Zeitschrift: L'Enseignement Mathématique
Herausgeber: Commission Internationale de I'Enseignement Mathématique

Band: 11 (1965)

Heft: 2-3: L'ENSEIGNEMENT MATHEMATIQUE

Artikel: ON ERMAKOF'S CONVERGENCE CRITERIA AND ABEL'S
FUNCTIONAL EQUATION.

Autor: Ostrowski, A. M.

Kapitel: II. Ermakof's direct Method

DOI: https://doi.org/10.5169/seals-39968

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 19.08.2025

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-39968
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

— 105 —

of the problem and prove generalized versions of Pringsheim’s
results.

This note brings therefore an improvement and simplifi-
cation of the sections I-V and XI of [5], while I have nothing to
add to the sections VI-X of [5].

1I. ERMAKOF’S DIRECT METHOD

6. The form of the expression (1) makes it plausible that
we will have to use the integral transformation formula

b ¥ (b)
Jf(P(x) P/ (x)dx = w! )f(X) dx. (3)

In order to be able to use (3) we have in any case to assume
that f (z) is integrable in the integration interval and ¥ (x)
totally continuous between a and b. However, additional con-
ditions are necessary and two such conditions are known either
of which ensures the relation (3):

Jq: [f (:c)] is uniformly bounded in the integration interval;
J,: ¥ (x) 1is monotonically increasing or monotonically de-
creasing.

7. TurorEM 1. Assume that ¥ (x) and ¥ (x) are totally

continuous for x = x, and that we have for a sequence b, = x,
(v = 1,2, ...)

y (b)) = ¥ (b)), ¥ (b,) > o0 (v—o0). (4

Let | (z) be = 0 on no half-line x = & almost everywhere = 0, and
measurable in an interval J containing all values of  (x) and ¥ (x)
for x = x,. Assume further that for any finite subinterval of J
the transformation formula (3) holds as well for W (x) as for ¥ (x).
Then, if we have for almost all x with x = x, and for an o with
0 <a<1:

FP Q)P (%) = af (Y (D) Y'(x) (x2x), 0 <a <1, (5)

the tniegral (2) is convergent and we have for all x = x,:

¥ (x) >y (x) (xzxp). (6)
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8. Proof. For an arbitrary x = z, integrate (b) between
xz and b, > x. Then we have, using (3):

¥ (by) ¥ (by)

[ fx)dx £a | f(x)dx

¥ (x) Y(x)

and this remains true, by (4), if ¥ (b,) is replaced by ¥ (b,).
We can therefore write

¥ (by) ¥ (by) ¥ (x)
J fdx 2a | f(x)dx +a [ f(x) dx,
¥(x) W(x) ¥ (x)

or, bringing the first right hand term to the left:

¥ (by) ¥ (x)
(1-0) | f(X)dx =a | f(x)dx.
¥(x) ¥ (x)

But here, if we take x = b, it follows for b, - oo the conver-
gence of (2) and also that the right hand expression is > 0 for
any * = x,. (6) follows immediately and the Theorem 1 1s
proved.

9. TuEOREM 2. Assume that (), ¥ (x) are totally continuous
for x = x, and that f (x) ts non-negative and measurable tn an
interval J containing all values of W () and ¥ (x). Assume that (3)
holds as well for  (x) as for ¥ (x). Assume further that there
exists an a = x, such that:

¥(a)

[ f(x)dx >0, (7)

¥ (a)

and a sequence b, = x4 (¢ = 1,2...) such that:

¥ (b)) » o0, ¥ (b) > 0 (v—>0c0). (8)
Then if we have for almost all z = x, -

SE) P ) 2, @)y (), 9)

the tntegral (2) is divergent and we have for all x = a:

v (x) >y (x) (xza). (10)
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10. Proof. For any x > a we obtain from (9), integrating
on both sides from a to z and using (3):

¥ (x) CY(x)
[ f(dx =z | f(x)dx
¥ (a) Y (a)
and therefore
¥ (x) ¥ (a)
[ fdxz [ f@dx (xZa). (11)
Y(x) v (a)

This proves already (10).
Putting in (11) z = b, 1t follows

¥ (by) ¥ (a) |
J fdxz | f(x)dx (12)
¥ (by) v (a)

while, if (2) were convergent, the left side integral in (12) would
tend to 0.
Theorem 2 is proved.

14. Turorem 3. Assume that Yy(x) and ¥ (x) are totally
continuous for x = x,, that (3) holds as well for ¥ (x) as for
¥ (x) and | (z) is = 0 and measurable in an interval containing
all values of Y (x) and ¥ (x) for x > x, without being almost
everywhere = 0 in (¥ (a), o). Assume further that there exists
a constant y, 0 < y < 1, and a sequence b, = x, (v = 1,2,...)
such that

w(b,) = ¥(b), 0<y<1,y(b)—>o0(>0), (13)

and further that for a constant ¢ from a certain x = x; = x, On:

fy S— (rzx). (14)

Assume finally that for a constant o, 0 < o < 1:
S ®) V' (x) Saf(W )Y (x), 0<a<l. (15

Then the integral (2) converges and we have ¥ (x) > Y ()
for all x > x,.

12. Proof. We have as in the proof of the Theorem e
¥ (by) W (by)

[ f(x)dx <a | f(x)dx

¥(xg) W(xg)
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and therefore, using (13)

W (by) ¥ (by) V¥ (by) Y (by)
| fdx<a | fXNdx=0a [ fx)dx+a | f(x)dx.
¥(xp) V(xg) V(xg) ¥ (by)

1
But the last right hand integral is, by (14), < clog—, so
7

that we obtain:

7% (by) ¥ (xo) 1
(1—-0) | fx)dx =< | f(x)dx + c log-.
¥ (xo) ¥ (xo) Y

The convergence of (2) follows now immediately from
Y (b,) - oo.

13. Suppose that we have, on the other hand,‘ forana > x,:
¥ (a) = Y (a).

Proceeding then as in the proof of the Theorem 1 we have, as
from ¥ (b,) — oo and the total continuity of  (x) follows
b, - oo, for b, = a:

¥ (by) ¥ (by)
J f@dx=sa | f(x)dx,
¥ (a) V(@)

and, for v » oo:

Tf(x)dxéfx Ofof(x)dx.

¥ (a) ¥ (a)

But here the left hand integral is > 0, the right hand integral
1s majorized by it and the relation 1s impossible for a < 1.3)

IIl. A NEW METHOD FOR NOT NECESSARILY MONOTONIC f(x)

14. TuEOREM 4. Assume that ¥ (x) is for x = x, a positive
and monotonically tncreasing differentiable function for which

3) Observe that in Ermakof’s paper [1] the criteria are given in the following form:
§ f (v) for a monotonic f (x) is convergent or divergent according as
lim S (x)¥" (%)
X0 f(Y(x)W(x)
is < 1 or > 1. In the note [2] Ermakof takes ¥ (x) = x which is no essential speciali-

sation. However, the conditions (5) for convergence and (9) for divergence (with the
specialisation ¥ (x) = x) are already found in the textbooks, see e.g. [3].
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