
Zeitschrift: L'Enseignement Mathématique

Herausgeber: Commission Internationale de l'Enseignement Mathématique

Band: 24 (1978)

Heft: 1-2: L'ENSEIGNEMENT MATHÉMATIQUE

Artikel: SINGULAR INTEGRAL EQUATION CONNECTED WITH
QUASICONFORMAL MAPPINGS IN SPACE

Autor: Ahlfors, Lars V.

Kapitel: 4. NON-EUCLIDEAN MOTIONS

DOI: https://doi.org/10.5169/seals-49703

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veröffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanälen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
qu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 27.04.2026

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-49703
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en


— 228 —

4. Non-euclidean motions

The euclidean case was dealt with in [3]. In the present paper we undertake

a more detailed study of the hyperbolic case. The unit ball in Rn is

denoted by B, and G is the full group of Möbius transformations mapping B
on itself. The Poincaré metric ds (1 —1^|2)-1 | dx | and the non-
euclidean volume element p dx (1 — \x\2)~n dx are invariant under G.

For A e G we prefer to denote the Jacobian by A' (.x) rather than
DA (x). We use | A! (x) | for the linear rate of change, the same in all
directions. This notation has the advantage of leading to formulas which
are easily recognizable generalizations of the familiar formulas for n 2

in complex notation. | A' (x) | is also the square norm of the matrix A' (x),
and I det A' (x) | | A' (x) |".

Reflection in the unit sphere is denoted by x* x/j x |2. Its Jacobian
is Z)x* I x |-2 (ln-2<2(x)) with ß 00u x^Xj/| x (2; note that

(l„"2ß(x))2 l/r
For every y e B there is a unique Tye G such that Tyy 0 and

Ty (y) I Ty (y) | • l,r The most general A e G is of the form A UTy
with y A~x (0) and Ue O (n).

For n — 2, in complex notation,

TyX

T'y 00

x — y
1 — yx
1 - I kl2

y K J (\ r„,\2(1 — yx)

The first formula can be rewritten as

(^c — T) (1 — 1 F 1 —

lf|2|^-k*|2
In this form it makes sense for arbitrary n and is in fact the correct formula.
The denominator | y |2 | x - y* |2 corresponds to | 1 - yx |2, and it is

equal to 1 - 2 (xy) + | x |2 | y |2, where (xy) is the inner product. To

emphasize the symmetry we shall use the notation \y\ \ x - y*
] x I \ y - x* I [x, y].

The expression for Ty (x) is

/ i — I y \2

T (x) - — A(x,y)
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with

A(x,y) (l-2<200) (l-2Q(x-y*)) (1 -2Q(x))

Observe that A (x,y) 'A (y, x) and A (x, y)2 1„ so that A (x, y) e O («).

The matrix A (x, y) generalizes the angle arg (1 —xy)/( 1 — yx).
It is useful to note that | Ax — Ay |2 | A' (x) | | ^4' (.y) | \ x - y\2

for any Möbius transformation A, and [Ax, Ay]2 \ Ä (x) | | A' (y) |

[x, y]2 if A eG. There is an important relation between Tyx and Txy

expressed by

(4) Tyx - A (x,y)Txy.

We refer to [2, 3, 4, 5] for the elementary proofs of these formulas.

5. Fundamental solutions

A continuous mapping / : B -> R" will be called a deformation. In this

paper we shall assume, mainly for simplicity, that / is continuous on the

boundary S (1), and that x */(x) 0 on S (I); this means that / maps B

on itself when regarded as an infinitesimal mapping.
A deformation is trivial if Sf 0. There are very few trivial

deformations: a complete list is given in [3].

It is customary to say that/is a quasiconformal deformation if 11 Sf\\
e L00 (B); here J| Sf\\ is the function whose value at x is the square norm
of the matrix Sf (x). More generally, we shall also consider functions with
\\Sf\\eLp (£); we abbreviate to Sfe LP, and we denote the Z/-norm of
the square norm by || Sf\\p. The same convention will prevail for all
matrix-valued functions.

We shall say that / is harmonic if S* p Sf 0, p (1 — |x|2)-".
Because of the invariance, if / is harmonic and AeG, then A*f is also
harmonic. Harmonicity in this sense is not the same as requiring the
components to be harmonic with respect to the Poincaré metric.

There are n linearly independent solutions of the equation S* y 0
which are homogeneous of degree 1 - n. We denote them by y k,
k 1, n, the elements being

lij,k I % I (àik,Xj + ^ij-Xfr) + (jl 2) I X I " 2
X^XyX^.

There is a unique vector-valued function gtk(x) with components
Qik (x) such that g,k(x) 0 for |x| 1 and p Sg mk so that
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