Zeitschrift: L'Enseignement Mathématique

Herausgeber: Commission Internationale de I'Enseignement Mathématique

Band: 23 (1977)

Heft: 1-2: L'ENSEIGNEMENT MATHEMATIQUE

Artikel: ON REPRESENTATION OF FUNCTIONS BY MEANS OF
SUPERPOSITIONS AND RELATED TOPICS

Autor: Vitushkin, A. G.

Kapitel: 83. Functional "dimension" of the space of linear superpositions

DOI: https://doi.org/10.5169/seals-48931

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften. Sie besitzt keine Urheberrechte
an den Zeitschriften und ist nicht verantwortlich fir deren Inhalte. Die Rechte liegen in der Regel bei
den Herausgebern beziehungsweise den externen Rechteinhabern. Siehe Rechtliche Hinweise.

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numeérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En régle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. Voir Informations légales.

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. See Legal natice.

Download PDF: 24.05.2025

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-48931
https://www.e-periodica.ch/digbib/about3?lang=de
https://www.e-periodica.ch/digbib/about3?lang=fr
https://www.e-periodica.ch/digbib/about3?lang=en

— 311 —

1

, ; 1 T oomdt \ |«
lvi (tee 1> 1) — Vi (B 1) | < Cg -\7-’) 0— = ¢o(y)a
=1

8 1 —12/ m

(here we again use the mean value theorem), to store the numbers
v (tes1, 1) — vi (4, 1)) to within «, log, Co binary digits are sufficient.
Therefore to write the numbers v; (#,, t;) (i, / fixed; k any admissible number)

Cio () [loggm - (bi-—ai) ;] = #;, binary digits are sufficient. Con-
o o

sequently the total number of digits sufficient to store all the numbers
v, (f,, t7) to within «, that is, to store the functions /5 (z) to within ¢, is

m m11m  B(y,N,D) /m\?
H o=y Hiy <Ncio©®) |log, — + (bi—a) “—<W—<— :
T o ol y o 0 g

This proves the theorem.

§ 3. Functional “dimension” of the space of linear superpositions

Suppose that continuous functions p; (x, y) and continuously differenti-
able functions ¢q; (x, y) (i=1, 2, ..., N) are fixed. Let G be a closed region
of the x, y plane. We denote by F = F(G, { p;}, { g, }) the set of super-

N

positions of the form f(x,») = Y p;(x,»)f;(q:(x,y)), where (x,y)e G
i=1

and {f;(z)} are arbitrary continuous functions of one variable. We are

interested in the functional dimension of the set F.

THEOREM 5.3.1. In every region D of the X,y plane there exists a
closed subregion G < D such that

r(F(G {p},{a:}) <1

Proof. By Theorem 4.5.1, in D there exists a closed subregion G* < D
such that the set of superpositions F(G*, { p;}, {¢;}) is closed (in the
uniform metric) in C (G¥*), and the functions { ¢; (x, ) } satisfy the condi-
tion: for any i, either grad [g; (x, ¥)] # 0 on G* or ¢q;(x, y) = const on G*.
We show that r(F(G* {p;}, {q; 1)) <1. By Banach’s open mapping
theorem, there exists a constant K such that for any superposition

N
2 P filgi(x, ) = f(x,»)e F(G*, {p;},{q;}) there are con-

i=]
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tinuous functions { /7 (¢) }, defined on the sets {¢; (G*)} and satisfying
the conditions

N
8) fG,9) = Y pi(x,0)f7 (a.(x,) for all (x,y)eG*;
=1
9) max max |f}()|>K max |f(x,))].
i teq; (G*) (x,y)eG*

Denote by F,, = F,,(G*,{p;},{4g,}) the set of superpositions f(x,y)
e F(G*, {p;},{4q;)) such that max |f(x,y)| < Je. By Theorem 5.2.1
(x,y) e G*

and (8), (9), there exist constants 4 and B such that if w (§) <(AAK)™*
then H,,; (F,,) < B(LK)?/5. Hence the functional dimension

1 K)2
og, log, 240?

r(F(G*, {p;},{q;}) <lim lim lim =1

Ao 020 -0 log,o

This proves the theorem.
From Theorem 5.3.1 and the properties of functional dimension (§ 1)
we have the following result, which is a stronger form of Theorem 4.6.1.

CorOLLARY 5.3.1. For any continuous functions {p;(x,y)} and
continuously differentiable functions { q;(x,y)} and every region D the
set of linear superpositions F (D, { p;},{ q;}) is nowhere dense in any space
of functions that has in every region G < D functional “dimension” greater
than 1.

Remark 5.3.1. All the results about linear superpositions of the form
N
> pi (%, ) fi (g; (x, »)) remain valid if we assume that { f; (¢) } are arbitrary
i=1

bounded measurable functions.

§ 4. Variation of superpositions of smooth functions

Let G, be a closed region of the space of the variables x,, x,, ..., X,
(n > 2). A function F(x) = F (x4, X5, ..., X,) 1s called a superposition of
order s generated by the functions of k& (k > 1) variables

Fovope (s oy s 1) (@=0,1,2, 0y 53 B =1,2, .., k)

if it is defined in G' by relations
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