Zeitschrift: L'Enseignement Mathématique
Herausgeber: Commission Internationale de I'Enseignement Mathématique

Band: 8 (1962)
Heft: 1-2: L'ENSEIGNEMENT MATHEMATIQUE
Artikel: ON THE CONSTRUCTION OF RELATED EQUATIONS FOR THE

ASYMPTOTIC THEORY OF LINEAR ORDINARY DIFFERENTIAL
EQUATIONS ABOUT A TURNING POINT

Autor: Langer, Rudolph E.
Kapitel: 2. The hypotheses.
DOI: https://doi.org/10.5169/seals-37963

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 09.12.2025

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-37963
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

ON THE CONSTRUCTION OF RELATED EQUATIONS 221

rapidly with the order of the differential equation, and therefore
any means for referring the problem from a given equation to
ones of lower order are treasurable. This brings us to the point.
In an earlier proper [5] I have shown that if, in a given region,
p of the auxiliary roots of a differential equation (1. 1) are'simple,
the construction of a related equation is referrable to such a
construction for an equation of the lower order (n—p). The
present paper goes materially further. It shows that if the
auxiliary polynomial in y factors into relatively prime factors
of the degrees p and ¢, the coefficients of which are analytic,
the construction of a related equation is referrable to such
constructions for differential equations of the lower orders p
and ¢g. It will be seen at once, by iteration, that if the auxiliary.
polynomial has analytic factors of the degrees py, py ... Py
the construction of a related equation is referrable to such
constructions for differential equations of the orders p;, ps, ... ps.
The equation (1. 3) serves again as an example. Its auxiliary
equation may be written

X+ (P —2x+1-2) =

A related equation for it can be constructed, because that can
be done for the two equations of lower order

——dzv + A2 . 0
[ ‘v —

dz? z A ’

d*y dy

dz 21— -I—/?,Z(l—z)y

2. THE HYPOTHESES.

The given differential equation (1.1) may be conveniently
denoted by
L) =0, (2. 1)
with
L =Y ¥p;(z, )D" 7 u, p, =1, (2.2

j=0
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the symbol D¥f signifying d*f/dz*. It is an overall objective of
this discussion to describe the construction of another differential
equation subject to the specification, among others, that its
coefficients be the same as those of (2. 2) to the extent of all

terms which, in terms of 1/4, are of a degree less than a certain |
arbitrarily prescribed one. We shall designate this prescribed
degree as the r". The domains of the variable z and the para-
meter A shall be respectively a closed region of the complex z-
plane and any portion of the complex A-plane in which | 1 |
1s bounded below by a positive bound but is unbounded
above, and in which the coefficients of (2. 2) have the forms

r—1 i . ,2.
pj(z,}‘) _ Z pl,ﬂ(z) + pj,r(f ), ] — 1’ 2, ey M, (2. 3)
F=NY. A |

with each P, (2), p < r analytic, and p;, , (z, 1) bounded.
'The auxiliary equation (1. 2) is accordingly

P(p) =0, 2. 4)

with
P(x) = 2P0 (2.5
j=0 ,

It shall be a hypothesis that in the z-region under considera-
tion the polynomial P(y) factors, thus

P(x) =B I'(x), (2.6)

the factors

D .

B() =Y bj(z)x*™, by =1,

| = | 2.7)

T 9 . ,

F(X)—_ZC(Z)XqJ: COEIQ
ji=0 4

~ being relatively prime, and having analytic coefficients. The
z- reglon shall contain no more than one. turning-point, and if
thereé is such a point it shall be taken to be the origin.
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The relations (2. 5), (2. 6) and (2. 7) imply that p-+g¢ = n.
We shall suppose the notation to be so ass1gned as to yield
p =< q. It follows then also that

k N
2 bi(2)e-i(2) = pio(z), k=01, 2, ., n, (2.8)
=0

it being understood that the value 0 is to be assigned to any
symbol b,(z) or ¢,_;(z) which, by virtue of its subscript, is not
present in the formulas (2. 7). |

A change of dependent variable can be applied to the equation
(1. 1) to give it a form for which the coefficient b,(z) is identically
zero. Considerable simplifications of the formulas result there-
from. We shall not resort to that normalization, however,
refraining from it in order to keep the roles of the factors B(y)
and I'(y) interchangeable.

3. THE RESULTANT.

It is a hypothesis that the two polynomials (2. 7) are relatively
prime over the z-region. If we denote their resultant by A(z),
we have accordingly

A(z) #0, (3.1)
with
L obyby— — — — 5,0 — — — = — = 0
01 byby— — - —b,0 - - — — = 0
0 — — — — — — — 01 b-—-=-~5
A4 = 1 p
& =1y By m = e 60— -0 (3.2)
01e¢g--- - - - - - - ¢ 0 -0
0 - -~ -01ege--- -~ Cy

" 'We shall find use for the relation (3. ‘2) However for future
use we find it convenient to formulate the relative prlmary of
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