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Vxp is additive on non-negative functions in SP x and homogeneous with
respect to multiplication by positive real numbers :

0 and/2^0 =>V^(fl+f29x) Vw{fux) + PV(/2,x),
a > 0 and 0 => Vv (otf, x) aVy (/, x)

The operator Vw is then extended to a positive linear operator <£>w: 3F x ->
which coincides with VT on non-negative functions, in the usual way: if
/ f+ ~f~,then (/i x) Vy (f+, x) - Vr (/", x). Finally, iffe&t
we have | ¥ (/, x) | ^ Fp |/|, x) |/|, x). Hence, by Theorem I,
the operator !F is regular.

Conversely, if W is regular, by Theorem I, we have a positive linear
operator <P:

Y -> 3F such that

I W(g,x)\ ^$(\g\,x)^<P(f,x)
for every g e | g | ^/, and every x e R+. Hence, the condition (1.4) of
Theorem II is satisfied.

If we consider the operator G defined by (1.1), then

00

VG(f,x)J [(^0,01
0

From the statement of the theorems of Hahn and Raff mentioned earlier,
we can expect that the operator will play an important role in the
extension of these results to general regular operators. In fact, as in the

theory of positive linear operators, some asymptotic property of the regular
operator W will hold for a large class of functions if and only if the operator
Vw has certain properties on a much smaller class of functions.

2. Boundedness and convergence
PRESERVING REGULAR OPERATORS.

In this section and the following one we shall extend to regular operators
some of the well-known results about the asymptotic behavior of the

special transform G defined by (1.1).

Let us consider the linear space Ji of real valued measurable functions

on R+ and let^0 be the subspace oïJi consisting of all measurable functions

on R+ which are bounded on every finite interval of R+.
The basic result which characterizes regular operators from Jf0 into

#"0 that preserve boundedness can be stated as follows:
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Theorem 1. Let be a regular operator. In order that,

as x -> oo,

(2.1) feJto and f{x) 0(1) => W(f9x) 0(1)

zt is necessary and sufficient that

(2.2) Vy(hx) 0(1)

where V\? is defined by (1.5).

This result is clearly a natural extension of the results for the special operator

G mentioned in section 1.2 under A. The corresponding result for regular
operators which transform functions in 0, converging to zero as x -> oo

into bounded functions is given by the following theorem.

Theorem 2. Let W'.Ji 0 be a regular operator. In order that,
as x —> oo,

(2.3) feJfo and /(x)-> 0 => (/, x) — 0(1)

it is necessary and sufficient that

(2.4) Wv(l9x) 0(1)
w/zere PP^ zs defined for everyfeJi0,/^ 0,

(2.5) PK,, (/, x) sup { I y (g,x)I: go (/)} *).

Condition (2.4) in Theorem 2 is less restrictive than the corresponding
condition (2.2) in Theorem 1, since PP^ (/, x) ^ V,v (f x) for every feJI0,
f=ï 0 and for every x e R+.

It is now easy to obtain a generalization of the results for the special
operator G mentioned in section 1.2 under B., i.e. to establish necessary and
sufficient conditions for a regular operator to be convergence preserving:

Theorem 3. Let W:J?0-+ 3F0 be a regular operator. In order that,
as x -» oo,

(2.6) feJt0 and f(x)-* c => W(f9x)-*c
it is necessary and sufficient that

(2.7) !P(l,x)-l,
1} g O (/) means g(t) o (/(/)) (/ -> «).
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(2.8) ¥(Xe,X)^ 0

for every bounded measurable subset E of R+, and

(2.9) Wv( l,x) =0(1).

3. Transformations of O-regular
AND SLOWLY VARYING FUNCTIONS BY REGULAR OPERATORS.

3.1. The class of positive functions which are eventually bounded

away from zero and infinity has been extended to the class of O-regular
functions defined as follows :

A positive, measurable function / on R+ is O-regular if

l(Xx)
(3.1) TTT °( 1) (*-*œ)

/(%)

for every X > 0.

For example, any function I such that axa ^ I (x) ^ Axa, where a e R,

clearly satisfies condition (3.1).
The class of O-regular functions and related classes of functions have

been studied extensively by V. G. Avakumovic [8, 9, 10, 11], J. Karamata
[14], N. K. Bari, S. B. Steckin [15], M. A. Krasnoselskiï, T. B. Rutickiï [16],

W. Matuszewska [17] and others.

The closely related class of slowly varying (SF) functions, introduced

by J. Karamata ([12], [13]), generalizes the class of functions converging
to a positive limit. A positive, measurable function L defined on R+ is a

slowly varying function if
L(kx)

(3-2) ,im -m 1

x~* oo

for every X > 0.

Clearly, every measurable function on R+ which converges to a positive
limit as x -* oo is a SV function. Also, functions like

f 1 0 ^x < e sinx
«><*> { togx,*m-(2 +—>?».

and their iterations are SV functions. More generally, any measurable

function g on R+ such that cp (x) ^ g (x) ^ cp (x) + ^/<p (x) is a SFfunction.
The most important properties of O-regular and SV functions can be

stated as follows :
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