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Chapter 5. — Dimension of the space of linear superpositions

In this chapter we present a calculation of the functional dimension of the

space of functions representable by means of linear superpositions and prove
that a representation of analytic functions by means superpositions of
smooth functions can not be stable.

§ 1. (e, byentropy and the "dimension" offunction spaces

Let Gn be a closed region of //-dimensional euclidean space, and C (Gn)

the space of all functions continuous in Gn. Two functions fx (x),/2 (x)
g C (Gn) are called (e, ^-distinguishable if there exists an //-dimensional
closed sphere Sô c Gn of radius b such that

min I fx (x) — f2 (x) | > e

xe sô

Let F a C (Gn) be a set of continuous functions. A subset K c= F is

called (e, ^-distinguishable if any two of its elements are (e, (^-distinguishable.

We denote by NEÖ (F) the maximum number of elements in an
(e, (^-distinguishable subset of F.

Definition 5.1.1. The number HÈÔ(F) log2 NEÔ(F), by analogy
with the definition of 8-entropy, is called the (e, (5)-entropy of F.

Let /0 g F. We denote by F)z (/0) the set of functions /g F such that
I f(x) -/0 (x) I <2s. It follows immediately from the definition that the

•
"* ~

.• log2 H s ö (fi âe ifd)) p • r i a 4- Aexpression lim lim as a function of 2 does not decrease
<5-+0 £^0 log2(5

as 2 —> oo.

Definition 5.1.2. The number

r(F, f0) lim lim lim-
ce «5-+0 e-* 0

log2 HjAFxt
log2<5

is called the functional "dimension" of F at /0. The number r (F)
sup (F,f0) is called the functional "dimension" of F.

The functional "dimension" r (F) of a set of functions F a C (Gn)

has the following properties.
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5.1.1. Let 0 cz F be a set of functions. Then r (F) < r (F). Moreover,

if F is everywhere dense in F in the uniform metric, then r (<P) — r(F).

Proof. The first part of the assertion follows immediately from the

definition. For a proof of the second part it is sufficient to show that r (F, cp0)

> r (F, (p0) for any element cp0 e <P. Suppose that the functions /1? ...,/N
from a (2 e, ^-distinguishable subset of FÀe((p0). Since F is everywhere

dense in F, there exist functions cpu cpN e $ such that max |/; (x) — cpt (x) |

xeGn

< min (/ 1, 2, TV). These functions form an (e,^-distinguishable

subset of F2xb(<P o)- Consequently N£à (^2a£ (<Po)) >N2 E,ö(FXe(<p0)).

Hence r (<P, cp0) > r (F, cp0).

5.1.2. For any set F cz C (G„) we have r (F) < n.

Proof Suppose that /0ef and /l5/2, ...,fp is a maximal set (with
respect to p) of pairwise (e, ^-distinguishable functions of FÀe (/0). Let

<r1} g2? cr^ be a maximal set (with respect to q) of spheres of radius <5/3

in G1V such that no two of them have common interior points. Then any
pair of functions f (x) and f} (x) of the given set satisfies on at least one
of the spheres ox the inequality min \f (x) — f j (x) | > s. For the func-

X e a I

tions f] (x) and f} (x) satisfy on some sphere Sô cz Gn the inequality
min I /iW - (vi I > s. Since q is maximal, it follows that one of the

spheres o{ cz Sô. Consequently on this sphere the inequality we need is

satisfied. We denote by at the centre of the sphere ol (/ 1,2, q). Every
set of functions fvfiv each pair of which has values differing by not
less than s at one and the same point consists of a number r < 2 2+ 1

of functions. (All functions are taken from the set indicated above.) Since

every pair of functions fx (x) andf j (x) has values differing by not less than
e at one of the points at at least, we have p < 22 + 1. But since the spheres
{ gi } do not intersect, q < C/<5", where C is a constant depending only on
/?. Consequently,

c

trt\^v Y Y
log2 log2 (2/1 + 1 / _My (F,y0) < lim lim lim —

ö-+0 \og2ô

5.1.3. If F is everywhere dense (in the uniform metric) in the space
C ((/„), then r (F) n. In particular r (C (G/r)) n.
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Proof. By 5.1.1 and 5.1.2 it is sufficient to show that r(C(Gnj) > n.
We denote by CE (Gn) the set of all f(x)eC (Gn) for which max | f(x) | < e.

x e Gn
Let 6 > 0 be a constant such that for any <5 > 0 we can find H [0/bn]
closed and pairwise non-intersecting spheres al9 o2, of radius b

in Gn. For any system of numbers {oq} (oq ± 1, / 1, 2,..., H) we construct
a function /{a.} (x) e Cs(Gn) such that /{a.} (x) at£ for xeot
(i 1, 2,..., H). These functions are obviously pairwise (a,^-distinguishable.
The number of functions /{a.} (x) for all possible sets { oq} is equal to 2H.

Consequently HeJ(Ce(G„)) > H [0/ön]. Hence r (C (G)) > n.

Corollary 5.1.1. The space, of all polynomials in n variables has

functional "dimension" n.

In the same way, the following properties are easily proved.

