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§ 2. Estimate of the difference of the integrals of one term

of a superposition along nearby level curves

Let G be a region of the plane of the variables x and y, and q1 (x, y)
and q2 (x, y) continuously differentiate functions satisfying in this region
the following conditions: a) the partial derivatives with respect to x and

with respect to y have modulus of continuity co (<5) ; b) the inequalities

0 < y < I grad [qt (x, y)l I < - < oo (i 1, 2)
y

are satisfied everywhere in G, where y is a constant; c) for any point (x, y)
e G the absolute value of the acute angle formed by the level curves of the

functions qt (x, y) and q2 (x, y) which pass through this point is greater
than some positive constant y.

Lemma 4.2.1. Let eq2 and eq2 be two level curves of the function q2

and eqi and e"qi level curves of the function qx ; [a\ a] c= G the segment

of the curve eqi with end-points a' e eq2 and a" e eq2; [b\b"\ the segment

of the curve eqi with end-points b' e eq2 and b" e e"qr Then

hy ([>',b"~\) < h ([a', a"]) x (1 +Cj (y) co (<5)),

where ö d1 ([a', a"] u [b', b"]) and cx (y) depends only on y.

Proof. Since q2 (a") — q2 («') di if") - q2{b'), we have

dq2dq2
ds

ds
ds

ds

dq2(a*), *)
Consequently, hx ([a a J) h1 ([Z?, b ]), where

ds ds ds

dd.2 (P*)
and are the derivatives at the points a* e [a\ a"] and b* e [bf, b"]

ds

dq2 (a*)
along the curves \a\ a] and [b\ b"\ respectively. We show that —

ÔS

fin- (h*^
+ O (y) œ (5). We denote by q 2 the derivative of q2 at the point b*

ds

in the direction of t (eqp a*) and put a y { t [eqv b% z [eqv a*] }. From
dq2(a*) #

conditions a) and b) it follows that— q2 + 0(l)œ(ô) and a
ds
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0(y)œ (ô). We denote by ß2and ß2 the values of the angles formed by

the vectors x[e"n,b*]and x[e'qi,a*]with the vector grad [q2 (£*)]. We have

dq2(b*)
ÔS

I grad [q2(h*)] | | cos ß2 cos | (y) a

Thus,

O (y)co (<5).

dq2(a*)
ds =q*2+0(1) co (5)

dq2 (b*)
cs

+ 0(1)

Consequently,

* dq2(b*)
q2 -,

OS

er ,»t>, (v.«n\ 1

hi ([>', b"])ht([a a ]) ——— -

h1([a',«"]) ^1 +

h2 ([a', a"]) (l + 0 (y) co (y)),

ÔS \ ÔS

dq2(b
ds

dq2(b*) *
since by virtue of b) — > grad [q2 (&*)] sin y. This, proves the

ds

lemma.

Lemma 4.2.2. Let qm(x,y) (m= 1, 2, N) be continuously differ-
entiable functions. In any region D we can find a subregion G cz Df determine

a constant y > 0, and renumber the functions { qm (x, y) } with two
indices so that the functions

n

qHx,y) qm(x,y) (i =0,1,2fe 1, 2,..., m; ; £
i 0

obtained after the renumbering satisfy the following conditions :

(1) when i 0, cj) const in G, and when i > 0, y < | grad
'

1

- for every point (x, y) e G;
y

(2) f/ze functions q\{x,y) (i>0 k= 1, 2,have in the

region G identical sets of level curves, more precisely, in the region G,
q) (x> y) tâ'1 ifi\ (x, y))> Where (pkf t) is a strictly monotonie continuously
differentiable function of t\
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(3) when i ^ j (i, j ¥" 0), then for any k and I the absolute value of the

acute angle formed by the level curves of the functions qk (x, y) and qJ (x, y)
which pass through an arbitrary point (x, y) e G is greater than y.

Proof By the continuity of the partial derivatives of the functions
{ cîm X y) } there exists a subregion G* cz D inside which for any function
qm (x, y) either grad qm (x, y) 0 or | grad qm (x, >») | is greater than some

positive constant. From the continuity of the partial derivatives of the
functions { qm (x, y) } it follows also that there exists a subregion G** c= G*
inside which for any pair of functions qr (x, y) and qs (x, y) one of two

conditions holds: either D [ ] 0 in G**, or for every point of G**
\*>yj

the level curves of qr (x, y) and qs (x, y) that pass through this point intersect

/ /Xj 4 s\
at a non-zero angle (D ^ 0 in G**). From the implicit function

\x,yj
theorem it follows that there exists a subregion G c G** in which condition

(2) is satisfied for every pair of functions qr (x, y) and qs (x, y) with
/qr, q\

gradients different from zero and with determinant D ——1 0.

