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(2.1)

is called the tangent quadric of / at (cl7 cn). We shall study
only the cases that at least one of the first or second derivatives
is not zero. It is clear that the tangent plane of (2.1) at
(clr..., cn) is the same as the tangent plane of / 0 at this point.

Let the matrix of (2.1) be A, Ç (x1 — c1...xn—cn), and

t] — (0...0 1). Then by section 8 of [1]

0 (2.2)

is the tangent plane of (2.1) at (cx, cn). Here rj* is the
conjugate transpose of rj.

We easily see that (2.2) can be written as

" dfE (Xi ~ Ci)0 •

;= 1 0Ci
(2.3)

3. Matrices related to /

Besides A there are other matrices of some interest. We
denote the matrix of the quadratic form of (2.1) by Q. The

projection on the normal and tangent plane are of some interest.
We denote the projection on the normal by iJ, and clearly I — P
is the projection on the tangent plane where I is the identity
matrix. It is easy to see that P (Ptj), where



— 263 —

dj\ ôf_
dxj ôxj

iL*'
ÔXi

This is proved by considering the inner product of a vector

I — (x1}xn) and a unit vector on

IL dJ\.
dx1

' ' dxj

3. Quadric curvature

If (2.1) becomes of the form

[£ ai ixi ~c;)] [£ «i Ui - q)] o,

then / xn) is called doubly flat at (c±, cn). Suppose (2.1)
does not have this form. Then by sec 6 of [1] centers (xl7 xn)

of (2.1) may be obtained by

ÏQ- (3.1)
&

where the row matrix £ is:

df fdf df
£ (xi-Ci ...xn-cn), — ••• —

U L,

The equation (3.1) is a system of n linear equations in n
unknowns.

The following cases may occur:

I. Let Q be non-singular. Then the quadric has a unique
center which is called the center of quadric curvature of

at y=« (Cl, c„). Let

Then the center is the point defined by £ — y.
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II. Let the rank of Q be k, and centers exist. Then these
centers are solutions of

É* &- \^)EQl'(3'2)

where Q'1 is the reciprocal of Q1 see [2]. That is, if E is the
projection on the range of Q, then

Q-'Q QQ-1 =E.
Here we choose the center of quadric curvatures at a point
of (3.2) so that, it is at the shortest distance from y.

III. When the rank of Q is k and the quadric does not have

centers, then we say that / does not have a center of quadric
curvature.

4. Direction of quadric curvature

In part I and II of section 3 we respectively call the vectors £

and Çk the directions of quadric curvature of / at (c1? cn).

In III of section 3, we define the direction of quadric curvature
to he a vector ô which satisfies

S-SE- - (I)«?"',
where E is the projection described in section 3.

5. Vertex points

Let at the point y (cl5..., cn) of / the direction of quadric
curvature be the same as the normal to / — 0. Then y is

called a vertex point of the function /.

Theorem: A necessary and sufficient condition for a point to
be a vertex point of the function / is that at that point

PQ =QP*

where P and Q are the matrices described in section 3.
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