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ON THE DEGREE OF CONVERGENCE
OF FEJÉR-LEBESGUE SUMS

S. Aljancic, R. Bojanic and M. Tomic

To the memory of J. Karamata

1. Let / be a 27i-periodic and L-integrable function and (on[f]) the

sequence of Fejér-Lebesgue sums of the Fourier series of/ defined by

rrlM 1 f tfA fsi[/] (*) 0 7 /(0 ; Ä— dt
2n(n + l)J \ sini(x — t) J

— 7t

The classical result of Fejér [1] states that if/ is a 27i-periodic, bounded
and i?-integrable function, continuous at the point x, then

(1.1) lim a„[/](*) =/(x)
rt—>00

and the convergence is uniform on any closed interval where/is continuous.
In particular, if/ is a 27i-periodic and continuous function, then

(1-2) II an[/]/11 sup I o[/](x) I 0 (n-> oo).
— 00 <JC< 00

Fejér's result has been generalized by Lebesgue [2] who has proved
that (1.1) holds whenever / is a 27i-periodic and L-integrable function and

h

(1.3) J 1/(x +m) — f (x) I du o (h) (h->0)
o

At the same time, Lebesgue has shown that this condition is satisfied almost
everywhere. In particular, (1.3) holds at each point x where/is continuous.

For 27i-periodic and continuous functions more precise versions of
Fejér's result (1.2) usually give estimate of the rate of convergence of the

sequence (crn[/]) to / either in terms of the modulus of continuity cof which
is defined by

cof(h) sup { I f{x') - fix") I : I x'-x" ^ }

or in terms of the best approximation ETn{f) which is defined by
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ElU) inf{||/-f||:fe7;}
where Tn is the set of all trigonometric polynomials of degree rg n. The

following results are known.
If / is a 27c-periodic and continuous function such that wf{h)h~n is

decreasing for some rj e (0, 1), then

(1-4) \\<r„lf]-f\\äAcof(^

(see [3], Vol. 1, Ch. 3, Th. 3.16). For arbitrary 27c-periodic and continuous

/ we have the inequality

(1.5) ||<x„[/] -/II (nZ2)

which in a somewhat weaker form was obtained by D. Jackson (see [4],

p. 64), and the inequality

(1.6) IK[/] -/II ^ -T- £cof\1

fi + 1
k o T 1

which was obtained recently by S. B. Steckin [5]. Steckin's inequality
follows from a still more precise inequality

12 ^ _Tk»[/] "/Il ^ —7 I Ci(/)
w + 1 k 0

and Jackson's theorem which states that ETn (f) ^ 12coj(1//7). Using the

well known properties of the modulus of continuity it is easy to see that
Steckin's inequality (1.6) is more precise than (1.5).

The aim of this paper is to obtain the analog of Steckin's inequality
(1.6) for arbitiary 27r-periodic and L-integrable functions and to show that
this result cannot be improved for certain classes of functions. As a measure

of deviation of an [f] (x) from f(x) we shall take the function w [/, x]
defined by

w [/, x] (h) sup j(20-1 J 1/(x+u) —f (x)\du : 0 <t^h

Clearly, w [f, x] is a non-decreasing, real valued function and, by (1.3),

w [ /, x\ (h) -> 0 (A -> 0) almost everywhere. If/ is a continuous function we

have for 0 < t < h

t t

J \f (x + u) — f (x) I du ^ j cof(\u\) du ^ ItCDfih)
-t -t
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and consequently

(1.7) vv [/, x] (h) g cOf(h).

Our first result can be stated as follows.

