauptsatzes in der Theorie
der Algebren. J. Reine Angew. Math. 167, pp. 399-404.

Brown, E. H., Jr. [1962]. Cohomology Theories. Ann. of Math. 75, pp. 467-484.

CARTAN, H. [1951]. Séminaire de Topologie Algébrique (Ecole Norm. Sup.) Paris.

CarTAN, H. and S. EILENBERG [1956]. Homological Algebra. Princeton.

CecH, E. [1932]. Hoherdimensionale Homotopiegruppen. Verhand. Int. Kongress Math.
Zurich, 2, p. 203.

—— [1935]. Les groupes de Betti d’un complex infini. Fund. Math. 25, pp. 33-44.

CHEVALLEY, C. and S. EILENBERG [1948]. Cohomology theory of Lie groups and Lie
algebras. Trans. Am. Math. Soc. 63, pp. 85-124.

Dickson, L. E. [1923]. Algebras and Their Arithmetics. Chicago, The University of Chicago
Press. 241 pp. German translation: Algebren und ihre Zahlentheorie. Zurich and
Leipzig, Orell Fussli 1927.

Eckror, P. C. [1976]. Whitehead’s problem is undecidable. Am. Math. Monthly 83,
pp. 775-788.

EckMANN, B. [1945-1946]. Der Cohomologie-Ring einer beliebigen Gruppe. Comment.
Math. Helv. 18, pp. 232-282.

—— [19474a]. On complexes over a ring and restricted cohomology groups. Proc. Nat.
Acad. Sci. USA 33, p. 275.

—— [19475]. On infinite complexes with automorphisms. Proc. Nat. Acad. Sci. USA 33,
p. 372.

—— [19534a]. On complexes with operators. Proc. Nat. Acad. Sci. 39, pp. 35-42.

—— [1953b]. Cohomology of groups and transfer. Ann. of Math. 58, pp. 481-493,

—— [1962]. Homotopy and cohomology theory. Proc. Intern. Congr. Math. Stockholm,
p. 59.

—— editor [1969]. Seminar on Triples and Categorical Homology Theory. Springer
Lecture Notes in Math. 80. Springer, Berlin, Heidelberg, New York.

EckmaNN, B. et P. J. Hicton [1958]. Groupes d’homotopie et dualité. C. R. Acad. Sci.
Paris 246, pp. 2444-2447, pp. 2555-2558, pp. 2991-2993.

—— [1959]. Decomposition homologique d’un polyédre simplement connexe. C. R.
Acad. Sci. Paris 248, pp. 2054-2056.

—— [1962-1963]. Group-like structures in general categories I, 1I, I1I. Math. Ann. 145,
pp. 227-255; 150, pp. 165-187; 151, pp. 150-186.

EckmanN, B. und A. ScHopr [1953]. Uber injektive Moduln. Archiv. Math. 4, pp. 75-78.

EckmanN, B. and U. StammBAcH [1970]. On exact sequences in the homology of groups
and algebras. 1/l. J. of Math. 14, p. 205.




__ 28

EILENBERG, S. [1939]. On the relation between the fundamental group of a space and the
higher homotopy groups. Fund. Math. 32, pp. 167-175.

—— [1944]. Singular homology theory. Ann. of Math. 45, pp. 407-447.

FILENBERG, S. and S. MAc LANE [1942]. Group extensions and homology. Ann. of Math.
43, pp. 757-831.

—— [1943]. Relations between homology and homotopy groups. Proc. Nat. Acad. Scz
USA 29, pp. 155-195.
— [1945a). General theory of natural equivalences. Trans. Am. Math. Soc. 58, pp.231-294.

—— [19455]. Relations between homology and homotopy groups of spaces. Ann. of
Math. 46, pp. 480-509.

—— [19474a]. Cohomology theory in abstract groups, 1. Ann. of Math. 48, pp. 51-78.

—— [1947b]. Cohomology theory in abstract groups, II. Group extensions with a non-
abelian kernel. Ann. of Math. 48, pp. 326-341. ;

—— [1947¢]. Algebraic cohomology groups and loops. Duke Math. J. 14, pp. 435-463.

—— [1948]. Cohomology and Galois theory, I. Normality of algebras and Teichmiiller’s
cocycle. Trans. Am. Math. Soc. 64, pp. 1-20. ‘

—— [1951]. Homology theories for multiplicative systems. Trans. Am. Math. Soc. 71,
pp. 294-330.

—— [1955]. On the homology theory of abelian groups. Can. J. Math. 7, pp. 43-55.

EILENBERG, S. and J. C. MooREk [1965]. Adjoint functors and triples. I/l. J. of. Math. 9,
pp. 381-398.

FREUDENTHAL, H. [1946]. Der Einfluss der Fundamentalgruppe auf die Bettischen Grup-
pen. Ann. of Math. 47, pp. 274-316.

GascaHUTZ, W. [1966]. Nichtabelsche p-Gruppen besitzen dussere p-Automorphismen.
J. Alg. 4, pp. 1-2.

HocuscHIiLD, G. [1945]. On the cohomology groups of an associative algebra. Ann. of
Math. 46, pp. 58-67.

—— [1946]. On the cohomology theory for associative algebras. Ann. of Math. 47,
pp. 568-579.

—— [1947]. Cohomology and representations of associative algebras. Duke Math. J. 14,
pp. 921-948.

—— [1950]. Local class field theory. Ann. of Math. 51, pp. 331-347.

