Zeitschrift: L'Enseignement Mathématique
Herausgeber: Commission Internationale de I'Enseignement Mathématique

Band: 24 (1978)

Heft: 1-2: L'ENSEIGNEMENT MATHEMATIQUE

Artikel: SINGULAR INTEGRAL EQUATION CONNECTED WITH
QUASICONFORMAL MAPPINGS IN SPACE

Autor: Ahlfors, Lars V.

Kapitel: 7. Computation of Slv

DOI: https://doi.org/10.5169/seals-49703

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 19.01.2026

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-49703
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

— 233 —

for all r. Therefore ISf(0) = 0 and hence f(0) = 0 by (8). If this result
is applied to (T,)* f it follows that f(y) = O for arbitrary y, so that f
is indeed identically zero.

7. COMPUTATION OF Slv

It is easy to show that S .. (») = [Sy;,. (W is a Calderon-
Zygmund kernel for any choice of the indices; in other words, it is homo-
geneous of degree — n, and its mean-value over the unit sphere is 0. If
vel?, 1 <p < oo, it follows by the Calderon-Zygmund theory that the
principal value

pr. v. j vij(x)sij,hk(x_y)dx

B

exists almost everywhere, and that it is the limit in L? (B) of the corre-
sponding truncated integrals. In view of (7) it follows that the integral

9) Iv(y)w = ,1‘; Vij (x) Ly (x,y)dx

will also exist as a principal value almost everywhere. One finds, however,
that the remainder in (7) makes it possible to assert merely that the
principal value is a limit in L?’ for any p’ < p/n. In these circumstances
it is natural to assume that ve L? (B) for all p > 1.

THEOREM 2. If velL? (B) with p > n, then SIveLP (B) for
all 1 < p' < p/n, and

(10) SIv = —by + Iv
where b, = 4 w,/(n+2) and T'v is defined by (9).

Proof. Let ¢ be an SM,-valued test-function. The definition of SIv
as a distribution leads to the following formal computation:

iSIV(y)hkqo(y)hkdy = — iIV(y)kS*q)(y)kdy
= — J S* @ (y)dy ivij(x)vu,k(x,y)dx
- ivij(x)dx J} S*@(Y)k)’ij,k(x»y)dy

= = Jl;vij(x)dx [b, @i (x) — 1!- @ (Ve Tijuc (%, y) dy] .
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The justification, by means of the Zygmund-Calderon theory, is routiné,
and (10) follows.
Taken together, Theorems 1 and 2 lead to a very striking result:

THEOREM 3. An SM,-valued function vel?(B), p>n, is of the
form v = Sf with f =0 on S (1) if and only if it satisfies the homogeneous
integral equation I'v = — a,v with a, = c, — b, = 2(n—2)(n+1) w,/
n(n+2).

Indeed, if v is of this form, Theorem 1 implies ¢,/ = — Iv, hence
¢,y = — Slv, and consequently I'v = (b,—c,) v by Theorem 2. Conversely,
if I'v = — a,v then SIv = — ¢,v by (10), and f = Iv vanishes on S (1).

The point of Theorem 3 is that the solvability of Sf = v (with an extra
condition on f') has been reduced to an integral equation.

THEOREM 4. For any vel?(B),p > n, S*p[[v+a,y] = 0.

Proof. Let f be a vector-valued test-function. Theorem 3 applies to
Sf, and we obtain by use of Lemma 2

| S*pl”v"fdx = — [ p(x) I'v(x); Sf(x);;dx

= — f p(x)Sf(x);dx }; V(P Threyij (¥, x) dy

B

= — ljgp(J’)V(J’)hkdy j Sf(X)ij I'ijpe (x,y)dx

B

= = [ oWy T'SF(Wmdy = a, § p(¥) V(¥ SF(¥)udy

B B

= —a, | S*pv-fdy

B
and hence S*pI'v = — a, S*v.

THEOREM 5. Every v which isin all L? (B) has a unique representation
in the form v = v' +v" where v' and v" arein all L? (B) while v is
in the image of SI and V" is in the kernel of S* p.

As a consequence of Theorems 3 and 4 the representation is given by
¢y = — SIv + (I'v+a,y).

It is unique, for if S/ = I'v + a,v, then S$* p SIv = 0 so that Iv is harmonic
and 0 on S (1), hence identically zero.
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