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ON THE ZEROS OF BERNOULLI POLYNOMIALS

OF EVEN ORDER

by A. M. Ostrowski1)

(Reçu le 12 avril 1960)

§ 1. It is well known that the Bernoulli polynomial B2v (x)

has exactly one zero rv between 0 and —. Nörlund [2], p. 131,

l l
proves that rv lies between — and — and states that rv tends

lto - as v -+ oo
4

In what follows we shall prove that rv tends monotonically
lto —. More precisely we have

l l
4 Fl 4

T > 4 > >3 (v 2, 3, (1)

4 - X ~ ^
This follows from the relation

def /1 _ \ _ _1 !_ _4 17 _1 4 4_
v TC\4 v 2^v 4^v 62v 6 8^v 10^v 12^v

+ ^ 0 < p< 1 (v 1, 2, (2)
14

We obtain (2) from the relation derived in sec. 12 of this paper:

fl
3 4 4

Sm v 22v 42v 62v 82v 102v 122v

13_p 7+ 142V ' 40- ^ P <1 (* 1,2, (3)

i) The preparation of this paper was sponsored by the U.S. Army under Contract
No. DA-11-022-ORD-2059, Mathematics Research Center, U.S. Army. I am indebted
for discussions to Mr. H. Fishman, M.S., and Dr. J. C. P. Miller, to the latter
particularly also for checking many computations.
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In 1940 D. H. Lehmer [1] proved that

and

6v + jji + 0 (^) (V — 00) (5)

However, obviously the monotony of the rv cannot be derived
from an asymptotic ielation like (5), nor can a relation of this
type be used for calculating the rv. x)

In the last part of this paper I discuss the asymptotic
development of sin 0V into a Dirichlet series with even denominators
and integer coefficients. Some numerical computations made
by Dr. Miller suggested that these coefficients may present a
certain interest from the arithmetical point of view. We prove
indeed some congruence properties of these coefficients mod 4
and mod 8. Further, certain sequences of these coefficients can
be explicitly determined using Riemann's ^-function and the
Dirichlet's L-function corresponding to the modulus 4.

§ 2. We will write from now on p. for 2c and use with Lehmer
the expression

_ geoüiüi. (6)
^ X=1 x

We have from (2)

l 6
r —
v 4 2 tu

where we omit for simplicity sake the index ç of 0. Introducing
(7) into (6) we obtain, putting the result 0,

sin e + V (— 1)" + V (- D»
sin (2cd + 1> 9

0 (8)ki (2c< <0=1 (2 <o + 1)^ U

i) Our first proof of the monotony of the rv was obtained in using the Newton-
Raphson approximation. It may be mentioned that for the numerical computation
of the values rv Dr. Miller found it particularly convenient to derive from the
formula (8) in sec. 2 an approximate quadratic equation for sin 6V with an error term
o (24"2v).
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Put

a sin 0 S 1- (9)
2^

then we.obtain, isolating in our equation the term sin 0 cr,

* Oft ^ M

<7 <8 cos 2 6 + — S2 cos 4 9 + Y1 — • (10)
31* xt***

§ 3. We will have to use repeatedly the inequality

sin mx < m sin x (m > 1 0 < mx < (11)

which follows easily directly for m 2 and for m ^ 3 from
the fact that the expression

(sin mx — m sin x)' m (cos mx — cos x)

is negative under the conditions indicated in (11). It follows
then, since

6 - 2-(T —-v) <|f f <0-6'

sin 3 0 < 3 a,cos 4 0 1 — 2 sin2 2 0 > 1 — 8 a2

Introducing this into (10) and using cos 20 1 — 2a2 we obtain

cr < 8 (1 2 a2) +• ~~~ 82 (i _ 8 er2) + ^ ~ (12)
x=5 x

We will assume from now on that we have

'S5, [i ^ 10 (13)

This assumption will be dropped only in the section 12. —
Then we have

i-i-i
46 (l.01734306— 1 — i- — 1 -iL") < o 49\ 26 36 4V ' "



30 A. M. OSTROWSKI

We introduce this into (12), bring the second term to the left and
divide by 8. Thus we obtain

1 ~~ < 1 ~~~ a2 '2 ~~ 8 ^ ~~ ° ' 585 < 1 ~ ° ' 58 8 '

On the other hand, we have from c 5 on

/2\n 210 0 08S(ï) 0 • 052 < ÏTTs/2 '

3^,0.08 8 3 - i 0.08 8
_ 1—0.58 8

3S < 1 — 8/2 ' > 1 — 8/2 1 — 8/2

and it follows

J < 1 — 8/2 <r < 8 — y (14)

As the arc sin series,x3^ 1 3 (2 V — 1) x2v+l
arcsm « « + T + >

2.4,..,(2v) 27+1 '
v=2 x '

has monotonically decreasing positive coefficients, we have easily
for 0 < x < 1 and convenient p with o< p < 1 :

xB 3 px5 1
arcsm x x + — + -2 (15)

1
For x a sin 0 < S it follows

2

0<o[1 +6(1—0») CTJ<

0 < 3 (16)

which proves Lehmer's inequality 6 < S for v ^ 5.

