
Zeitschrift: L'Enseignement Mathématique

Herausgeber: Commission Internationale de l'Enseignement Mathématique

Band: 21 (1975)

Heft: 1: L'ENSEIGNEMENT MATHÉMATIQUE

Artikel: NOTES ON THE CONGRUENCE $y^2 \equiv x^5 -a(mod \quad p)

Autor: Rajwade, A. R.

Kapitel: 2. Determination of $\Delta_a$ WITHOUT THE NORMALIZATION
RESTRICTIONS ON THE $\pi_j$

DOI: https://doi.org/10.5169/seals-47329

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veröffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanälen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
qu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 19.08.2025

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-47329
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en


— 50 —

/ —4a\ /—4a\ / —4a\ / — 4a\
.7li7l2 + .7l27l4+ .7ü17l3 + 7l3 7l4

V 711 /10 \ n2 JlO \ n3 J10 V ^4 /10

being the trace of (-4a/n1)10 .nl7i2, is a rational integer. What does it
represent

One could also remove the various restrictions on the nt in the
expression for Aa and ask what Aa then represents. The object of this note is to
answer these questions and also to determine the set {Aa \ a 1, 2, 3,

P - !}•
It is immediate that Aa can take only 10 distinct values. This follows

by looking at (2) or directly from the congruence (1) as follows: Let
(c, p) 1, then we have

/x5 —a\
Aa L \~~p~J an<1 S° Aae 5 (^)z • Aa •

It follows that the distinct values taken by the Aa, for a 1, 2, ...,/? — 1

are just + d^, + d^, ± Ag3, + d^, ± d^. We shall determine these 10

values as a set. Which value is associated with which a will not be clear

except when 4a is a quintic residue mod p.

2. Determination of Aa

WITHOUT THE NORMALIZATION RESTRICTIONS ON THE 71j

Write p % %a 71er2 (with (g/7i)5 0 ni n2 ^3 ^4 saY- Since

the restrictions on n are going to be removed, we denote Aa by Aa (71). We

write (2) in a more convenient form viz

(3) Aa(n)

i ~a\ rf^a\ f^a\ f^a\ f^a\
— 7Ü! 7l3 + — TTi 7l2 + — 7C3 7l4 + — 7l27l4

\ P JZ L\ni/5 \n2/5 \n3/5 \n4-/5

Thus Aa (7t) Tr [(-a/p)z (4a/n)5 n ti*3].

Let the condition (g/n)5 Ç be retained first so that we only change n

to an associate rj tc where rj £'e(0<z<4) with e a real fundamental

/\ / 5y
unit, say ± I j e Z, of Q (y/5). We have the following

Theorem 1. Aa (Cs.ti) Aab{71) where {bj%)5 C5 1 and (b/p)z

^ N qcv/5)/Q (£)-
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Proof. Step 1.

Aa(Çn) T r[(-alp)z(4alÇTi)5(Ç
T r [( -a/p)z C4 rni"3]=Tr [( -au/p)z(4au/n)f .nn"3'],

where (ujp)z 1, (u/n)5(4, and this (n). It follows that

Aa (Cri) Aau(ji),where(u/p)z 1 and (u/n)s 1,2,3,4).

Step 2.

Aa(en)T r [( — ajp)z(4ajen) 5en.(eft)"3]

Tr [(-afp)z(4fl/7r)5 N (e) •

Aav(n),

where (v/p)z N Q(^s yQ0),(v/n)5
Combining steps 1 and 2 we get:

Aa(Cen:) da„(87i) where (w/p)z 1, (m/ti)s Ç5_i

da„.„ (ti) where (p /;)z Norm e, (v/n)5 1,

(71) where b wy satisfies the conditions of
theorem 1. This completes the proof of theorem 1.

We next remove the restriction (g/n)5 £ and see what the Af s mean
then.

3. The restriction (gln)5 £ removed

Here we have to look at Aa(n<T) (and similarly Aa(n(j2) and Aa(na3)).
We have the following

Theorem 2. Aa (7c0") Aa (71).

Proof. Aa (7O Tr [(-a/p)z (4a/7i")5 ti* (tiT3]-
Now (Aajn")5 (4û/7i2)5, and if 4« g' (mod then this (gv/n2)5

(^2)5 C2v (gvMi)s (4a/?ii)l tr [(4fl/7i)5]. Hence

O"7) T r [( - a/p)z o ti ttct3]

T r [cr - a/(4aln)5.titi"3)]

Aa (ti) as required.

A clearer insight is gained into this by looking at the whole thing
directly as follows.
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