
Zeitschrift: L'Enseignement Mathématique

Herausgeber: Commission Internationale de l'Enseignement Mathématique

Band: 15 (1969)

Heft: 1: L'ENSEIGNEMENT MATHÉMATIQUE

Artikel: SOME CONVERSE THEOREMS ON THE ABSCISSAE OF
SUMMABILITY OF GENERAL DIRICHLET SERIES

Autor: Rajagopal, C. T.

Kapitel: Concluding Remarks

DOI: https://doi.org/10.5169/seals-43225

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften. Sie besitzt keine Urheberrechte
an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in der Regel bei
den Herausgebern beziehungsweise den externen Rechteinhabern. Siehe Rechtliche Hinweise.

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les

éditeurs ou les détenteurs de droits externes. Voir Informations légales.

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. See Legal notice.

Download PDF: 22.05.2025

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-43225
https://www.e-periodica.ch/digbib/about3?lang=de
https://www.e-periodica.ch/digbib/about3?lang=fr
https://www.e-periodica.ch/digbib/about3?lang=en


— 258 -
From (4.6) and (4.7) we obtain, appealing first to Theorem A and then to
Lemma 3,

A(x) o(xa+1+ô), Ak{x) o(xk+a+1+ô), 0 </c <r. (4.8)

Now Lemma 2 establishes the summability (R, /„, k) of lan l~(a+1 +<5), or, of
Ianl ns for cr>a+l+<5 with arbitrary <5>0. Hence <rfc<a+l as required.

(B) We now choose y such that (a+1 <) <7r<y and note that a+l+<5
can be replaced by y in (4.7) and (4.8), so that, arguing as before, we establish

the summability (R, ln, k), 0<&<r, of Ian l~f where y > or is arbitrary.
Hence ok<^or while ur< ak universally, i.e.,<7fc <rr as we wished to prove.

Deduction 3. If, for the Dirichlet series Ianl~n\ or> — oo and lim
/„//„_ i > 3, ok — orfor 0</c<r.

Proof The hypothesis lim 4//n_1> 1 makes

^n + i on+2 "F ••• ~f~ 0 for ln ln -j- sln

if s is sufficiently small and «>/z0 (s). Hence, for any p, in particular, for
p<crr,

— I an+l + ßn + 2 + ••• + I

/1X Alim max — o (I), s -> 0
n—>oo ln l m <. In s In n

The desired conclusion now follows from Theorem I (B) with alternative
(2.4) (b).

In the above proof we have supposed that ur<oo, the case or oo

being trivial.

Concluding Remarks

A few remarks are offered in conclusion, supplementing some made in
the beginning. Though Theorem A in one form is Karamata's (as already
said), a particularization of it ([12], Corollary VI with Tauberian O-condi-

tion) is a much older theorem of Ananda-Rau's ([1], Theorem 16; [2], Theorem

4). Ananda Rau left open one case of his theorem which Bosanquet
([4], Theorems 2, 3), Minakshisundaram and Rajagopal ([10], Theorem 1

and Corollaries 1.1, 1.3; [11], Theorem A and Corollaries Au A2) have

independently settled, even for some extensions of Ananda Rau's theorem.

The theorem mentioned at the outset as being due to Chandrasekharan

and Minakshisundaram ([6], p. 21, Theorem 1.82) is, in fact, a further
extension of one of the extensions of Ananda Rau's theorem given by
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Bosanquet ([4], Theorem 3). In the present context, it is rather less effective

than the completely independent two-fold result of Karamata's in the same

direction ([9], Théorèmes la), 3f)), reformulated as Theorem A. That is

to say, precisely, Theorem A gives rise to a basic converse theorem on
abscissae of summability of general Dirichlet series (Theorem I of this paper)
which is more natural and suggestive as well as more comprehensive than
the like basic theorem resulting from the line of development followed by
Chandrasekharan and Minakshisundaram ([6], p. 86, Theorem 3.71). 1)

I am indebted to Prof. Bosanquet for some very useful remarks on the

original version of this paper which have led to the preparation of the

present version.
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i) Indeed the Chandrasekharan-Minakshisundaram theorem just referred to is deducible from Theorem
I, its case or < a + p. [or, case ar ^ a + p.] from part (A) [or, part (B)] of Theorem I with hypothesis

(2.2) (b) and ' ,« 0 (.v) > ", 0 « - ('"« + >)/(' + /), Cr < y < a + „ [or> hypothesis (2.4) (b)
and x" *a+"]-
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