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(b) Jj a{s)I s"ds<oo,
(c) 0<g(v);SK for all v;

then the derivative of any solution of (1.1) has a limit.

Proof. Proceeding as in the above proof, we obtain instead of (3.2) the
following estimate:

i"(oi Wl /i«(s)^ (I « (*o) I + |M'(to)l) + }s"*M|a(s)|/i^i^i^ds

from which we conclude from a result of Bihari [14] that

+ \u'(t0)\)+ KM$\a(s)\s*ds)
t t0

which is bounded for t on account of assumption (a). The remaining proof
follows verbatim that of Theorem 3.

3. Boundedness Theorems II

Theorem 5. Suppose that assumptions Au A2, A3 and A4 hold and in
addition that

(i) a(t)> 0, a (t) ^ 0, for t ^ T,

(ü) Jti^)ß (') ' with Iß (J)ds < 00

b\
1 + - ^ e > 0;

and

a j
then every solution of (1.1) with (a(t) + £(0) replacing a (t) is bounded.

Proof. Make the following substitution for the independent variable,
t

x J Ja(s) ds which tends to infinity as t -> oo, and obtain instead of
(1.1) its transformed equation:

d2 u 1 { a \du / b\ ^
7?+ 2\^)Tx+ (' + )- 0 (3.1)
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where " dot " denotes differentiation with respect to t. Now write equation

in its system form, letting yt u:

dyt

àyi _
1 / a \

dx 2\a3'2)y2 I ^/Oh)9 (\/a y2) (3-2)

Define for (3.2) the following function:

y? s dsb\ Jl y2

V(x,y1,y2) =1 + - H / (s) f
/;\ aJ g(x,as)

ß(t)(b\p 1

- ~~r=T^\(1+ -Uf--—y2
\/ ^ (0 V

and observe:

dV pw / » - 2

dX ~ ' J " " 2

ß(t)
^ F.

V«(o
Hence we have

^(x.yi.yz) ^ K(x(X)» yi(x(T)), y2 (T))exp j/?(s)ds
T

which is finite. From (ii) we note that V -+ 00 as yx -> 00 and V > 0 if
+ y2 ^ 0. Thus, every solution of (1.1) is bounded.

Corollary. Suppose in addition to the hypothesis of Theorem 5 that
assumption As also holds and that lim a (t) a1 < 00, then every solution

t-* 00

of (1.1) and its derivative are bounded.
From the above result we may conclude for example that all solutions

of the following equation:

u" (0 + (ci t* + c2 tß) uX (0 (1 + e*P11
' (0 sin & ' (0) — 0

are bounded for all cl5 c2 > 0, a > ß ^ 0, and 2 > 0.

We now consider the following inhomogeneous equation :

u"(t) + a(t)f(u)g(u') h(t,u,u') (3.3)
00

and assume that | u' h (/, u, u') \ ^ y(t)gwhereJ (s) ds < oo.



— 164 —

Theorem 6. Suppose that assumptions Au A2, A3 and A4 hold and in
addition that a(t) > 0 and a' (t) ^ 0 for t ^ T; then all solutions of
(3.3) are bounded.

Proof. Integrate (3.3) in the following manner:

G u' (t)) - G(m' Oo)) + a(0F(u(0) - a F

f -Mr/ f)a (s)F(u(s))ds + $ — (3.4)
*o 'o 9 KU

I s ds " '

where G (v) j and F(u) f f(s)ds. Taking absolute values and
osOO

noting that G (v) ^ 0 and F (u) ^ 0, we obtain

t

a(t)F(u(t)) ^ c0 + ct + J a' (s) F (u(s))ds (3.5)
1o

00

where c0 G (u (t0)) + a (t0) F (u (t0 O) and cl ~ J y (,y) ds are non-
fo

negative constants. From (3.5) and A4 it is now clear that every solution
of (3.3) are bounded (cf. [1]).

Corollary. In addition to the hypothesis of Theorem 6, suppose that
assumption A5 also holds and that lim a{t) — k > 0; then all solutions of

t~* 00

(3.3) and their derivatives are bounded.
We note that by setting h (t, u, u) 0, the above result again reduces

to Theorem 1 and its corollary. Other comparison theorems may be

formulated in a similar way as Theorem 6 by extending the corresponding
result for the homogeneous equation. Since the procedure is clear, the
statements and proofs of these results will be omitted.
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