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QUADRATIC FORMS IN AN ADELIC SETTING Q

by Lawrence Verner

1. Introduction

The connection between Siegel's main theorem in the analytical theory
of quadratic forms and the determination of the Tamagawa number of the

orthogonal group has been discussed in expository articles by Kneser [1]

and Tamagawa [5]. Both of these papers, however, consider only a special

case of Siegel's general theorem, namely the number of representations of
a quadratic form by itself. In the present paper we consider the problem of
representing a positive definite form by another positive definite form.
Siegel's main theorem is derived from an adelic integral formula, Ono's
"mean value theorem", which is the analogue for the adelized orthogonal
group of Siegel's mean value theorem in the geometry of numbers.

2. The Mean Value Formula

The adelic mean value formula generalizes Siegel's mean value theorem
in the geometry of numbers [3]. We first describe Siegel's theorem as

reformulated by Weil [8].
Let <P be a continuous function of R" («>2) with compact support. Then

*(0) Z *(0*)
XeZ«-{0}

defines a function on SL„ (R), right invariant by SLn (Z). According to
Siegel's theorem, SLn (R) / SLn (Z) has finite measure, is integrable on
this space, and

J $a)dg
sLn(R)/SLn(Z)

^ j ^ (x) (jx
J dg Rn

SLn(R)/SLn(Z)

In Siegel's original formulation, # is taken to be the characteristic function

b The author would like to express his appreciation to Professor T. Ono for his
valuable advice.
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of a compact set K. The right-hand side of the above formula reduces to the
volume of K, while the left-hand side gives the mean value of

card (L- {0} n K),
as L varies over all Z-lattices in Rn with volume 1.

We turn now to the adelic mean value formula. Let G be a linear
algebraic group defined over Q, and let X be an algebraic homogeneous space
for G, defined over Q. For Ç e X, let G^ {g e G: g£ Q. We assume
that

a) X has at least one rational point
b) for any £ e XC9 both Gc and (Gs*)c have finite fundamental groups
c) for any extension field K of Q, GK acts transitively on XK.

We then have the following result.

Theorem (Ono [2]). There are canonical measures on the adele spaces

Ga and XA such that, given any continuous function <P on XA with compact
support,

J Z ^ (Gx) dg

(A) I
T (^) XA

where f is any element of XQ, and x (G^) the invariant measure of
(Gç)a / (G^)q. The analogy to the previous mean value theorem is clear in
the cases when x (G) x (G^).

3. Formulation of Siegel's Theorem

Let S and T be square matrices with integral entries of size m and n,

respectively. We assume that both are positive definite. For any matrix x,
denote S [x] — fxSx (when defined). Let A (S, T) the number of integral
m x n matrices x such that S [x] T. For each positive integer q, let

Aq (S, T) — the number of integral m x n matrices x, mod q, such that
S [x] T (mod q).

A positive definite integral matrix S' is said to be in the same class as S

if S' S [U], for some U s SL (m, Z). S' is in the same genus as S if for
each q, there exists UsSL(m, Z) such that S' S [U] (mod q). Let

St, Sh be the representatives of the classes in genus (S). Let E (St) the

finite group consisting of all U s SL (,m, Z) such that St [U] Sb and put
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e 1 /# E(S^,where # denotes cardinality. We now define the "number

of representations of T by the genus of S" as

e, A (SuT) + + T)
A (genus(S), T)

ei + + eh

Now S is a real symmetric matrix, and so we may view it as a point
in R1, where n± — n (n + 1) / 2. Similarly, T is a point in R 1. Let dt be

the usual measure in Rml, and. let dx be the usual measure in the real

vector space of m x n matrices. Given s > 0, let Be denote the a-neighbor-

hood of T in Rrol, and let C£ denote the set of xeMmXn(R) satisfying

S [x] 8 Be. Then BE and Cs are open sets with compact closure, and the

following limit is known to exist:

(S, T) lim S dx I I dt.
e-+0 Ce / Be

Theorem (Siegel [4]). For m — n > 3,

(S) A (genus (S),T) Aœ(S,T)lim
q C1

4. Derivation of Siegel's Theorem

Let G {g e SL (m): S [g] S}, and let X {x e MmXn: S [x] T}.
If m > 4, both Gc and Glc have fundamental groups of order 2. Condition
(c) of § 2 is the classical Witt theorem for (G, X). We assume that XQ is

nonempty.
We will show that (A) implies (S). This reduces Siegel's theorem to the

computation of the Tamagawa number t (G).
Let <Pœ the constant function 1 on XR, and let <Pp the characteristic

function of XZp in XQp. Then • Y\ $p is the characteristic function
of X$m Tr * H p

XA. Because of the positive definiteness of S,
<P has compact support.

