Zeitschrift: L'Enseignement Mathématique
Herausgeber: Commission Internationale de I'Enseignement Mathématique

Band: 23 (1977)

Heft: 1-2: L'ENSEIGNEMENT MATHEMATIQUE
Artikel: CHARACTERISTIC NUMBERS OF 3-MANIFOLDS
Autor: Milnor, J. / Thurston, W.

DOl: https://doi.org/10.5169/seals-48930

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 07.01.2026

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-48930
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

CHARACTERISTIC NUMBERS OF 3-MANIFOLDS 1)

by J. MiLNOR and W. THURSTON

This is a brief report on work which will be published in detail elsewhere.
All manifolds are to be closed and connected. By a characteristic number
of a manifold M, we will mean a real valued topological invariant ¢ (M)

with the following multiplicative property. If ¢ (M) is defined, and M

is a k-sheeted covering manifold of M, then ¢ (M) should be defined and
equal to ko (M). This definition makes sense in any dimension, but we will
concentrate on the 3-dimensional case.

First let us describe some examples of characteristic numbers which
are defined only for very special manifolds.

We will say that a manifold H of dimension n > 2 is hyperbolic if it
admits a Riemannian metric with all sectional curvatures —1. The n-
dimensional volume v (H) of such a manifold is a topological invariant.
(In fact if » >> 3 one can make the sharper statement that the fundamental
group determines H up to isometry. Compare [Mostow].) Clearly this
volume v (H) satisfies the multiplicative property above, and hence is a
characteristic number of H.

In the even dimensional case n = 2m, this volume can be computed
by the generalized Gauss-Bonnet theorem, and is equal to the integer
\X(H)I multiplied by the constant v (S*™)/2 = 2n)"/(1-3-5 -+ 2m—1)).
By way of contrast, in odd dimensions and in particular for » = 3, nothing
at all is known about the number theoretic properties of these volumes
v (H). It may be conjectured that there exist countably many hyperbolic
3-manifolds H,, H,, ... so that the real numbers v (H,),v (H,), ... are
linearly independent over the rational numbers. (If v (H,)/v (H,) is irrational,
it follows of course that no finite covering manifold of H, can be homeo-
morphic to a finite covering manifold of H,.)

Similarly, if the manifold M has a Riemannian metric with all sectional
curvatures + 1, then the associated volume v (M) is a topological invariant.
However, in this case the sphere S” is a finite covering manifold of M, so

) Presented at the Colloquium on Topology and Algebra, April 1977, Zurich.
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v (M) is just the constant v (S") divided by the order of the fundamental
group.

R. Kulkarni has pointed out that there is a third class of closed 3-
manifolds of constant curvature, namely those which possess a Lorentz
metric (i.e., a pseudo-Riemannian metric of signature +, —, —) with
constant sectional curvature +1.

Examples can be constructed as follows. Consider the projective special
linear group G = PSL (2, R) acting on the upper half-plane H?. The
Killing metric trace (ad (x) ad (»)) on the Lie algebra of G, multiplied by a
constant factor of —1/8, gives rise to a left and right invariant Lorentz
metric on G which has constant curvature + 1. Choosing any discrete co-
compact subgroup I', the quotient M = G/I" will be a closed 3-manifold
which inherits a Lorentz metric of curvature +1.

To compute the Lorentz volume v (M), first choose a subgroup I' = I
of finite index k& which is torsionfree. The associated k-fold covering mani-

fold M = G/I" can be identified with the unit tangent bundle of the hyper-

bolic surface B = H?/I'. Hence the volume v (M) is proportional to the
area of B, which can be calculated by the Gauss-Bonnet theorem. In this
way, one sees that

v (M) = |1 (B)| 7?2

It follows that the original volume v (M) is equal to | x (B) | n*/2k. In

particular, v (M) is always a rational multiple of n/2.

Furthermore this volume is a topological invariant, and hence a charac-
teristic number of M. The following result is essentially due to [Bailey].

THEOREM 1. Let M be any 3-manifold such that some k—fold covering

manifold M fibers as a circle bundle with Euler number e # 0 over a surface
B. Then the rational number y (B)Z/k’l e [ is a well defined characteristic
number of M.

In other words, this ratio does not depend on the particular choice of
Z\} or the particular choice of fibration. In the special case M = G/I'

considered above, where ];1 can be chosen as the tangent circle bundle of
B with Buler number e = 4 x (B), this characteristic number y (B)*/k | |
= , ¥ (B) I/k can be described as the Lorentz volume v (M) divided by n?/2.
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The proof of Theorem 1 is based on the observation that a fibration

of M by circles gives rise to a fibration of any finite covering manifold of M
by circles. Details will be omitted.