§ 4. We rewrite now (8) in the form

0 y (_ i)®+icos2(d9 + y (_i)«+isin (2(0 +116 + s, (i7ai
(2 a»)'4 (2CO + 1)"

a y a\cd+tcos 2to6 y.r+1sin (2a> + 1) 9
_

„W (2co)* (2<o + l)14
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We shall express the remainder terms in multiples of

m 14_lx • (18)

For any integer n > 14 we have by (13)

rT^jm — (14/n)^ ^ (14/71)10

and therefore

— < 0.27m L < 0.082 m,~< 0.032 m — < 0.005 m (19)
16^ 18^ 20^ 24^

In our estimates we shall use the inequality

sin x öl sin (x + 1) a ^>
(X + 1)8

(s - 1 ' * > 0 ' (« + a < T) • (20)

To prove this inequality, observe that it is sufficient to prove

x + 1

^ sin (x + 1) a

x sin x ai '

that is,

(x + 1) sin Xu — x sin (x + 1) a > 0

But the expression to the left is 0 for a 0 and its derivative
with respect to a,

(x + 1) x (cos xoc — cos (x + 1) a)

is > 0 under the conditions of (20).

§ 5. We use now in the first sum of (176) the formula

cos 2 to 6 1 — 2 sin2 w 0

and decompose S as follows

s y tzULI_2
sin2 to9

(o=7(2®)" „V (2®)*
+

+ f (— l)M+l sin (2® + 1) 6
^

o>=6 (2o> + l)" (21)
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Here we have by (18) and (19):

* > to 7> to 1 — (14/16)10) > (1 — 0.27) totl (2eo)ti 16^ "m >

In what follows, we will use the letter p, with or without
indices, to denote positive numbers < 1, which need not be

otherwise specified and need not be the same.
We can therefore write

S (-i) CO +1

(1 — 0.27 p) m
o=7(2o>r

Further, we have, using (11) and (14),

(22)

H (-D W+1 sin2 co

co 7 (2co)^
<

A
1000 i

o31 o(x-l (X1 <o=7 w ^ (o 1001 <*>

1 p <fc 1 dx 432 1_<
23fX,~"1 J 2tx_1 ^ < 7 8^ 6^ 9.2000**

2000
+ <

< <100
48**

< 100 (IY°
247 m < 100

/ 50 y
\500/

m < 0.01 m

And, again, by (11) and (19)

S (-D
co 6

<0+1 sin (2 to -f- 1)

(2 to + 1)" (2 to + ir
1

_ A V 1

-1 ^ o4v 2-J (x—1 ^
1 (0=6 w

2 r dx 25 1 25 1

< — 7 < • — < 0.1 m
AtX J „(X-1 8.4** 5** 8 20**

It follows now from (21) and (22)

S jl — 0.38 p) m (23)

§ 6. We consider the second sum in (17a). We have by
(14) and (20)

sin 7 0 sin 9 0 sin 11 0 sin 7 0 7 a
_i — p p — =7 pm

rj[L g[X ||(X y[X r L
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Further, using sin 30 3a — 4a3, sin 50 5a — 20a3 + 16a5,

sin 3 0 sin 5 0 / 3 5 \ fl 5

3^ 5^
/— —) a — 4a® ri_± + 4iU

— —— — 0.02 pm24^

Therefore

5

Ico 1

y< / |\co+i sin (2co —|- 1) 0 /3 5\
0=l (2co + lf ~ \3* 5*7

+ ftp — 0.02//) m (24)

§ 7. Consider now the first sum in (17a). We have

S (-1)
co 1

co+1 cos 2coô

(2«)» -lL\2^ ~7 +
1

6^

sin2 2 0 sin2 3 0 sur2 40
4^

+
6* 8 ix

s,

O / ° 11 W
I

0111 O V bill" 4 U~ ^ I 777 77,
1

77, — h
2^ 4^ 6^ 8^ 10ß i2tA

6 • 2 <sin2 cos, 2 £ (-1)"
co 2 (2 co)^

where by (20) and (19)

q 0
sin2 2 0 8 p' a2 8 p"Sl 2P —TU— -J777~ -^77 2.2pm4^ 4^ 16^

We have, therefore,

V" / 4 \ oo+l eos 2 co 0 ^ (— l)w+l ^ „L( *) -(2tt)|i (2<û)It
2 8a +2.2 .(25)

CO 1

We have now by (23), (24) and (25) from (17a)

