
Zeitschrift: L'Enseignement Mathématique

Herausgeber: Commission Internationale de l'Enseignement Mathématique

Band: 14 (1968)

Heft: 1: L'ENSEIGNEMENT MATHÉMATIQUE

Artikel: FLATNESS AND PRIVILEGE

Autor: Douady, A.

Kapitel: §3. Introduction to flatness by examples

DOI: https://doi.org/10.5169/seals-42343

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veröffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanälen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
qu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 21.02.2026

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-42343
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en


— 49 —

Remark: The inverse image is a particular case of the analytic pull-

back.

In fact, if Y is a closed analytic subspace of X and/ : X'-»Xis a

morphism :

/* Oy — fo(®xlJy) ® ®X' — fo ®xlfo ^Y ® ®X'

fo@x fo®x

^ ('9X. * Of- 1(Y)

(The third isomorphism follows from the fact, that A/1 ® E ~ EjlE).
A

Elementary properties of the analytic pull-back :

(a) (/* S)x. 0 (/;®xV where

x — f0 (x') (since (x) commutes with inductive limits).

(b) f* ($® 3F) =/* /* ^ where and ^ are ^-modules.
ex

*

0*'

(c) If ^ is a coherent ^-module, then /* ê is a coherent -module.

In fact, S has a locally finite presentation:

and/* is compatible with cokernels,/* (0£)

Special case : The pull-back of vector bundle. Let (E, n) be an analytic

- vector bundle over the analytic space X, and /: J'->Ja
e x x '

^ e morphism of analytic spaces. The fiber product carries
I

TT r"

I TT1 I a unique structure of vector bundle over X\ such that /
xT —> x is a bundle morphism. We call this bundle E\

Proposition 1 : Let ê (Resp. $') be the sheaf of analytic sections of E
(Resp. E'). Then <T - /* ê.

Proof (Sketch): We have a f*0Ox linear morphism fo which
extends to a morphism/* ê-*ê'. We can prove that this is an isomorphism.
Since the question is local with respect to X', we can suppose that E is a

trivial bundle over X with fiber Cr, then S 0X. Also 0X. =f*0x. Theiefore

/* S S'.

§ 3. Introduction to flatness by examples

Let S be an analytic space. By analytic space over s we mean an analytic
space X provided with a morphism % : X-+S. Let S be a simple point in S,
and consider X (s) /-1 (s).
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The main purpose of these lectures is to give a precise meaning to the
expression :

" X (s) depends nicely on s ", and to give a criterion for the " nice "
behaviour.

We begin with some examples.

Example 1 : X is the closed subspace on C2 defined by (y2 — x), S C
and 7i — 1st projection.

X f
Y _

I 2 simple points if s # 0

[ double point if s 0

Here the behaviour of X (A is nice.
0 5 £ W

Example 2 : X is the closed subspace of C2 defined by (xj), S C and
7i 1st projection.

X (s) is given by (x — s, xy), and
- X

(x-s Xv) \^-S'y)
' y) { (x) if

The first case is a simple point, the second one the,

i I

I I

_j

0 s ^ y-axis.

A similar example is the map of a point into C.

In both of these examples the dimension of the fiber makes a jump at

one point. We notice, however, that the exceptional point corresponds to
an irréductible component of X, and after removing this component n
behaves nicely.

This kind of removing is not possible in general, as the following
example shows:

Example 3 : X is given in C3 by (xz—y), and n is the projection on the

(x, y)-plane.

If s (x0, Jo), then the fiber X (s) is defined by

(pc-x09 J-Jo, xz-y)

^x-x0, J-Jo, Z- ^ if Xq A 0

(x, j) if x0 Jo 0

(1) if x0 0 jo A 0



The set of " nice " fibers is dense in X, so we cannot remove the z-axis and

still get a closed subspace of C3.

§ 4. Algebraic study offlatness

In the following all rings are commutative, with 1, and all modules are

unitary.

Definition 1 : An v4-module E is flat, if for every exact sequence of
A-modules

0->Ff->F-±F,,->0,

the sequence 0-+E (g) F'-^E ® F-+E ® F"-^0 is also exact. We can also

say, because ® is right exact, that E is flat, if for every injective homomor-

phism F'^F, E ® F'-*E ® F is also injective.

Examples of modules which are not flat :

(1) if A Z, E Z2 Z/2 Z, F F' Z; then the sequence
21

0-*Z->Z (21 : x'-»2x) is exact. But now Z2 (x) Z Z2, and the
21

homomorphism Z2-»Z2 is the zero, homomorphism, which is not
injective. So Z2 is not a flat Z module.

(2) If A C {x}, E C C {x}/(x), F F' C {x}, then the sequence
xl xl

0-+F-+F' (xl : p (x)^xp (x)) is exact. But the homomorphism E-+E
is not injective.

Proposition 1 : If A is an integral domain and E a flat A-module, then E
is torsion-free.

Proof: Let a e A, a =£ 0. Because A is an integral domain, the sequence
al al

0->AA^ (al : x->ax) is exact. Since E is flat, the sequence 0-+E-+E is
also exact. In other words E has no torsion elements.

Proposition 2 : If A is a principal-ideal domain, then E is flat if and
only if E is torsionfree.

Proof: See corollary of prop. 6.

Examples offlat modules :

(1) The inductive limit of flat modules is flat, because the inductive limit
preserves exactness, and it commutes with the tensor product.
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