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Since

di, dis+l- + I vir
Sxk l=1 ôxk

is homogeneous of degree dL — 1, we conclude from Lemma 2.1 that

r) T r~s r

(2.2) V,. 1 <i < s
d xk i i d xk j i

where the i?/s are homogeneous and each term in (2.2) is homogeneous of
degree dt — 1. This forces i?; 0. Multiply both sides of (2.2) by xk and

sum over k. We conclude, by Euler's identity for homogeneous polynomials,
y — s r

(2.3) diIi+ £ Vnda+lIs+l £ Ajlj
y=i

the >4/s being homogeneous with At 0.

(2.3) shows that 7f e (/l5 /£_ l5 /i+15 7r), contradicting the
minimality of the basis 7l5 7r. Hence 7l5 7r are algebraically independent
and r n.

2. The Theorem of Shephard and Todd

We obtain in this section a converse to Chevalley's Theorem, thereby
obtaining an invariant theoretical characterization of finite reflection

groups. We first prove several preliminary results.

Lemma 2.2. Let H be a finite group of linear transformations acting on
the ^-dimensional space V and fixing the n — 1 dimensional hyperplane n.
The elements of 77 have a common eigenvector v e V — n. Let o (v)
£ (er) f, cr e 77 £ is an isomorphism from H into the multiplicative group
of the roots of unity in k. It follows that 77 is a cyclic group.

Remark. The above lemma is a consequence of Maschke's Theorem

proven in section 2.3. We provide another proof below.

Proof. Let er x e 77, er x ^ e (the identity of 77). By the remark following
Definition 2.1, there exists v e V ~ n such that g]t (v) (1 v, £x being a

root of unity # 1. For ere 77, let cr (v) £ (cr) v + p (cr), £ (<r) g k and

p (cr) e 7t. Let <7* cr1
~1 n"1 cr. Then <7* (v) v + (1 ~Ci)p (o)- Since

(7* is of finite order, (1 ~Ci)P (o) 0 => p (a) 0. Hence <7 (v) £ (n) v.

£ (a) is clearly an isomorphism from 77 into £7, the multiplicative group of
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the roots of unity in k. U is known to be cyclic ([22], Vol. 1, p. 112). It
follows that C (H), a subgroup of U, is cyclic and so H is cyclic.

Theorem 2.2. Let G be a finite group acting on the n-dimensional

space V. Let /l5 /n be homogeneous polynomials forming a basis for
the invariants of G. Let du dn be the respective degrees of Iu
Then

n n

(2.4) n dt =\G\,y{dt- r
i= 1 i=1

where r number of reflections in G.

Proof By Theorem 1.2, Iu In are algebraically independent. Let

/ (x) be a homogeneous invariant of degree m. Then / is a linear combination
of the monomials 7"1 Iann where a1d1 + andn m. Furthermore,
these monomials are linearly independent over k, as Iu In are algebraically
independent over k. It follows that the dimension 3m of homogeneous
invariants of degree m number of non-negative integer solutions to
a1 dt + + an dn m. Hence

(2.5) E Smtm=
1

m~0 (l-/1)... (1

(1.9) and (2.5) yield

(2-6) -k E
I GI

aeG(1-coj (ö-)/) (1 -con{a)t)(l-/1)...(1-
Expand both sides of (2.6) in powers of (1-t). Let set of

reflections in G and (a) eigenvalue of the reflection a which # 1. We have

1 1

(2-7) 7777 I \G\ atG(1 -<j)y)(o)t) ...(1 -oj„(a)

11 11 1

I G I (1 -0"
+

I G I WW (l-0B_l +

1 " 1^ „ Jn\ n(l-t0 (i-t"") ,4Î d((i-0 -GOtt-O2 + ± (l-o'
n

y2 E w-i)11 i i 1

« n + •••

n^d-o" n (l-o-
i= 1 i=1
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Equating coefficients of (2.7), (2.8), we get

(2.9) n d, I G I £ (d,-l) 2 ^ —...
i — 1 i 1 ~ C(ff)

We evaluate the sum

X
1

:

Let 7i be any r.h. Let Hn {o | a e G and a fixes n}. Thus H% is the

subgroup of G consisting of the identity and those reflections in G with r.h. n.

