Zeitschrift: L'Enseignement Mathématique
Herausgeber: Commission Internationale de I'Enseignement Mathématique

Band: 16 (1970)

Heft: 1: L'ENSEIGNEMENT MATHEMATIQUE

Artikel: FUNCTIONAL EQUATIONS CONNECTED WITH ROTATIONS AND
THEIR GEOMETRIC APPLICATIONS

Autor: Schneider, Rolf

Kapitel: 2. The main theorem

DOI: https://doi.org/10.5169/seals-43867

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 15.01.2026

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-43867
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

— 299 —

2. THE MAIN THEOREM

Let us first give some definitions. In the following, all functions are
complex valued and continuous. Let @ denote Lebesgue measure on €2,
normalized so that w (Q,) = 1.

For functions f, g and measures ¢ on Q, we write (f,g): = [fgdw and
(f, ®): = | fdp, where the integrals are extended over Q,. Forn=0,1, 2, ...
let $, denote the complex vector space of spherical harmonics of degree
on Q; let N,, be its dimension. If f is a function on €,, we say that 9,
occurs in f if and only if the orthogonal projection of f onto §, does not
vanish, i.e. if (f, Y,) # O for some spherical harmonic Y, of degree n (or,
equivalently, if {f (u) C, (Ku, v)) dw (1) does not vanish identically, where
C) is the Gegenbauer polynomial of degree n and order v = % (d—2)).
Analogously, we say that §, occurs in the measure ¢ if and only if (Y, ¢)#0
for some Y, € $,. If fis a function on Q, and 6 € SO (d) is a rotation, the
left translate 6f of f by & is defined by (6f) (1) = £ (6! u) for u e Q,.

THEOREM 2.1. Let f be a continuous function and @ a measure on .
In order that (of, ) = 0 for each 6 € SO (d), it is necessary and sufficient
that none of the spaces $,, ne {0, 1,2, ...}, occurs in both, f and ¢.

We remark that this theorem, together with its proof to be given below,
carries over to the following more general situation: SO (d) and Q, may
be replaced, respectively, by a compact connected topological group G and
by the homogeneous manifold G/K, where K (= SO (d—1) in our case) is
a closed subgroup of G. The role of the spherical harmonics is then played
by their natural generalizations. We do not write down this generalization
explicitly since we do not know any application of it.

Proof of Theorem 2.1. Let { Y,;i=1, ..., N;,} be an orthonormal
basis of §,(n=0,1,2,...). Let us first suppose that f is a finite sum of
spherical harmonics,

k  N,gq

(2.1) f= Z Z (f, Y,)) Y,
n=0j=1

Since $, is invariant under the action of SO (d) by left translation, we have
a relation
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(2.2) Y, (07 'u) = ) 1500 Y, (u)

i=1
for each 6 € SO (d), by which continuous functions ¢7}; on SO (d) are defined.
It is well known that, for each ne{0,1,2,...}, the mapping 6 — (¢%; (9))

1s a unitary, irreducible matrix valued representation of the group SO (d).
From (2.1) and (2.2) we get

k Ny
(2.3) Of.o) = 32 2t Y)Y ).
n=01,j=0

If £ 1s an arbitrary continuous function on Q,, then f can be uniformly
approximated by a sequence fi, /5, ..., where each f, is a finite sum of
spherical harmonics of those degrees n only, for which §, occurs in f (see,
e.g., Weyl [22], p. 499).

Let us now suppose that £, does not occur in both, fand ¢ (n =0, 1, 2, ...).
Approximate f as explained above. Then if (Y,;, ¢) # 0 for some n and
someie{l,.., Ny, }, the space §, does not occur in f. Therefore we have
(fi-Yo) =0(k=1,2,..) foreach je {1, .., Ny, }, since £ is a finite sum
of spherical harmonics of degrees other than n. This shows that (f;,Y,;)
(Y,;, ) = 0 for each possible choice of k, n, i, j, and hence (6f,, ¢) = 0
by (2.3). For k— oo we get (6f, @) = 0, which proves one half of the theorem.

In order to prove the other direction of Theorem 2.1, we multiply equa-
tion (2.3) by 7, (6) and integrate over SO (d) with respect to the normalized
Haar measure p. Using one of the well known orthogonality relations for
the matrix elements of unitary, irreducible representations of a compact
group, namely

Now [ 15(0)t5,(0)du(d) = 646
SO(d)

we arrive at

Now [ (Of,0) t5n(0)du(d) = (f, V) (Yo @) ,
SO(d)

provided f is a finite sum of spherical harmonics. By approximation, this
holds for arbitrary continuous f. If now (1.6) is assumed, we get (f, Y,,.)
(Yo @) = 0forn=0,1,2,... and k,me { 1, ..., N;, }, which shows that
$, does not occur in both, f and ¢. Theorem 2.1 is proved.
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