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Proof. One can write equation (2.2) as

(3.5) (x+/=D) (x—+/=D) = [(1++/=D)/ 2] [1—/-D) [ 2]".

By Lemma 3.7, equation (3.5) can be written as

[+ =D)/ 2] = [0 =/ -D)j2] = £ 2/ -D,
1e., a“ — b* = +2(a—b).
Therefore,
ad* — b = (a—=b) (@ ' +a"" b+ ... +ab* ">+ = £2(a-Db).

Hence, ¢*~! = + 2 (mod b), or (¢®*%* ") = 4 2 (mod b). By Lemma 3.8,
| we have that 1 = + 2 (mod b). As b cannot divide the units of Q (\/ — D),
| the only possibility is that 1 = — 2 (mod b), i.e. 3= 0 (mod b). This is
"" impossible since p >5. vy

4. COROLLARIES AND RELATED RESULTS

The following results are similar to the ones already proved.

_‘ Corollary 4.1. If p is an odd prime equal to (1 +#r2D)/4, then the equation
} x2 + D = p* has no solutions.

By proving a result analogous to Lemma 3.8, another result similar to

| Theorem 3.1 i1s obtained:

Theorem 4.2. Let D = 3 (mod 4), D > 3. Let p be an odd prime such
that (—D/p) = + 1. If p does not divide nm** + 2 (z = 0, 1, ..., p—1),
| then the equation x2 + D = p*(k >1) has no solutions. (See [4] for
| details.) vy

Remark 4.3. By the preceding theorem, many equations can be shown
to have no solutions; e.g., (1) x* + 11 = 5%, (2) x? +43 = 13,
I 3) x>+ 91 = 29%
’ When D = 3, one obtains (by slight modifications of the arguments
in §3):

Theorem 4.4. Let p be an odd prime such that (—3/p) = + 1. A suf-
ficient condition for the equation x2 + 3 = p* to have no solutions is that

-3 2z — 2z
p not divide nm?® + 2, mny fm—on + 2 and m—n\ (m-+3n
2 2 7 5

+2(z=0,1,...,p=1). yp
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Examples of equations with no solutions are (1) x2+ 3 = 13%,
(2) x2 + 3 = 109,

The following remarks are similar to exercises in the book of Stark [15,
pp. 309-316] and are related to results presented here. (p below is an odd
prime.)

Remark 4.5. When D > 3,n® + m2D = 4p iff (— D/p) = + 1. In this
case there is exactly one solution in natural numbers m, n.

Remark 4.6. n* + 3m? = 4p iff (—3/p) = + 1. In this case there are
exactly 3 solutions in natural numbers m, n.
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