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of general type A and some positive integer order. These later versions are
proved by him by using a difference formula applicable to such an integral
mean ([9], Lemma 2); and each of them has a hypothesis which is an
extension of the one-sided or two-sided Schmidt condition of slow growth
of a function. Theorem A is a reformulation of Karamata’s later theorems
for any Riesz mean of a sequence, of general type A and some positive non-
integer order. In its fundamental case, a = b = 0, Theorem A has an analog-
ue for the Abel mean of type A instead of a Riesz mean of type A, consisting
of a classical theorem ([5], Theorem E) and Bosanquet’s addition thereto
([5], Theorem D). Theorem A itself has been proved by me ([12], Theo-
rem VI) by means of certain difference formulae due to Bosanquet ([4],
Theorem 1) which extend Karamata’s difference formula just mentioned
to an integral mean of non-integer order. Bosanquet first proved his extended
difference formulae in 1943, independently of Karamata. But, as a matter
of fact, he had used them much earlier in 1931 in a form equivalent to
Karamata’s ([3], Lemma 5). To complete the references in relation to
Bosanquet’s difference formulae, mention may be made of certain other
difference formulae independently evolved by Minakshisundaram and
myself ([10], formulae (2.32), (2.38)) which are serviceable for much the
same purposes as Bosanquet’s formulae.

This paper deals specifically with general Dirichlet series of type / as
distinguished from those of type /. However, as far as Riesz typical means
alone are concerned, there is no distinction between means of the two types,
and so (for convenience) the Riesz means of this paper are taken to be of
type / or (more explicitly) of type /,, where /or [, (n = 1, 2, ...) is a divergent
sequence strictly increasing and positive.

§ 1. NOTATION AND AUXILIARY RESULTS

Let a;-+a,+... be a real series and / a sequence {/,} such that
I<hi<h<.., [,- .

Then, as usual, we define the Riesz mean of Xa, of type / or /, and order
r>0 by

X

t\" r - _ Al (%)
J(l——) dA, (1) =—rf(x—t)’ YA, (dt = —
X X X

0

where A" (x) is the usual Riesz sum of Xa, of type [ or /, and order r,
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A =a;, +ay + ... +a, for I, <t <l (n=D,
A (@) =0 for t<l.

Again, as usual, we define 4; (t) = 4, (¢) and define as follows summability
of Xa, to sum S by the Riesz mean of type /, and order » >0, briefly called
summability (R, /,, ) of Xa, to S:

A (x)

r

X

- S, or Aj(x) —Sx" =o0o(x"), x = 0.

" In using this definition we may suppose (without loss of generality) that
S = 0 since this merely means our considering Za,— S instead of Za,.
Furthermore, when considering any other series b; +b,—..., it is convenient
to denote by B (x), r=0, the Riesz sum for that series, defined exactly as
A’ (x) for Xa,.

In the usual notation again, the general Dirichlet series of type / or /,,
with coefficients {a,}, is

an

Y=, s=0+irt.
T 1

Corresponding to the summability (R, /,,7), r>>0, of this series, to sum-
function f'(s), we have the abscissa of summability o, (— 0 <o, < 00) char-
acterized by the property that the series is summable (R, 7, r), or not
summable (R, /,, r), according as o>0, or 6<ao,.

In the above notation, we may state as under the lemmas and auxiliary
theorems used in this paper, denoting Riesz sums of order »>0, of Xa,
and 2b, respectively, by 4" (x) and B" (x), with omission of the suffix / indicat-
ive of the type which remains the same throughout.

LemMA 1 ([1], Theorem 6; [2], Theorem 1). Let Xb,= Xa, I’, where

y>0 is a constant. If A" (x) = o0 (x*), x> o0, where f=>r>0, then B' (x) =
= o (xf),

Lemma 2 ([1], Theorem 9; [2], Theorem 3). If A* (x) = o (x**#), x> o0,
where k>0, B>0, then b, = Xa, I} is either summable (R, l,, k) or never
summable (R, I, v) for any r however large.

LemMA 3 ([1], Theorem 4; [2], Theorem II). If
A" (x) = o{W(x)}(r>0), A(x) = O{V(x)}, x> o0,
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where W (x), V(x) are positive monotonic increasing functions of x>0, then,
 for O<k<r, A (x) = o (V¥ W*"y where V=V (x), W= W(x), x—®0.

Lemma 3 is proved, in the papers referred to ([1], [2]), for any integra-
ble function ¢ (x) instead of 4 (x) = > a,.
In=x

|
THEOREM A ([12], Theorem VI). If

A" (x) = o(x"™®), x > o, wherer >0, r +b >0, (1.1)
and if, with
O(x) = x1"@D/r g>p,
we have
EITHER (a)

tv an+an+l T .. +am
lim max = 0x(1),e -0,

n—swl, Zly, < 1, + 80 (1) ZZ
L (1.2
orR (b) (1.2
— la,.;+a,:,+...+a
lim max SR A n | =o0(1),e - 0,1

a
n—oool, =lgp <lp +e0(,) ln

then

A(l) = o), n— .

THEOREM B (Riesz; see e.g. [6], p. 81, Theorem 3.66). Suppose that the
Dirichlet series

dy,

!

Y=, s=0+ir,
1 *n
is summable (R, 1, q) for some g >0 whena>d. 2) Suppose also that the sum-
Junction f (s) thus defined is regular for c>n where n<d, and

f(s) = O (|t|"), r=0, uniformly for oc>=n-+e>n.

Then the Dirichlet series is summable (R, 1, v'), ¥'>r, for c>n.

) any1 + anyg2 + ... + am is to be interpreted as 0 when n = m or Ip = Ipm.
2) This is no restriction since otherwise oq = oo for all g.
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