Consider the right-hand side of formula (S). Siegel has shown that there
exists an algebraic gauge form dx on X such that A ^ (S, T) f dx^, andv 00 >

XR
Aq (S, T)

m» - (n + 1 n / 2 II J
P >

P xZp

where dx and dxp are the positive measures induced on XR and XQp by dx.
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It remains to identify the left-hand sides of (A) and (S). First we analyze
the denominator of the left-hand side of (A). Since x (G) x (G%)

2 ([5]), this denominator is j dg. Now GA admits a double coset
Ga/Gq

decomposition
GA GSoo°l Gq.-G GQ'

Then, following Tamagawa [5].

h

J dg Yj j dg —

GA!gQ 1 (GSoo^iGQ)/GQ

S J
1 (o*7 lGSooaiGQ)/gQ

Z I d

where G (er,)
1 6Stj er, n GQ. This reduces to

E i dO „
1 GSoo f j v~*

^ r* (n \ ~ J dg ' Y ei '# G (<71) GSoo

A similar reduction applies to the numerator. First observe that for our
choice of

Y *(firx) #(XQng-1XsJ
xeXQ

— (qAq n XSo0) -

Then

j X *(gx)dg - j #(gXQnXSo0) dg
Ga/Gq xbXq Ga/Gq

h

E f #(gXQnXsJdg
1 (GSao<riGQ)/GQ
h

E J #(aigXQnXSoo)dg
1 ((T-^GSoo^iGQ)/Gq

i

E J * (?aXQ n Xsoo) dg
1 (<r-lGsao<ri)/G(<ri)

i

E eiJ# (gffixQ n xsJ dg
1 G S oo

E eiJ# n 9~ixsJ dg
1 C500
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X ei1 ^ (PXq n -^Soo) dg
1 GS oo

h

— J dçj ' ^ 61 7^ (jj^Xq r\ X5 qq)

GSoo 1

The left-hand side of (A) therefore becomes

h h

J dgY,ßi#0i^Qn XSoo)
GSoo i _ J

I 4rl>i Ie/
GSoo 1 1

The following result completes the identification of the left-hand side of
(A) with A (genus (S), T).

Proposition. A (Si9 T) # (aiXQ n XSoo).

Before giving the proof, we reinterpret the matrices Sl9 Sh. GA acts

on the set of Z-lattices in Qn as follows : for a s GÄ and a lattice L, a * L is

the unique lattice satisfying

(u*L)® Zp - <Jp(L®Zp),
for all p.

The matrix S defines a quadratic form on Q" by q (x) S [„y]. Consider
the lattices <j1 * Z", oh * Zn. In each lattice cr,- * Zw choose a Z-basis,
and let be the matrix of q with respect to this basis. Then Sl9 Sh form
a complete set of representatives of the h classes in genus (S) (see [7]).

Decomposing (SLm)A (^Tm)Soo (&LW)Q we see that each can
be written at ut ai9 where ut s (SLm)So0, at s (SLJq. Then

0-71 *zm ay1»;1 *zm «71 * («71 *zm)

A71 *zm «71 zm.

Let «•„ if,„ be the standard Z-basis of Zm; then a7
1

irt..... «7 '
>s

a Z-basis of 0-71 * Zm- The matrix of q with respect to this basis is

Sf S [a71 ] S[cr,][a71] S[cria71] [«,]

Lemma. Let Xt {x sMmX„:S\ [x]Then

(1) (Xt)Q

(2)(Xi)Sm =< u]'A",.,
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Proof of (1) ; Let x s XA. at x s at XQ o x is Q-rational and S [x]
T o aix is Q-rational and Si [at x] T o atx e (2Qq.
The proof of (2) is similar.
Now we prove the proposition.

A(ShT) #(Xi)z# ((J;)Q n (Xt)Sa>) #(alXQnu~t1XsJ
7^ iUiai^Q n X Sec) 7^ (^i^Q n X Soo) '
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