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Proof. Step 1.

4,((m) = Tr[(—a/p)z(4aftn)s (o) (0]
= Tr[(—a/p); (4an)s . (* . nn”"]
= Tr[(—au/p)y (4aum)s . nn“?’],

where (u/p), = 1, (u/n)s = (*, and this = 4,,(n). It follows that
A, ((in) = A,, (1), where (u/p); = 1 and (u/n)s = {>77(i=0,1,2,3,4).
Step 2.
A,(en) = Tr[(—a/p)y,(4alen)s . em. (.977:)"3] |
= Tr[(—a/p)z(4ajn)s . N 51/3)0(8) - nn“s]
- Aav (7[),
where (v/p)z = NQ(\/§)/Q (e), (v/n)s = 1.
Combining steps 1 and 2 we get:
Aa (Ci‘gn) = Aau (87‘5) Wh€r€ (u/p)Z = l’ (M/?T)s = Cs—i
= A, (n) where (v/p), = Norme, (v/n)s = 1,

= A, () where b = uv satisfies the conditions of

theorem 1. This completes the proof of theorem 1.
We next remove the restriction (g/n)s = { and see what the 4,’s mean

then.
3. THE RESTRICTION (g/n)s = { REMOVED

Here we have to look at 4, (n°) (and similarly 4, (n"z) and 4, (n"3)).

We have the following

THEOREM 2. 4, (n°) = 4, (n).
Proof. 4,(n°) = Tr [(—a/p), (4a/n°)s . n° . (2°)"°].
Now (4a/n°)s = (4a/n,)s, and if 4a = g" (mod p) then this = (g"/n,)s
= (g/ny)s = (** = (&"/n)5 = (4a/mn)5 = o [(4a/m)s]. Hence
4,(°) = Tr[(—alp)y .o (4ajn)s .7 .7
= Tr[a ((—a/p)Z (4a/m)4 .nn"3)]
= 4,(n) as required.
A clearer insight is gained into this by looking at the whole thing

directly as follows.
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Since the choice of g is arbitrary, we change g to another primitive
root g" with (r,p—1) =1, r = i(mod 5), i = 1, 2, 3,4. This does not
alter 4, (as 4, 1s independent of g) but replaces = by any desired 7; so that
A, (n) = 4, (any other n). Note that such an r exists, for all we want is,
for i =1,2,3,4, a A such that (i+54,p—1) = 1. Now i+ 5] takes
infinitely many prime values as A takes positive integer values since
(i, 5) = 1; so A may be chosen so that i + 51 is a prime avoiding the primes
occuring in p — 1.

4. EXPRESSIONS ALLIED TO 4, (n)

We fix our n now with (g/n)s = { and normalize it too. It is clear that
there are only 3 expressions allied to 4,(n) viz (—a/p), (4a/n)s.n.7°
+ conjugates, (—a/p); (4a/n)s . n° .+ conjugates and (—a/p),
(4a/n); . . 2%+ conjugates. This is so because changing the first term
of 4, (n) fixes the changes in the other terms (otherwise we will not even get
a rational integer!). Let us look at the first of these (the others would be
similar), which equals Tr [(—a/p), (4a/n)s . = n°]. We have the following
theorem:

THEOREM 3. Tr[(—a/p); (4a/n)s.nn’] = A, — 1 (n), where (u/p),
= 1 and (u/n)s = (4a/n)s.
Proof. We have
4, (m) = Tr [(ajpy) (4a/n)s . 7. 7]
= Tr [(—a/p); (4a/n°)s . n° . n"3] by 3 on letting 7 — 7°,
= Tr [(—a/p), (16a*/7)s . n° . 7] since (4a/n")s = (g"/n3)s
= (&'/mn )5 = (d4a/n)s = (16a*/m)s,
= Tr [(—au/p)z (dau)/n)s . = n°], where (u/p)z = 1 and (u/p)s
= (4a/r)s.
Now writing a for au we get the theorem.

It follows that the expressions allied to 4, (n) also represent the number
of solutions of the congruence (1) for a suitable value of a.

5. THE SET {4,]|a =1,2,3,..,p — 1}

Dickson’s paper on cyclotomy [1] includes the following Theorem
(theorem 8 of [1]). Let p = 1 (mod 5) be a rational prime. Then the Dio-
phantine equations
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