HocHscHILD, G. and T. NAKAYAMA [1952]. Cohomology in class field theory. Ann. of
Math. 55, pp. 348-366.

HocHscHIiLD, G. and J.-P. SERRE [1953]. Cohomology of group extensions. Trans. Am.
Math. Soc. 74, pp. 110-134.

Hopr, H. [1931]. Uber die Abbildungen der dreidimensionalen Sphire auf die Kugel-
fliche. Math. Ann. 104, pp. 637-665.

—— [1941/42]. Fundamentalgruppe und zweite Bettische Gruppe. Comment. Math.
Helv. 14, pp. 257-309.

—— [1942]. Relations between the fundamental group and the second Betti group.
Lectures in Topology. Ann Arbor, pp. 315-316.

—— [1944/45]. Uber die Bettischen Gruppen, die zu einer beliebigen Gruppe gehoren
Comment. Math. Helv. 17, pp. 39-79.

——— [1946]. Bericht iiber einige neue Ergebnisse in der Topologie. Revista Matematica
Hispano-Americana. 4th Series. Vol. V1.

Hurewicz, W. [1936]. Beitrdge zur Topologie der Deformationen. Proc. Akad. Amsterdam
38, pp. 112-119, pp. 521-538; 39, pp. 117-125, pp. 215-224.

IYANAGA, S., editor [1975). The Theory of Numbers, translated by K. Iyanaga. North
Holland Publishing Co., Amsterdam/Oxford. 541 pp.

KanN, D. S. and S. B. PripDY [1972]. Applications of the transfer to stable homotopy
theory. Bull. Am. Math. Soc. 76, pp. 981-987.




— 29

KaN, D. M. [1958]. Adjoint functors. Trans. Am. Math. Soc. 87, pp. 294-329.

KaMPEN, E. R. VAN [1929]. Die Kombinatorische Topologie und die Dualitiitssitze, thesis.
Den Haag.

LEFSCHETZ, S. [1930]. Topology. New York, Am. Math. Soc. 410 pp.

LyNDON, Roger [1946]. The Cohomology Theory of Group Extensions. Harvard University
Thesis.

— [1948]. The Cohomology theory of group extensions. Duke Math. J. 15, pp. 271-292.

Mac LANE, S. [1948]. Groups, categories, and duality. Proc. Nat. Acad. Sci. USA 34,
pp. 263-267.

— [1950q]. Duality for groups. Bull. Am. Math. Soc. 56, pp. 485-516.

— [1950b]. Cohomology theory of Abelian groups. Proc. Internat. Congress. Math.,
Cambridge, Mass. Vol. 2, pp. 8-14.

— [1970]. The influence of M. H. Stone on the origins of category theory, in Functional
Analysis and Related Fields, pp. 228-241. Springer, Berlin, Heidelberg, New York.

— [19764]. Topology and logic as a source of algebra. Bull. Am. Math. Soc. 82, pp. 1-40.

—— [1976b]. The Work of Samuel Eilenberg in Topology, Algebra, and Category Theory,
pp. 133-144. Academic Press. New York, San Francisco, London.

—— [1978]. A History of Abstract Algebra: Origin, Rise, and Decline of a Movement.
(To appear in a volume published by Texas Tech University.)

Mac LANE, S. and O. F. G. ScHILLING [1941]. Normal algebraic number fields. Trans.
Am. Math. Soc. 50, pp. 295-384.

MAYER, W. [1929]. Uber abstrakte Topologie. Monatshefte Math. u. Phys. 36, pp. 1-42.

NOETHER, E. [1921]. Idealtheorie in Ringbereichen. Math. Ann. 83, pp. 24-66.

Purpg, D. [1958]. Homotopiemengen und ihre induzierte Abbildungen. Math. Z. 69,
pp. 291-334.

SCHREIER, O. [1926]. Uber die Erweiterungen von Gruppen. 1. Monatsh. Math. u. Phys. 34,
pp. 165-180.

SCHUR, J. [1904]. Uber die Darstellung der endlichen Gruppen durch gebrochene lineare
Substitutionen. J. Reine Angew. Math. 127, pp. 20-50.

—— [1907]. Untersuchungen iiber die Darstellung der endlichen Gruppen durch ge-
brochene lineare Substitutionen. J. Reine Angew. Math. 132, pp. 85-137.

TATE, J. [1952]. The higher dimensional cohomology groups of class field theory. Ann.
of Math. 56, pp. 294-297.

TeicEMULLER, O. [1940]. Uber die sogenannte nicht kommutative Galoissche Theorie
und die Relation... Deutsche Math. 5, pp. 138-149.

VieToris, L. [1927]. Uber den hoheren Zusammenhang kompakter Riume und eine
Klasse von zusammenhangstreuer Abbildungen. Math. Ann. 97, pp. 454-472.
WAERDEN, B. L. vaN DER [1930]. Kombinatorische Topologie. Jahresbericht Deutscher

Math. V, 39, pp. 121-139.
—— [1930/31]. Moderne Algebra I (1930), 243 pp.; II (1931), 216 pp. Springer, Berlin.
—— [1975]. On the sources of my book Moderne Algebra. Historia Math. 2, pp. 31-40.
WHITEHEAD, G. [1956]. The homotopy groups of joins and unions. Trans. Am. Math.
Soc. 83, pp. 55-69.
WHITNEY, H. [1938]. On products in a complex. Ann. of Math. 39, pp. 397-432.

( Regu le 27 juin 1977 )
Saunders Mac Lane

Department of Mathematics
University of Chicago
Chicago, Illinois 60637
USA







	...