Applying Lemma 2.2 to H%, we conclude that there exists v n such that
(7 (v) C (<x) v for (7 6 Hn. Let H'n H% - { e }. Since £ (<j" (£ (a))' \
we obtain

(2-10) y —1— y —ri - cm i - r '--1i-C(<7) ^,1-Utf-1)<T eH aeH
it it

L ~ i_r(ff))= ~ Li-CW; '

aeH aeH
it it

Hence

(2ii) y
1 ' H

—.
71

Summing both sides of (2.11) over all r.h. n, we get

(2.9), (2.12) yield Theorem 2.2.

Theorem 2.3. fu polynomials in the variables xl9 x„.
fl9 are algebraically independent over k o

HA>•••»/„)
# 0

d(xu

Proof. Suppose that fu ...,/„ are algebraically independent. Then
G (fx, ...9fn) 0 for some polynomial G G (yu yn). Assume that
G {yu yn) is of minimal positive degree. Differentiating this relation
with respect to xp we get
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f, 8G8f.
(2.13) £ — ...,/„) —^ 0, 1 <j <n

i=i 8yt dxj
(2.13) is a system of linear equations (with coefficients in k (x1? x„))

dG d G
in the unknowns Ht (x) (/1? 1 < f < «. -r—- # 0 for some z,

^ G
as G is not constant, and deg < deg G. It follows that the corresponding

(x) # 0. Thus the linear system (2.13) has a non-zero solution, so that
its determinant

S (A, .,/„) 0
a(xi,...,xn)

Conversely, let /l5 ...,/, be algebraically independent. For each z,

X/, /i, •••,/„ are algebraically dependent. Hence there exists a polynomial

G; (xf, yi, y„) of minimal positive degree in xt such that
Gt (xf,/l5 ...,/„) 0. Differentiating these relations with respect to xfc, we get

^ S Gi Ô f:
(2-14) £ '(.v,

j i dx^

+ 5 (*i,/l, •••,/„) 1 <fe < II
3 xt

<5i/c denoting the Kronecker symbol. (2.14) may be rewritten in matrix
notation as

($($»
where the entries of D are

8G,
~ 8;J"x,,J Ô.

d G
det D=* 0, as xf - degree of — degree of Gh 1 < < «.

d xt-

It follows from (2.15) that
d (/i>

^ ^
0(Xi,...,X„)

Theorem 2.4. (Shephard and Todd [19]). Let G be a finite group
acting on the n-dimensionalspaceV. Suppose there exists a basis of n
homogeneous polynomials for the invariants of G. Then G is a finite
reflection group.
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Proof. Let H be the subgroup of G generated by the reflections in G.

By assumption G has n basic homogeneous invariants which, by Theorem 1.2,

are algebraically independent. Since H is a finite reflection group, we
conclude from Chevalley's Theorem that H has n basic homogeneous
invariants Ju Jn which are algebraically independent. Each 4 is

invariant under H so that It It (Ju /„), the latter quantity denoting a

polynomial in the JIs. We may assume that 4 (Ju Jn) is a linear
combination of monomials Jaf Jn°n whose x-degree deg f. We have

d(h,= d(!u ...,/„)
5(x1;...,x„) d(«/j,.• • Jn)

By Theorem 2.3,
r>(T. M / 0dih,. -, h)
d(xu -, x

and (2.16) then shows that

u.
d(J1,. ;Jn)

It follows that there is a rearrangement k

dlkl dlkKn

ô J1
'

JTn

# o,

Hence Ik. (Ju Jn) is of positive degree in J\ and deg Ik. > deg /j,
1 </</?. Applying Theorem 2.2 both to G and H, we obtain

n n

(2.17) n deg JiI H|, n deg/; |G|
i= 1 i= 1

n n

(2.18) y (deg — 1) y (deg /; - 1) r
i= 1 i= 1

where r number of reflections in G number of reflections in H.
Since deg 4. > deg 4, 1 < i < n% we conclude from (2.18) that

n n

deg Ik. deg 4, 1 < i < n. Hence ]~[ deg It deg Jh and we
i =1 7 1

conclude from (2.17) that | G | | H \ Thus G H and G is a finite
reflection group.


	2. The Theorem of Shephard and Todd

