Zeitschrift: L'Enseignement Mathématique
Herausgeber: Commission Internationale de I'Enseignement Mathématique

Band: 8 (1962)
Heft: 1-2: L'ENSEIGNEMENT MATHEMATIQUE
Artikel: ON THE CONSTRUCTION OF RELATED EQUATIONS FOR THE

ASYMPTOTIC THEORY OF LINEAR ORDINARY DIFFERENTIAL
EQUATIONS ABOUT A TURNING POINT

Autor: Langer, Rudolph E.
Kapitel: 8. On linear independence.
DOI: https://doi.org/10.5169/seals-37963

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 24.01.2026

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-37963
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

ON THE CONSTRUCTION OF RELATED EQUATIONS 233

one, and accordingly admits of an analytic solution for (a‘®),
provided the matrix multiplier of this vector on the left 1s non-
singular. This condition is assured by the relation (3. 4).
Now we may proceed by induction. Assuming that the
vectors (a(®); for j =1, 2, ..., (v—1), have been determined
and are analytic, the right-hand member of the equation (7. 7)
is known. As in the case v = 0, so now, the equation is analy-
tically solvable. The solutions for the successive values v = 0,
1,2, ..., (r—1), yield the coefficients (6. 7) for which the functions
1; (3, 1), as given by the formulas (6. 8), fulfill the relations (6. 5).

8. ON LINEAR INDEPENDENCE.

With the functions a{® (z, 4) now at hand, we have at our
disposal the n known functions y; (3, 1), j = 1, 2, ..., ¢, which are
the solutions of the differential equation (6. 3), and #; (3, 4),
1 =1, 2, ..., p, which are given by the formulas (6. 8). We shall
show that these functions are linearly independent.

Let the Wronskians of the entire set and of the respective
sub-sets be denoted respectively by W,, W,(y) and W, (n). If
the usual form

Y1 __—‘yq M - = = Hp

Dy, - - - Dy, Dny - - - Dn,
Wy=| - - - - = - - - - = (8. 1)

Dn—lyl_ _ _Dn~1qun—1n1__ . _Dn—-lrlp

1s modified by adding to each of the last p rows suitable multiples -
of the preceding ones, the formula can be made to appear thus

Y1 - - - - Yq "1 - T~ Np
Dyl - T qu Dr’l - = Dr’p
D"ly, - - = = DUly, DUy - - - DTy,
m*y) - — - —  m*y,) m*(ny) — - —  m*(n,)
Dy) -~ -~ - - - -
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In this, however, each of the elements occupying a position in
one of the first ¢ columns and in one of the last p rows is zero.
The formula therefore reduces at once to | |

W, = Wy T, B
with ‘
m¥m) - - - - mn,)
Dm*n) - - - - Dm*(n,)
T — - - - - - - . (8. 4)
DFtmAn) - - - = DPm(n,)

Now m*(#n;) 1s given by the formula (6. 15). If this is re-
peatedly differentiated, and at each step the element D”v; is
elimiated by use of the equation (6.1), the results are the
formulas '

| ) |
Dim*(n,) = A1D v, +24% 7"y Jtmee® Dr Ty,

©w=0

i=0,1,2,...
O @8.5)

We may write this also, with the use of the symbol §; ; to denote
1 when j = i and 0 when j # i, in the form

. b O'(i_,.l) Dt 1y,
Dilm*(y) = A2y {5,.,ﬂ+ ”/’v } M_lf . (8.6)
.op=1

This shows, now, at once, that the determinant T can be fac-

tored, thus |
T = APMMEW,(v) (8.7)

in which E is the determinant whose element in the it* row and
j* column is indicated thus

(i—1)
Gj,r

E =106 ;+ T (8.8)

It is clear that E differs from 1 by terms of at least the degree r
in 1/A. Since W, (¢v) and W,(y) are non-vanishing, it follows
from (8. 3) and (8. 7) that the same is true of W,. |
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9. THE RELATED EQUATION.

We are prepared now to make the construction toward
which this entire discussion has been directed.
Consider the equation

L*(u) =0. 9. 1)
with
m¥*(n) - - = = = m¥(ny) m*(u)
Dm*(n) - - - - - Dm*n,) Dm*w)
1 _ - - _ -
— = ) - T T )
DP7im¥(ny) — - - — - DP"'m*(n,) D" m*(u)
KmHm)) - = = = = Bm*(np)  (m*(@)

T being the determinant given in (8.4). This is clearly a
differential equation of the n™ order in u, for which each one

~of the functions y;(z, 1) and #;(z, 4) is a solution. For if y;

is substituted for u two of the columns of the determinant (9. 2)
are the same, and if u is replaced y; every element of the last
column vanishes. Because the n solutions thus produced are
linearly independent the solutions of the equation (9. 1) are
completely known.

The co-factor of the element I*(m(u)) in the formula (9. 2) is
the determinant 7. The expansion of the formula thus gives

1t the aspect
p

T
L* (u) = I*(m* (u))— Z ?va"vm* (u), 9. 3)

where T, is the determinant that is obtainable from the formula
(8. 4) by replacing its elements DP™" m* (n;) by U* (m* (n;)).
From the formula (8. 5) it is seen that

2 Ty(2,4) D* 1y,

(m* ) = 2 Y S e 049)
with
TV(ZS ’l{) = zgk(za /1)0-\(:,[’:")(2, A’) . (9' 5)
k=0
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The replacements Whlch change 7" to T, are thus seen to be ones

which replace
(p—V)

An-v{ap_v,ﬁ————-”l’, } by ,1"1:-

It follows that

T, p 0, (z, 4)
T a0

with some function 6, (z, A) which is bounded over the z and
A domains. This gives to the relation (9. 3) the form

L* () = I* (m* (u))— % é 2" 6,D™ m* (u) . 9.7)

With the substitution of the expression for DP™¥m* (u), as it may
be obtained from (4. 3) by writing ¥;_ in the place of y;_, it is
found that
1
L*(u) = l*(m*(u))——— zll’co (z, )D" 7u, (9.8)

with
p—v

. p p
w(z,) =Y ¥ rs( )9,,Dsw7u_v_s.
. v=1 s=0

A comparison of this with the earlier result (6. 6) shows that

S

1
L*(u) = L(u)— T Z M{ej(z, )+w;(z, )} D" 7u. (9.9)
j=1
The equation (9. 1), whose solutions are completely known, thus
has coefficients which differ from those of the given equation
(2. 1) only by terms that are of at least the r* degree in 1/A.
It is, therefore, by definition, a related equation.
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