\x,yj
We now renumber the functions { qm (x, y) } with two indices in such a

way that only functions constant in G have lower index zero, and the same
lower index is assigned to those functions whose level curves coincide

identically in G. This proves the lemma.
n mi

We consider in the region G a superposition of the form £ pr (x, y)
i—0 k~ 1

fki(qki(x,y)), where {fkj(t)} are continuous functions of one variable,
{ p\ (X y) } are continuous functions satisfying in G the condition | p\ (x, y) \

< - and { q\ (x, y) } are continuously differentiable functions satisfying in G

conditions (1), (2), (3) of Lemma 4.2.2. Let œ (ö) be the common modulus of
f k (x, y) dqki(x,y))

continuity in G of the functions <pt (x9y) ; ; > Let
dx dy J

[a, a] and [b\ b"] be segments of the level curves of the functions { qk (x, y) }
(/>0 fixed) lying in G. Let

a hl([a',a"f)\ ö - p([a/, a"], [hr, b"f) ;

n m i

£ sup I y y v\(x,j)/; (x, y)) | ;

; o /c — l



m max sup |/;(<?? (x, y))
i,k

where sup is taken over all points (x, y) e [a'\ a] u [b\ b"].

Lemma 4.2.3. If ô is sufficiently small (œ (<5) < C2 (7)), then for any
i > 0

Z Pki (s)/i (lki 0)) Z PkiW.fl(«i (S))

se [a', a"] se [&',£>"]

< C3 (7) (as + moico (S) + m5),

where the constants C2 (7), C3 (7) depend only on 7.

Proof By (1), (2), (3) there exists a sufficiently small constant C2 (7)

and a sufficiently large constant C3 (7) such that if co (<5) < C2 (7) and for a

point a e [a', 0"] the inequalities h± {[a', (7]) > C3 (7) h1 ([a, 0"]) > C3 (7)^

are satisfied, then for any j # i (j > 0) the level curve of the function <7}

that passes through a intersects [b', b"] of the level curve of q\. Suppose that
a > 2C3 (7) <5 (if a < 2 C3 (7) ö, then the assertion of the lemma is trivial)

and suppose that the segment [a', a] of the level curve of qf is such that

[a, a] c= [a', a] and h1 ([<2', a']) h1 ([a\ a"]) C3 (7) ô. On the arc

[a', a] we fix a system of points au a2, av (a' au a" av)f uniformly
distributed along the length of this arc, and denote by br the point of
intersection of [bf, b"] with the level curve of q) that passes through ar (here

j =£z should for the time being be regarded as fixed). Using Lemma 4.2.1

we have

Pkj (s)fj (q(s)) Pj (s)/j (<?' (s))ds
se la', a"]

Pj (s)fj (9) (5)) ds

s e lb', b" ]

[*

Pj(s)fkj (qtj(s))ds

selai,av~]

+ O (7) mö

sslbi, &„]

lim I Z pkj(ar)fkJ(qkJ(a,))h1(la„ar+1-])
v -» 00 r 1

Z Pj(K)f) («*ib,)) h,&br,Z>r+,]) I + O (y) md
r _ 1
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lim I Z P)iat)f)(q){ar))hl(\_ar,ar+l'\)
v-> oo r 1

- Z v)ar)f)(q)(ar)) ([>,, af+1]) (l + 0 (y) ® (5))
/' 1

+ Z (P; ar)- P; bS)f)(<7yK)) hi i]) | +0(ï)
r 1

v

lim I Z Pkj (ar)fkj (<lkj (ar)) h([ar, ar+1]) O (y) CO (Ô)
v-> oo r 1

fk fk+ Z f)(?) (a,-)) ^ (!>r, br+i]) 0 (.y) ® (<5) I + o (y)
r l
O (y) maco (<5) + O (y) m ko (£) + O (7) mô O (7) m(ô + aco (<5)).

Then

Z Pk(s)fki(qki{s))ds- Z Pk (s)fki(qki(s))ds
k i

se [«', a"] s £ [&',&"]

< Z ZP* (s)/i (<7? (s)) Z Zp" ('S)/i (<?* (S))

se [a',«"] Je £6', ft"]

+ Z
J'ïi J

Z Pkj(s)fkj{qk(s))ds - Z
se[fl',û"] se[ô',ô"]

< c4 (7) ae + n (max mf C5 (y) m (ô + aco (<5))

j±i
< C3 (7) (ae + mô -f maco (<5))

This proves the lemma.

§ 3. Deletion of dependent terms

On a bounded closed set D we consider the space of linear superpositions
m

of the form £ pk (x, y) fk (q (x, y)), (x, y) e D. Here the functions
k= 1

{ Pk (x> T) } and P (x> T) are continuous and fixed, and { fk (t) } are arbitrary
continuous functions of one variable. We assume that the function q (x, y)
is such that for any sequence tn e q (D) -+ t e q (D) we have p [e (<q, /„)
n D, e (q, t) n T>] -> 0. We put

m

X(t,D,q,pu...,pJinf sup | Z c*P*(x> P) |
>

{V/c} (x,y) ee (q,t)nD k l
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