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tinuous functions {/* (t)}, defined on the sets {#;(£*)} and satisfying
the conditions

N

8) f(x,y)y Pi (x,y)f*(qt(x,y))forall (x,y)eG*;
1

9) max max |/*(t)|>K max \f(x,y)\.
i t<=qi(G*) (x,y)<=G*

Denote by FÀe F)e ((?!î, {Pi}, { qt}) the set of superpositions f(x,y)
e F(G*, {Pi},{ qt }) such that max | f(x, y) | < Is. By Theorem 5.2.1

(x,y)eG*
and (8), (9), there exist constants A and B such that if œ ((5) <(/L47£)~ 1

then HE Ô(F;e) < B (kKfjd. Hence the functional dimension

I 1 B(AK)2

r(Ft(G*, { Pt},{ })) < lim lim lim °g2 '3— 1

;.->x 0^0 e^o log2d

This proves the theorem.
From Theorem 5.3.1 and the properties of functional dimension (§ 1)

we have the following result, which is a stronger form of Theorem 4.6.1.

Corollary 5.3.1. For any continuous functions {Pi(x9y)} and

continuously differentiable functions { qt(x, y)} and every region D the

set of linear superpositions F (D, {pt}, { qt }) is nowhere dense in any space

offunctions that has in every region G a D functional "dimension" greater
than 1.

Remark 5.3.1. All the results about linear superpositions of the form
N

Y Pi (x' y) ft (Pi (-T y)) remain valid if we assume that {ft (t) } are arbitrary
i 1

bounded measurable functions.

§ 4. Variation of superpositions of smooth functions

Let Gn be a closed region of the space of the variables xl9 x2, xn
(n >2). A function F(x) F(xu x2, xn) is called a superposition of
order s generated by the functions of k (k > 1) variables

fß\,ß2--
• ißa hi) S, ßi 1 2, k)

if it is defined in G by relations
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F fi.1i,

Ißl,ßo,...,ßa - fßl,...,ßa(lßl,...,ßxAlßi....,ßz.2, (VI)

Qßl,ß'2>-~>ßs + 1
" Xy(ßi>ß2>---,ßs + l) '

where y (ßif ß2, ßs+1) is a function of the indices ßl9 ß2, ßs+1 and

takes one of the values 1, 2, n. As before, we assume that the functions

{ (pß^ß0 ß {tu 12i • ••> tk)} are defined for all values of the arguments.
A superposition of any order, generated by functions of one variable,

is again a function of one variable. Therefore in this case (k 1) we consider

superpositions of functions of one variable and the operation of addition,
that is, superpositions definable in the following way.

A function F(x) F (xl9 xu •••> xn) in> 1) 1S called a superposition of
order s of the functions fßl> }ß (t) (a 0, 1,2, s; ßt 1, 2) if the following
relations are satisfied:

Qßl,ß2,...,ßs+ 1 Xy(ßl,ß2,---,ßs+ i) 5

where y {ßl9 ß2, ßs+1) takes one of the values 1, 2, n.

Note that we can represent as superpositions of the form (VII), for
example, all rational functions of xl9 x2, xn since we can write any
arithmetic operation by such superpositions, for example, u • v elnu + Jnv

=fi.fl(w) + f2 (*>))•

Let F(xu x2,x„)bea superposition of order s of the continuously

dififerentiable functions {fMi^ tk))and
the superposition of the same form of the continuously differentiable functions

{fßxM,...*« -, h) }. We put

Vpi,ß2,-,ß* fßi ßa ~fßi,...,ßa (a ~0,1,2ßt 1, 2,

F — f(h +h

1ßlJ2 ßa ~ fßl,ß2,...,ßa(lßl,ß2,-,ßcc-l+ (VII)

k

Ii — max Y, SUP
<*>ßh-~,ßa i=1 fß ],, ßa i=1 t

S

oc,ßi,...,ßa t
max sup I (Pß1,..„ßa(tl,t2,...,tk)
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Lemma 5.4.1. The inequality

sup I F(xux2,...Px„) - F(xux2, ...,xfI) I < A(p, s) 8

x e G

holds, where the constant A (p, 5) depends only on p and s.

Proof. We proceed by induction on s. For definiteness suppose that
k < 1. Having verified the statement of the lemma for j 1 and having
made an appropriate inductive assumption for superpositions of order
s — 1, we have

sup I F(xux2i ...,*„) - F(xux2, ...,xn) I

x e G

< p max sup I qßl — qßl | + 8 < p • A (p, 5 — 1)8 + 8 A (p, s) s

ßl xeG

(the last by the indictive assumption). This proves the lemma.

Further, let oj (<5) be the common modulus of continuity of all the functions

{ JMxxiFÄAI— and, in addition, put
I dti J

k

s' max Y SUP

a,ßb-»,ßa »=1 t

ScPß^p^ih, -,tk)
dti

Lemma 5.4.2. We have (for case k > 1

F(xt, - F(xu *= y
<*, ßl,—>ßa

X CPßi,...ßa, (PI ßi,...,ßa,l (*1> • Xn)> * " * ' 4ßi,...,ßa,k (Xl> •'"> Xn))

+ R(xux2,
where

I R (x1? x2, x„) I < B (p, 5, k) [e' +co(T (p, s) s)] 8

/»ß! • ••,*») il
i o

(for a 0 p (xl5 x2, x„) 1),

B (p, s, k) is a constant depending only on p, s, k. For k — 1 corresponding

equation is slightly different (see Chapter /, (III) :
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F(xu - F(xu
~ Y Pßi,...,ßa(X 1>X2> •••' xn) (Pßi,...,ßa (Al' "-iXn)

<*,ßl,—,ßa

+ /.V2(A'l- ••>*,,)) + ß(xu v„).

Proof. As in the preceding lemma we proceed by induction on

Again for definiteness we limit ourselves to the case k > 1. For s 1

the assertion of the lemma is easily verified. We assume that it is true for
superpositions of order s—I. By Lemma 5.4.1, for superpositions of
order s we have

F(xu - F(xu ...,xn) f(quq2, ...,qk) ~f(quq2,
~ ~ k „

+ <p(ql9q2, r*,9qk) «= <p(quq2, •••>^-) + £ .— (<//h~^i)
/*i i

+ A (/*, 5) c' • ß 4- k • A (jjl, 5) co (A (//, s) s) s

Since qßl and qßl (ß± 1, 2, k) are superpositions of order s — 1,

by the inductive hypothesis we have

~ A

1ßl-<lßl= I Pß1....,ßII(
a> 0

ß2,ß3,.»,ßa

X ^ßi,...ßa, {C1ßi,....ßa,l (Xl5 *2» Xn)' •••> 4ßi,...,ßa,k (*ls X25 •••? *«))
/

+ R(x1,x2,,
where

A
I R(x1,x2,...ixJ j < B{n, s-1, /c) [e' + (ji, -1) e)] s

Pp1,...,ßa(.xi>-»x„)"n "
i=l

(for a=l,pßl(xu x„)ss 1).

When we now substative the expressions for the differences qß-
in the formula for F — F above, we obtain the required representation of

i the difference of two superpositions - This proves the lemma.
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