More generally, if M is an arbitrary Lorentz 3-manifold of curvature
+ 1, it would be interesting to know whether v (M) is a topological invariant,
or whether it is necessarily a rational multiple of 7?/2.

Now let us give an example of a characteristic number which is defined
for arbitrary closed 3-manifolds M. First define an integer valued invariant
2 (M) as follows. Let 2 (M) be the smallest possible number of 3-simplices

which can be used to triangulate M. If M is a k-sheeted covering of M,
then evidently N
(M) <kX(M).
Now define 4 _
o (M) = inf{ 2 (M)/k}

taking the infimum over all finite covering manifolds of M. It follows easily
that o (M) is a well defined, real valued characteristic number, with
0 <o (M) <X (M).

In the special case of a hyperbolic manifold H, we will show that ¢ (H)
1s never zero by proving the inequality

o(H) =v(H)vy > 0.
Here the constant

33 111
9o = Y [1—- = + = — — +—..) = 1.0149416...

is defined to be the supremum of the volumes of geodesic 3-simplices in
hyperbolic space. (Compare [Coxeter].)
More generally, consider the following situation. Let M and H be

- oriented, with H hyperbolic.

THEOREM 2. [f there exists amap f: M — H of degree d, then o (M )
= | d|v(H)v,. |

Applying this theorem to the identity map of H, we obtain the inequality
o (H) > v (H)[v, mentioned above. (In the case of a non-orientable hyper-
bolic manifold, one must first pass to the orientable two-fold covering
manifold in order to apply this argument.)

Outline proof of Theorem 2. Choose a triangulation of M with the

A A A
minimum number X (M) of 3-simplices. Let f : M — H be the induced map
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of universal covering spaces. After an equivariant homotopy, we may
) A A
assume that f maps each simplex of M to a geodesic simplex in the hyper-

bolic 3-space H. Hence each simplex 4 of M maps to a set f(4) of volume
less than v, in H. Since a general point of H must be covered at least | a.’l
times, it follows that £ (M) vy > | d | v (H). Similarly, for a k-fold covering

M of M, it follows that N
X (M)vy > | kd|v(H).
Dividing by vyk and taking the infimum over all finite coverings, we obtain
o (M) = |d|v(H)fv,, as required.
This result suggests the conjecture!) that for every map f: H — H’
between oriented hyperbolic 3-manifolds the inequality

v (H) =0 (H')|degf]

should be satisfied. The analogous inequality for mappings between hyper-
bolic surfaces was proved by [Kneser].
We are able to prove the following. Let H, be hyperbolic.

THEOREM 3. There exists a characteristic number ¢ (M), defined for
all 3-manifolds, so that ¢ (H,) > 0, and so that

@ (M) =|d|e(N)

whenever there exists amap M — N of degree d between oriented manifolds
M and N.

The proof will be based on the following.

Definition. A virtual map M --> N will mean a pair consisting of a
not necessarily connected finite covering manifold of M, with projection

p: M — M, together with a map f : M — N. The composition of two virtual
maps M --> N--> P is a virtual map M --> P which is readily cons-
tructed from the following diagram

1) Added in proof. This conjecture has recently been proved by M. Gromov.
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(Note that the product of M and N over N need not be connected, even

if both M and N are connected.)
If both M and N are oriented then, giving M the induced orientation,

the degree of a virtual map M --> N is defined to be the degree of 1 : M
— N divided by the number of sheets of the covering (or divided by the

degree of p: M — M ). One can check that the degree of a composition equals
the product of the degrees.

Now consider all possible virtual maps from M to N, and let s (M/N)
denote the supremum of the absolute values of their degrees. Evidently

0<s(M/N) < ©

This supremum definitely can be infinite, for example when the target
manifold N is the sphere S>. On the other hand, if the target manifold
is hyperbolic, then the inequality

s(M/H) <vqo (M)/v(H) < o©
follows easily from Theorem 2. Note the inequality
S(M|P) >s(M|/N)s(N/P)

(where the product 0.co must be interpreted as 0). In the case M = N = P,
it follows from this inequality that s(AM /M) can only be either 1 or .
For example, s (H/H) = 1 but s (S3/S3) =

Proof of Theorem 3. Fixing some oriented hyperbolic manifold H,,
define

@ (M) = s(M|H,)

whenever M is orientable. This is a well defined characteristic number,
with ¢ (H,) = 1, and with

¢ (M) =s(M|N)g(N)=|d|e(N)
whenever there exists a map from M to N of degree d. The definition can

be extended to a non-orientable M by setting ¢ (M) = ¢ (]\})/2, where

M is the orientable twe-sheeted covering of M.
Other examples of characteristic numbers will be described in a more
detailed manuscript, now in preparation. Some of these characteristic
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numbers will be defined only for oriented manifolds and will definitely

depend on orientation. Others will depend only on tke fundamental group
of M.
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