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We shall employ a special case of the function (4.1) due to Jacobi.
Let p =ef + 1 and f be a primitive e-th root of unity. In (4.1) take
o = p" (n-integer). We know ([3] page 395) that if e does not divide » then

(4.2) FBYF @™ =(=D".p

and if we put

CF(B)F (B™)
(4.3) R(n,m) = FT
then
e—1 e—1
(4.4) R(m,m) = Y p™ % p=0mkp k).
h=0 k=0

From (4.2) and (4.3) it follows that if e does not divide m, n and m + n then
(4.5) R(m,m) R(—n, —m) = p
and from (4.4) it follows that R (—n, —m) is got from R (n, m) by replacing
Bby B~ Letnowe = 4and § = \/ — 1; using (4.4) we get
R(,1) = (A—B—C—D+2E) +i(2D—2B) incasep = 1 (mod 8)
R(1,1))=(L-M—-R—-N+2S8)+i(2QM—2R) incase p = 5 (mod 8).

5. PROOF COMPLETED

If p =1 (mod 4) then p splits in Z [i] as p = n 7 where n is prime in Z [i].
Case 1:p =1 (mod 8).
Y@@+ = ¥ g@z@+h) =Y+ Y +Y )

3

all v vedyg, A1, A2, A3, Ag Al A9

1[A+Di—C —Bi|+ilD+Bi —E —Ei]

—1[C +Ei—C —Ei]—-i[B+Ei—E — Di]
=[A—-B—-C~—-D+2E]+i[2D — 2B]

(5.1) = R(1,1) = (—2f+8(1,2) —1) = 2i[D — B]

where R(1,1) = — 1 (mod 2 (1+i)) (as D — B = f —2B — 2E by (3.5))

and Y 2@ 2@+1) =(A—D+C —B) —(D—B+E —E)
all +(C —E +C —E) —(B—E +E —-D)
=A4A+3C -D—-2E —-B = —1,

by (3.4)
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Therefore we have

S = (—_—(f) [x(—4a)R(1,1) + 7 (—4a)R(1,1) + x> (—4a)(—1].
p
Weputn = — R(1, 1), thenn = + 1 (mod 2 (1+10)) .
Therefore S = <_—P;£>[_ x(—4da)n — j(—4a)7 — xz‘(—4a)]‘.

Let g be the primitive root mod p which we have already fixed in § 2. We
now have two possibilities:

Q) (%) —i e (i>4 — y(d) for all d.
: 4

(ii) (€> = —i ie. <d> = 7(d) for all d.
T/4 T/a

d
Let y(d) =<—-> where 7% = 7 or
4.

T

S

We shall show that z* = n. We have

p—1

==Y+l = =YD (@ +1)**D mod n*
0
= — [ D (1+3(p—Do+ ... +v* 77 D)] mod n*.

In the last sum each term is divisible by p = = 7, because we know that
Y v* = 0 mod p unless p — 1/k. Hence the right hand side of the above is

congruent to zero mod n*. Hence = = 0 mod =n* giving = = =¥,
Therefore

) -GG
A S IR 2
Q-

all «




, , d d\? d\?
using (i) (—-)=(—-] ={-
p uyn Uyn
. d\? d
i@ (=] =1z
/4 Uy

—4 —4
(111) (—~> = <~—> = 1 since — 4 = (1+.)* — a fourth power.
4 4

T T

This gives the required value of S.

Case 2: p == 5 (mod 8). In this case as before

Y 7@ y@w+1) =[N—-L+R+M—2S]+i[2R —2M]
= — R(1,1) (see [3))

and ) 7*(@) y*(w+1) =3N +L-2S —R-M = —1,
using (3.4), (3.5)', (3.6)’, and therefore

S = (;pc_z_) [ — x{—4a)R(1, ) —ji(—4a)R(1,1) — 1. (—4a)].

Here R(1,1) = (L—M—R—N+2S) + i 2M—2R)
= (=2 +8(1,0)+1) + i @M —2R) (see [3]) -

We put R(1,1) = =, then 7 = 1 (mod (2+2i)) and we get
g

S = (} /\[— 1(—da)m — 7 (—4a) & — 12 (—4a)]

and as before this

S ARCAR

as required. This completes the proof of the Theorem.
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