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THE PRINCIPLE OF SIGNS

by J. M. BOARDMAN

In algebraic topology one frequently encounters the following algebraic
situation. One finds a graded ring, consisting of a sequence of abelian
groups 4, (n=0,1,2,...) and an associative system of bilinear multiplica-
tion maps f,,: A, X A4, - A4, ., It often happens that for geometric
reasons this multiplication commutes up to sign,

fum,n(xay) = 8m,n4un,m(y9x) (XEAm>yEAn)>

where the sign ¢, , = + 1 depends only on m and n.

Now the multiplication is usually not canonically defined, to the extent
that each p,, , may reasonably be changed by a sign depending on m and n.
This modification may alter ¢, , if m # n, but leaves ¢, , fixed. This free-
dom is used to simplify ¢, , into a memorable form, while retaining asso-
ciativity. It is not usually possible to abolish the signs completely. In
important cases, however, we can arrange ¢,, = (--1)™. This simple
choice is found in practice to work remarkably well, even in much more
complicated algebraic structures. It has therefore acquired the status of a
metaphysical rule of thumb lacking adequate justification. It is much
used, and therefore also much misused, expressed in the form:

Whenever two elements of dimensions m and n are interchanged, one ought
to insert the sign (—1)™, in order to make the algebra consistent.

We show that this Principle of Signs can be made quite precise.

We take a general algebraic system, consisting of:
(1) (a) A class Q of elements.

(b) A class U of n-ary operations on Q, for various values n = 0, which
need not be everywhere defined. (A n-ary operation is a function
from some subset of the n-fold cartesian product Q" to Q. A non-

empty O-ary operation is simply an element of Q.)

(c) An involution T € A (to be thought of as “ minus ).
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(d) A dimension function | | defined on the whole of Q, taking values
in the additive cyclic group Z, of order 2.

We subject these to the axioms:
(2) (a) TTx = x whenever Tx is defined.

(b) l a(xlaxZ, “')xn) l = Zi:’; lxi l
whenever « (xy, X,, ..., x,,) is defined, for all « € 9.

() (X1, X5, ccos Txgy ooy X)) = Ta(X1, X0, ceey Xjy oevy X,)
whenever a (xy, x,, ..., x,) is defined, and 1 < i < n, for all «x € 9.

Given a m-ary operation o, a n-ary operation 8, and an integer i (1 <i<m),
we construct the composite (m+n— 1)-ary operation y by setting

Y(xlaxza "'9xi—1’ yls y2’ RS ynaxi+ls ""xm)

= O‘(xuxza '“sxi~1’18(y19y2’ Teey yn)axi+1’ ""xm) >

(3)

If « and B are in ¥, it is clear that y also satisfies (2). In particular, specia-
lization of the argument x; in « (x,, x5, ..., Xx,,) is included as composition
with a O-ary operation f. It is convenient to enlarge 2 so as to include all
operations such as y obtained by compcsing operations in U, and also all
those operations obtained by restricting the domain of definition of an
operation in U, subject to (2¢).

DEFINITION. We say the identity

(Xys X0y ooy Xp) = TEB (X1 Xnnsees Xpp) (4)
is in standard form if a and B are in N , both sides have the same domain

of definition, © is a permutation of { 1,2,..,n}, and

8:lenil|xnj|, (5)
where we sum over all pairs (i, j) such that i < j and ni > mj.

Thus the term | x,; | | x,; | appears in (5) if and only if the arguments x,;
and x,; appear in opposite orders on the two sides of (4).

THEOREM. Suppose we are given an algebraic system as in (1) and (2),
with W enlarged as indicated above, and a class of identities in standard
form. Then all allowable consequent identities are in standard form.

We allow as consequent identities all those obtained from the given
identities in a finite number of steps of any of the following types:
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Type I. We may deduce the trivial identity
0 (XgyXgy ey Xp) = X1y X5 vy Xp)

for any operation « € .

Type 2. Reversal. From the identity (4) we deduce the identity
B(xisXgyeisXy) = TPA(Xg15Xg25 -0r Xgn) 5
where o is the inverse permutation to w, by using (2a).
Type 3. Transitivity. From the identities

o (Xy, X5y ceis X)) = TEP(Xnqs Xnaseves Xpn)
and

ﬂ(yla Yasoees yn) = Tny(yp19yp2> ---aypn)
we deduce the identity

o (X1sXg5 e Xp) = TP (X pts Xnpzs vvs Xupn) »
Type 4. Substitution. Given a m-ary operation w € U and an integer
J(1=j=<m), we deduce from (4) the identity
w()’u oo Vim0 (X1, Xas s Xn)s Vw1 "'3ym)
. (6)
=T w(yl’ cees yj—laB(xnlaxnza ...,xm,), Vit1s oo ym)
by using (2¢). We use (3) to express this in the form (4).
Type 5. Substitution. Given a m-ary operation w € W and an integer
i (1=i<n), we deduce from (4) the identity
(X g5 ey X g5 O (V15 Vasooos Vi) s Xik 15 o5 Xy) o
= TB(Xnts oo OV1s Vs eos Vi) s ovvs Xn) »
by substituting for x;. We use (3) to express this in the form (4).
Type 6. Cancellation. Suppose the m-ary operation w € U satisfies the
cancellation law for the argument y; (1< j<m), namely that
w(yl’ Vas ey ij LR ym) = w(yla Yas ey y;’ AR ym)

implies y; = y;. Then we deduce the identity (4) from the identity (6),
making use of (2¢), provided that « and f are in U and have the same domain
of definition.

Type 7. Synthesis. Given a m-ary operation w € U and an inte-
ger i (1<i<n), suppose that whenever a (x;, x,, ..., x,) is defined, x; can
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be expressed in the form w (yy,y;,..., ). Then we may deduce the
identity (4) from the identity (7), provided the operations « and f are in U
and have the same domain of definition.

Proof of Theorem. We must check that the deduced identities are in
standard form whenever the assumed identities are. For types 1, 4 and 6,
this is trivial.

It is well known that the signature homomorphism from a permutation
group to Z, can be given by a formula similar to (5). Our situation is a
slight variant. Put y; = x,; in Types 2 and 3. Put p = nj and ¢ = 7/
in (5); we find

e =) 1%, 1 Ix; ] =Y 1Vepl | Vegl (p<4q,0p>09).

This proves that Type 2 yields identities in standard form. Again, this
time putting i = pp and j = pg, we find

& = ZI'xnil |x7zj| = lenppl Ixnpql (pp<pqanpp>npq)
and

n:ZIypil'ypjl=Z|xnpillxnpjl (L<.]9pl>p])a

summing as indicated. From these we deduce

8+’7 ZZIxnpil |x7rpj| (l<],7'fpl>7[pj),

and hence that Type 3 yields identities in standard form.

As for Types 5 and 7, we see from (2b) that we have the required power
-of T.

This completes the proof.

The standard application is to graded algebras and modules. In this
case, 2 is the class of all elements of all the graded groups A4, B, ... under
consideration, including constructed ones such as 4 ® B and Hom (4, B).
The involution 7" is —, and dimension is the grading, reduced modulo 2.
The operations usually include ®, multiplication, module actions, evalua-
tion, composition, etc. Natural transformations are to be regarded as
unary operations.

However, the theorem has much scope in situations outside pure algebra,
for example in the formal aspects of stable homotopy theory.

Mathematics Institute ( Regu le 30 mars 1966)
The University of Warwick
Coventry (England)
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