5.1.4. Let Gl and Gl be two non-intersecting closed regions in n- dimensional

space, and F (Gl u Gl) a space of functions, defined and continuous
on Gl u Gl. Denote by F (Gl) the space of all functions cp (x), defined on
the set Gl, for which there exists a function 0 (x) e F (Gl u Gl) such that
cp (x) 0 (x) for x e Gf The space F (Gl) is defined similarly. Then

r(F(G)tKjGl)) max { r (F(G*)) ; r(F(G„2))}.

5.1.5. If F is a linear space, then r (F) r(F,f0) for any function
f0 e F. If F is a finite-dimensional linear space, then r (F) 0.

5.1.6. Let F be a linear metric space with metric p (cp, i/f) between a pair
of functions (p,xj/eF. We denote by F (p0) the set of all those functions
cp e F for which p (cp, 0) < p0. Then r (F) r (F(p0)).

Corollary 5.1.2. The set of all polynomials in n variables whose

partial derivatives oforder p, for any p 1,2,..., are bounded by a constant
0 < Kp < oo has functional "dimension" n.

00

5.1.7. Let F be a complete linear metric space and F u F/? where

{Fi} are sets of continuous functions. Then r (F) max r (Ff).
i

We now write down the main result on the functional "dimension*11

of a set of linear superpositions.

5.1.8. Let qt qt (xl5 x2, x„) be continuously differentiable functions

of n variables, and pt pt (xl9 x2, xn) continuous functions of n

variables (i 1, 2,..., N). We denote by F (Gn, { pt }, { qx }) the set of super-
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N

positions of the form £ pt (xu x2, x„)fi (<7i (xu x2> •••> xn))> where
i — 1

(xu x2, x„) g Gn, and {ft (t)} are arbitrary continuous functions of one

variable. Then in any region Dn there exists a closed subregion Gn c= Dn

such that
r(F(Gn, {Pi},{<?,}))<1.

For ease of presentation we limit the proof to the case n 2 (§ 3).

It is interesting to compare the result 5.1.8 with the following proposition.
n

5.1.9. Let a,- (xux2,x„) £ % (x;) (/ I, 2,..., 2/7 + 1)

j i
be the continuous functions involved in Kolmogorov's formula (I).
We denote by i// (G,„ a-) the space of all functions of the form
i/y (a,- (a^, x2, -V,,)), where if/ (t) is an arbitrary continuous function of
one variable and (x1? x2, xn) g G„. Then for any i and every region Gn,

r(^(G„, «»•)) « (see 5.1.7).
Let pt (xl5 x2, x„) be fixed continuous functions of n variables,

-,*»), ?2,i(^i»^2> •••. -,qk,i(x1,x2,fixed con-
tinuously differentiable functions of n variables, and ft (tu t2f L) arbitrary
continuous functions of k variables, k <n (/ 1,2, TV). One would
expect that the set of superpositions of the form (V) (see Chapter I) has

functional "dimension" not greater than k. However, in this direction, only
the following partial result has so far been proved.

5.1.10. Denote by F{X, Gn, {pt }, { qt>i },...,{ qkJ }) the set of all
those continuous functions (p (xu x2, xn) for which there exist continuous
functions { /,• (tu t2, tk) } such that in Gn.

q>(xi,x2,...,xn)
N

E Pi(x i'x2, -,x„)fi(qu(x1,x2,...,x„),...,x„))
1=1

and

max sup \/i(t1,t2,...,tk)\<A sup |

i (tj, t2, tk) (xh x2, xn) eGn

Then, for any X < oo, in any region Dn there exists a closed subregion
Gn a Dn such that

r(F(X,Gn,{Pi},{ h,i}'•••>{ 1k,i})>0) <
From the last result and Banach's open mapping theorem there follows

L'Enseignement mathém., t. XXIII, fasc. 3-4. 91
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Corollary 5.1.3. For any continuous functions pt and continuously
differentiable functions qi h q2J, qkti, k < n (i 1, 2, N) and every
region Gn there exists a continuous function that is not equal in Gn to any
superposition of the form (V).

§ 2. (e, 8)~entropy of the set of linear superpositions

We denote by S (S, z) the disc of radius ô with centre at z. Let p (z)

p (x, y) and q{z) q (x, y) be functions defined in a closed region G

of the x, y-plane and having the properties :

dq (x, y) dq (x, y)
a) p (x, y), are continuous in G and have modulus

ôx dy
of continuity co (5),

b) the inequalities 0 < y < I grad [q (r)] I < - and I

p (z) I < -, where
• - —

y y

y is some constant, are satisfied everywhere in G.

Lemma 5.2.1. Let S (ô, z) a G and let (t) be the function equal to

2 V §2 ~(t-ii2))21 srad [q(z)] I-2 °n

q(z)- <5 I grad [q (z)] | < t < q(z) + grad [q (z)] |

and equal to zero elsewhere. Then

oo

J \nq(t) - h(e (q,t)nS(<5,z)) | dt < ct (7) co (5) 52
— 00

where c1 (y) is a constant depending only on y.

Proof Let [a, b] a e (q, t) n S (<5, z) be the segment of the level curve
e(q, t), endpoints a and b, lying on the boundary of S (<5, z); [z, a] and [z, b]

the vectors with origin at z and endpoints at a and b, respectively ;

«1 y([z, a], grad [q (z)]), a2 y([z,b], grad [q(z)]).

We have

dq
t - q(z) I \qI ds

se [z,a]

<5 cos oq I grad [g (z)] | (1 +0(l)co(<5))
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