Theorem 1. Let f be a 2n-periodic and L-integrable function. Then we

have for all n ^ 0 the inequality

(1.8) K [/](*) -/(*) I ^ -XT E w[/,x] f-f—
n + 1

fc 0 \/c + 1

For continuous 27i-periodic functions in view of (1.7) we obtain
immediately from (1.8) Steckin's inequality

II<*„[/] - f II ^ -d— E 03s

n+lk o

From Theorem 1 we can obtain similar results valid for all functions in
certain classes of 27i-periodic and L-integiable functions. We shall consider
here two classes of these functions generated by a non-negative and increasing

real valued function Q defined on [0, n] with Q (0) 0. The first class

L (£2) consists of all 27i-periodic and L-integrable functions / such that

W [/> X]
Af sup < oo.J o<L Q(h)

The second, somewhat larger class L* (Q) consists of all 27i-periodic and
L-integrable functions / such that

w [/, x] (h)
Bf lim sup

L J W < oo.X

*_0+ (2(h)

From (1.8) follows immediately that for any f e L (Q) and n 0, 1, 2,

we have

and so

3a n

I <*n [/] (x) -/(x) I ^ — e
1 1

(1.9) s„p/ |°;-[/]w-/(')|\ £3sup"'/•]">
»SO

1
V n L \ " o<ts, ß(Ä)
E ß!

n + n o U + E

On the other hand, if SQ(n/k+l)is a divergent series we have for every
feL* (£3) the inequality



n 1fV, r I[/] (x) -w[/,x](A)(1.10) limsup < 31imsijp — -—
1 "fn+

n + l„h k +1

In order to show how (1.10) can be obtained from (1.8), observe that
for k ^ Nf we have w [/, x] (n/k+l) ^ ß (n/k+1). Consequently,
from (1.8) follows that for n ^ N'f

N

I °n [/] (*) ~f(x) } ^ 4- Z W [/, *] (j^—)
n + 1

k 0 \k + 1/
+

+^ z «
n+1 \fc + l

*-W/+l
Since Iß (n/k+l) is a divergent series, we can find N"f such that for n> N"f

Nf

"[/'"] Urr S81Q Un/c 0 \ ~^~ / k 0

Hence, for n > max (Np TVj) we have

K [/](*)-/(*) I ^ 3(B/2e) £ Ö(-^-
W + l /c 0 V/ + 1

and (1.10) follows.
In order to show that the inequality (1.8) cannot be essentially improved

we shall consider the class LM (ß) E L (ß) of 27c-periodic and L-integrable
functions / such that

*>[/,*] (A)
Af sup < Mf 0<+ ß(A) -

We have then the following result.

Theorem 2. 77?ere exfsto m (0 < m < M) such that for all n ^ 2 we

//are f/ze inequalities

(i n) /h Z Q(~rr~i)sup K [/](*) -/0)l ^
" + lfc 2 \k +1/ /6tM(n]

3 M " / n<— z ß
n + 1

^ 0 U 1



2. Proof of Theorem 1. The following proof of Theorem 1 is based

on a small modification of the classical proof of the Fejér-Lebesgue's theorem

(see [3], Vol. 1, Ch. 3, Th. 3.9).

Let 0 < t < 7i and

Fx(t) JI f(x+u)- 2/0) I du
0

We have then

t

(2.1) Fx(t)^J" \f(x+u)-f(
-t

Since

[/] M - f0)
i

2n (n + 1)

we have

i [/] 0) - / 0) I ^
n/n+l K

(/O + O + /O-0 - 2/0))
sin-J- (n + 1) t

sin^-1
dt

1

2n (n +1)
+ 1/ o + 0 + / O - 0 - 2/ 0) I

tt/re + l

sin^ (n + 1) t

sin Jr t

^ + e,.

Since | sin nt|g « | sin t|we have

(2.2) P„^ — (n + 1)
2n l/O + O +/O-0 - 2/0) I dï

— (n + 1) F,
2k n + 1

Next, since sin jt^tjn for t e [0, we have

Qn ^
2 (n +1) l/O+O + /0 — 0 — 2/O) j

nln+l

Using partial integration we find that



(2.3) Qn£0 Fx(n)--(n + l)Fx(-^ +
2n (n + 1) 271 \n + 1 J

Adding (2.2) and (2.3) and using (2.1) we find that

(2.4) I an [/] (x) - f{xIg -3—
w [f, x] (ti) +

n +1

7C f df
+ ztïj FAt)?-

n/n +1

271 f
+ — »[/,*] (Op.

