Zeitschrift: L'Enseignement Mathématique
Herausgeber: Commission Internationale de I'Enseignement Mathématique

Band: 21 (1975)

Heft: 1: L'ENSEIGNEMENT MATHEMATIQUE
Artikel: CHANGES OF SIGN OF te (x) — li x
Autor: Diamond, Harold G.

Kapitel: 4. FURTHER RESULTS

DOI: https://doi.org/10.5169/seals-47326

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 18.04.2026

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-47326
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

— 13 —

At the end of the proof of Theorem 2 we showed that J‘ K () du = 1.
Also, (2) implies that K (x) > 0 for all x. Now formula (8) can be inter-
preted as expressing a certain average of x7*{I (x) — 1 (x)} log x as
2 (x) plus a bounded error term.

It follows that there exist sequences {x,} and {y,} tending to infinity
for which

%3¢ {I(x,) — 7 (x)} log x, > ¢

v I (y,) — ()} log y, < —c
for any given number ¢ > 0. Thus
x H{IT(x) — t(x)} log x

is unbounded from above and below. If we recall (3), we have completed
our proof that n (x) — 1i x changes sign infinitely often.

4. FURTHER RESULTS

Littlewood actually showed a bit more than we have. He proved that
x *{n(x) —lix} log x/log log log x

has a positive limit superior and negative limit inferior. The best account
of this estimate is probably that given in [5].

It appears that our arguments can be extended to achieve this estimate.
The contradiction arguments can be reorganized, exploiting more fully the
hypothesized one sided bound in Theorem 2. However, we would also
require an explicit estimate in place of the o, (1) in the conclusion of this
theorem. Such estimation would cancel out the economy we have achieved.

It is reasonable to ask for an x > 3/2 for which n (x) — li x > 0. The
first person to provide an estimate of such a number x was Skewes [13].
He showed that there exists an x < exp exp exp exp (7.705) for which
7 (x) —lix > 0. This enormous bound was reduced to a more modest
1.65-1011°° x exp exp (7.895) by R. S. Lehman [10]. Each of these authors
combined theoretical arguments with extensive numerical calculations using
the position of many zeros of the Riemann zeta function. The case in which

the Riemann hypothesis is assumed false requires much more work than
we had to do.
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It would be interesting to know explicitly the first (or indeed any!)
x > 3/2 for which (x) — li x > 0. Lehman observed in [10] that it seemed
likely that such a number would have to exceed 102°,
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