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since x2: — a 0 (p) is not solvable. This gives one solution (0, 0). Let now

p — 1

x ±1, ±2,..., ±—-—, be a complete non-zero residue system modp.

Of x3 - ax and ('-x)3 - a —x) - (x3 -ax) one is a quadratic residue
and the other a non-residue since - 1 is a non-residue, p being 3 (4).

p — 1

Hence as x takes the values + 1, + 2, + x3 — ax becomes a_ _ 2

p — 1

quadratic residue ——— times (perhaps with repetitions) and a non-residue

P — 1

—-— times. Each time it is a quadratic residue, we get 2 solutions. Hence

there exist p — 1 solutions, and together with (0, 0) gives p solutions as

required.

Case 2. a is a quadratic residue mod p, that is there exists an x0 such that
x02 sis a (mod p). Then corresponding to y 0 there exist 3 solutions,

p — 1

(0, 0), (x0, 0), (-x0, 0). Let now x + 1, ± 2, +—-—, but ^ ± x0

(or 0) (all together p — 3 values). As above x3 - ax becomes a quadratic
P — 3

residue exactly ——— times and so there exists p — 3 solutions, which

together with (0, 0), (±x0, 0) gives p solutions as required. To get N ' we

note that in this case the biquadratic residues of p are the same as quadratic
residues. Hence the congruence can be written as

y2 x2 — a (mod p)

or (x + y) (x — y) a (mod p)

or u.v a (mod p)

which has p — 1 solutions as required. For the case px\ (mod 4) we
shall use results from cyclotomy for the factorization p — 1 — 4/.

2. The congruence y2 (x4 — a) (mod p)

Let - J be the Legendre symbol. The number of solutions of y2 ==* x4

x
1 +

4x —a
\Pj

- a (mod p) equals £
To get S we define first the biquadratic character x as follows:

p + Z p + s.
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Let g be a primitive root mod p. Then for any integer m (#0) there
exists a positive integer v such that ra as gv (p). We put % (m) 0T where

i -J - 1 and put x (0) 0. This defines x- We now have

sE [i + zOO +x2(y)+ z3O0]

I zw(y) + Z z2 + Z X3(>0

Setting y — az we get :

z +1

y — a^

S ~ (— )Z z(-ö)z(z)f^2) + Z z2(-«)z2(z)
\ P J _allz V P J all z

+ E
all z \ P /

since /3 (m) y (m) for all integers m.
Now we look at the sum

fz +1
Z z 0)

p
This equals

Z z(z) - z *(*)
z U square z +1 m not square

But

°= Z z(z)+ z Z (z) + Z — 1)
z + 1 square z +1 ft square

Therefore

Z zO) i Z z("2-i) I Z z(« +1)z("-1)
z + 1 square not zero u ^ o u ^ o

iL X % (w + Ï) X i) — x — i)] •

all u

Now put u 2v + I.
Therefore £ X (*} ~ ± [* (4) I X (p) X (v + 1) - * -1)]

z + 1 square not zero all v

Hence ^(z)( —) z(4) Z X (») Z (» +1)
a'Hz \ P J allv

Similarly for y2 and y and therefore we get

S \-f) [z(-4a) Z Z(»)l(» + l) + f(-4a) Z Z0)x0 + 1)
\ P allv Mv

+ Z2 - 4 a)ZZ2 0) Z2 0 +1)].
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