Zeitschrift: L'Enseignement Mathématique
Herausgeber: Commission Internationale de I'Enseignement Mathématique

Band: 14 (1968)

Heft: 1: L'ENSEIGNEMENT MATHEMATIQUE
Artikel: THE COHERENCE OF DIRECT IMAGES
Autor: Grauert, H.

Kapitel: General Theory

DOI: https://doi.org/10.5169/seals-42345

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 07.01.2026

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-42345
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

— 107 —

tion because U, . < Uy 0 ... O GE < U, In the same way we can
prove that condition 3) is satisfied if p, is sufficiently small and the theorem

1s clear.

GENERAL THEORY

Let G be an analytic manifold. We put G=GXxXE" (pl) where p; 1s
an n-tuple of posmve numbers Let 7: G — E" (py) and ?B G — G be the

projection maps. G’ c G denotes an open subset and G* = G NG x{0}.
The set G* can be identified with an open subset of G. We denote by

o: G* X E"(p,) — G* a biholomorphic fiber preserving map, i.e. 7 o o0 = 7*
where n*: G* X E" (p;) — E"(p,) is the natural projection. Let p < p, =

= yp; < py where0 < y < 11s a fixed number. We put G{p) = G x E" (p).

If fis a holomorphic function on G (p) we write /= Y a,(¢/p)” with
a, € I(G). We define the norm || /||, of f by || /||, = sup { sup |4, (G)|}.

If fel(G (p)) we see that fo a is a well defined function on G* X E" (p)
because o is fiber preserving. We define || fo «||, using G* instead of G as
above. We have the proposition:

Proposition 1. There exists a constant K such that || fo o ||, < K||f]],
where K = K (p,) is independent of p < p,.

0

Proof. We write f== Y a,(t/p)” with a,e I(G). Now we get f 0 o =

vl =0
=) (a,0 P o «) (t/p)’ because « is fiber preserving. Since P (G*) = G

we get |a, o P(GY)| <]|a, (@] <||f]],, Now a,0 PBoa admits
a Taylor series: a,0 Poa=) C,, (t/p)* with C,,eI(G*). Since
l 2. Coi (t/p)* l < ”pr in G* X E"(p;) and p < p, = yp; Cauchy’s in-
equalities give us | C,; (G*)| < || f||, »'*!. Letus puth, = » C,,. We get

v+Ai=p

16,6 <117 ], £ =117, (1 =™ = K[| 7]}, Now we can
wiite f o =300 Boalp) =¥ Cp (lp) (W) =T b, o). By

definition we haye | foall,= %up l b (G*)| K|/,

Let us now consider h = (hvu) which is a ¢ X ¢ matrix with h,, el (G).

The h,, are also assumed to be bounded on G.
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Proposition 2. Letf = (f; ... /) € ¢I(G (p)). Then || h () ||, < K || £]|,-
As before p < p, = yp, < p, and K only depends on p,.

Proof. We have h(f) = (g; ... g,) with g, :Zhwfy. Let us write

Z Ay (t/p)*. By assumption [ Figgs (G) ] < M for some constant M and

hence we have, by Cauchy’s inequalities,

a,,, (G) | < My'*!. Let us also

write f, = Z b.; (t/p)*. By definition sup | 6,2 (G) | = || £]|,- Now we get
- Z Z av,u)» byl (l‘/p)ll B ZC‘,A(Z/[O>1 Where Cvi —'Z Z avuil bu/l‘ .
u /ll 2 i ]. +/1 =

We get easily | C,, (G) | < gM || f][,(1—y)"" = K[| {]|,- Hence |h@ ||, =
= Sup Hgv ”p — Suf ‘ Cys (G)} <K” f”p

We shall now apply these two propositions to our situation. Let
G*cGc W < X,. Here G* and G are open sets and W, .= comes

L. Ly

from the measure atlas #. As before p < p, < p, = min p. We are
given v and " from { 1, ..., 1; } and the following inclusions are assumed:
A A

(G (p1) = (G), (py), (GF); (p1) = = W, (G), (py) = = W,
The following theorem is very important.

Theorem I. Let SeT ((G), (p), F). Then || S|(G*), (p) ||, < K|| S|].-
K depends only on p,.

Proof. We have the following diagram:

Dy
(G),(p1) = G xE"(py)
injection 'T 4\ o
D '

(G*), (p1) » G* X E" (P;)

o being a fiber preserving holomorphic map. We identify S] (G*), (p)
with an element of g/ (G* X E" (p)) using the trivialization of Fin the chart
# .. Call this element S*. Also § itself is considered as an element of
gl (GXE" (p)) using the trivialization in the chart # . Now we have S* =
== h (S0 «) where h is a ¢ X g matrix. The elements of h are holomorphic

functions defined on @, (W, ) o G* X E" (p,). Hence the elements of h
are bounded on G* X E" (p,). It is now obvious how we can use 1) and 2)
to finish the proof.

We shall need one more general result. Let G be an analytic manifold.
G is assumed to be Stein and R* = { Uy, ..., Ux } a Stein covering of G.
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The set G* = G is open and R** = { V,, ..., V,» } an open covering of G*
such that ¥, « <« U, for ve {1, .., v*}. We have:

L

Cartan’s Theorem. There exists a constant K such that if ¢ € Z' (R*, ¢0)
then ¢&| R** = 6y where ne C'™' (R**, ¢0) and In|| <K| €] for
[ > 1.

This is a simple consequence of Theorem B and Banach’s open mapping
theorem.

Now we apply Cartan’s theorem. We keep the notations as above.
LetG= G X E"(p) and put R* = { U, X E" (p) }. Now R*is a Stein

covering of G. Let G* = G* X E"(p) and R** = {V, X E"(p) }. Let
 Ee Z'(R¥, q0) and write & =Y &, (¢/p) with &, e Z' (R*, q0). We

assume [ ‘< . Now Cartan’s theorem gives

PN
oy | R¥* = o, with n,e C'"Y(R*, q0) and ||n,|| <K[ &) | < .

It follows thatn =Y n,(¢/p)” is well defined in C'~'(R**, g0) and by

definition we have || ; |, < K| /g: I, -

SMOOTHING

We are given a sequence of admissible refinements of measure coverings
in X(p,). Here p; < p, = min p asusual. Let [ beafixedinteger > 1. We are
given B* « B'= B3, <« B3, 1 <. <B; <P < VP<cUW < U=U; < ...
< U, < W. Hereitis also required that (B, 1, U, 1) < (B,, U,); (V*, U*) <

< (B, W) and (By, Uy) < (B, U’). These extra conditions mean: 1) (/} (v,f;“ )

B %

A

(v+1 )
@ VLLO )"'Ll < (Ul\:) el
(UYL AT

(v) . . .
N VL), for each e {1, ..., i, } and

) ( .. . ]
...v_l)jc(U i\; - ﬂV L‘:))...Ll)f fOI' aﬂ l)Je{lO: ZK)L()?"‘LI}'

A
Recall thatall operations are done with respect to p;. Letusput R, =
N

A A ANA
_gm ™ ; ™)
Uty ..i,0V. ... Weconsider elements Cig.rigrgeon €L (R i ig s B)-
A A
Now we take a full collection & = {¢&, 0--rif 1g-.1,  OF such elements which is

anticommutative in { iy, ... % } and { i, ..., 1, }. In this way we get a double
complex C,**. Here § : C,** —» C}*1*and 9 : C** — C**! are the usual
coboundary operators.

NorMm IN C,B*: Let &£ e C,0%; we put
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