«/n + 1

Since w [/, x] is non-negative and non-decreasing we have

n

w[/,x](7l) i ^ w[/,x](ti//c + 1)
k 0

and

ii +1
dt 1

w [/> *] (0 -T- -r 7c

i "
w [/. *] 7 )dt^ - Z VV [/, x]

+ / tuo U + l
*/n + l 1

and (1.8) follows from the last two inequalities and (2.4).

Proof of Theorem 2. The right hand side inequality (1.11) follows
immediately from (1.9). To prove the left hand side inequality (1.11) let

gx (t) M Q (| t — x |) if I t — x I ^ n and gx (t+2n) gx (t). Then gx is

clearly a 27i-periodic and L-integrable function. Since for 0 < t ^ h ^ n

we have
t t

j I dx (x +w) ~ 9x (x) I du M J Q (\u\) du ^ 21 MQ(h)
-t -t

it follows that w [gx, x] (h) S M Q (h) and so gx e LM (Q).

Next,

(2.5) sup I a„ [/] (x) - f(x)I^ [gj (x) - gx (x) | cr„ (x).
feLM (G)

We have first
%

1 f fsin ^{n +1) A2
"•bJW=S^M)J (9>(» + 0+ <,,(»-'))( sji(1(
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IM f fsini(n + l)t\21

0(0 ' dt
n (n 41) J \ sin^ t J

4M f /sin i (rc 4-1) A2
1 a">( )"•71 (n +1)

it
n +1

Since | sin x | ^ | x | it follows that

It

4M f dt
(2.6) ff.[>j(x) I ß (0 (sin ±(« +1)0* ^

n/n+l

Since Q is non-decreasing, we have

(fc+ pTT
n+1

4 M " C dt
A" ^r»4-n ^ ß(7)(sin|(n + l)()2-i

7C(n + l)fc 1J t
kit

n+1
(fc+l)7T

n+1
4M " / A:7t \ /n + l\2 1

V D / I / 1

7C (n + 1) yft + 1/ + 1/ 71

Since

(sin J (n 4 1) t)2 dt.
kit

n+1

(fc+l)7r
n+1

sin}(n +1) tfdt 2 ^
kit

n+1

we find that for n ^ 2

" 1 / feTE \ " 1 bt
A. 2; 2Mn~Y -, £2 2; 2Mn~2 V -—-, ß

t=i(^ + i) Vm+V *=2(^+1) Vn +1.

Next, for 2 ^ k ^ n

kit
n+1

dt n 41 1 f kn
Q (0 ^ • ——- ß

t2 71 k(k — 1) + l
(fc-l)7I

n+1

L'Enseignement mathém., t. XV.
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and so

1

kn
n+1

Q
kn \ n 1)

{k + iy \n + lj ~
dt n

ß(0-2 ^

kit
n+1

t2 ~ 5 (n + 1)

dt
ow?.

Hence, for n ^ 2,

2 M

(k-l)it
n+1

A„ ^
5n (n + l)II

kit

dt 2 M
0(t)-2 ^

t 5n(n + l)
(k-l)it

n+1

2

I

(k-l)it
n+1

dt
fl(0p.

Since Q is non-decreasing, we have

«/2 n+1
dt

a (Op
«/n+1

/ 71 \ 1 " (71at-)dt ^ ~ E ß
7C

ik 2 k -F1

Hence

(2.7)
2 M " (il4.^ — TT E Q\

5ti2 (n + 1) fc^2 U + ly

and the left hand side inequality (1.11) follows from (2.5), (2.6) and (2.7).
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