__
A (—l)61"11 / 3 5 \° 28(72 + (1 ~°'4p + 9-2y)m• (26)

Here the last term can be written as

m (0.6 + 9.2 p+ 0.4 (1 — p'))(0.6 + 9.6 m

L'Enseignement mathém., t. VI, fasc. 1. 3
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§ 8. We put now, using (14),

a S — 7) 0 < 7] < 8 (27)

Then, (26) becomes

'
(2o))" 6^ 10^

[

+ (0.6 + 9.6p) m

Here we bring all terms containing tj to the right:

6 I a \ w q K

S + V -i }-
— + — + 2S3 — (0.6 + 9.6/?) m

Jdi (2co)^ 6^ 10^
V

t] 1 —J- -f 4 32 7] — 2 3 yf

We put now

Then we obtain

3^ 5^

.»i—-A-1. (28)
3^ 4^ 5"

(1 — *) /) — 2 8t)2 -I — R + E (29)
4^

where we have put

R — — — — (30)
6tx gfX 10IL i2V>'

E — (0.6 + 9.6p) m (31)

§ 9. The expression x defined by (28) is positive as follows
from

«-i+HiHiMrwr •

In the same way, we see that R is positive:

4>l + i + l>s(|)" + 4(|)"+(I)".
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We have, therefore,

35

3 1
o < x < — <

1
4-

1

3^ 1001 ' l—x< + 1000 '

R < —
6^

Further, by (19),

12 p
18n

x R
1 — x

12.0.082 pr m 0.99p" m

prn (32)

Jz2 < 9.2-10 (18)_!X 0.01 pm36^ ~ V F

S2

1 — x
0.02pm (33)

The expression to the right in (29) is, as R > 0, < §2, and we
have from (29) by (27)

(1~ÎMT)^<2S(T)2 + 1< 1-002' K 1-04 82.

7)2 < 1.1 S4 2 87}2 < 385 3 (j^W pm 0.1 (1 —

Using this in (29), we obtain now

(1 — x) 7) S2 — R + Ex

Ex — (0.5 + 9.7p) m

§ 10. From (35), we have now easily

J Ex I < 11 m

Ex x

(34)

(35)

< 0.05m
1 — x

Dividing now (34) by 1 — x we have

82x2 Rx
7) — 82 + R — 82x

1 — X 1 X
Bx + Ex x

1 — x

(36)

(37)

and from (32), (33), (35) and (36), we have for the right-hand
expression in (37):

(0.02 Pl — p2+ 0.05p3 — 0.5 — 9.1pi,—0.05p4) — (0.4 + 10,..3);;»pirn.
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On the other hand, we have from (28) by (19)

"(if.+
3

82 x 1.4 pm \
12(X

Introducing this into (37), we finally obtain

l_i. + JL + -L + -L_M±iLgg. (38)'4"6it 8(* 10^ 12" 14"

By (27), we have then

• fl _
1 1 4 3 4

_
4

a, ÜZ /qq\® Sin
2" 4^

+
6^ 8" 10" 12" 14"

ig?<l(vä5).

From (38), it now follows easily that

7) < 82 (40)

§ 11. We shall apply now (15) to We have obviously

by (14) and (19)

®5 86 _1_ 1 J_ 0.001 2.7
m

1 — a2 1 — 82 ^ 40^ 1 — 10 ® 2" 16"

3 a5
<

3 TO

40 1 — a2 105

Further, from (27), (40) and (19)

§3 _ ct3 3 §2 ^ _ 33^2 _|_ ^3 < 3 §2 ^ < 3 §4 < 0 9to t

0.9 13
and, therefore, from (15) and (39), as ^

+ i_ + 1®£ (41\
2^ 4^ -6" 6 8" 10" 12" 14"

§ 12. The formulae (39) and (41) have been only derived for

v > 5. However, the direct comparison of the expressions
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given by these formulae with the values of rv for v 1, 2, 3, 4

given with ten decimals by Lehmer x) shows that these formulae
also hold for v 1,2, 3, 4. This proves the formulae (2) and (3).

§ 13. Lehmer's formula (5) and our formulae (2), (3) suggest
that 0, as well as sin 0, possess asymptotic development by infinite

Dirichlet series. In this connection, apparently, the
development of sin 0 gives a more natural and more interesting
result. We will now prove that there exists a Dirichlet series

Î; — (42)
n=i (2n)*

with integer qn such that we have for ç -> oo and every positive
integer N

t)n =' sin 6V — Y, Ï7TÛL0 (<2N + (v (43)
n=l (2«r

§ 14. It is obvious from (3) that (43) is true for N < 6 for
a certain Dirichlet polynomial. Assume that we have for a
certain value N the relation (43) for a certain Dirichlet
polynomial with N terms. Introducing (8) into (43), we have then

r, V + l (—2(06v
4.

Sln (2C° + 11 M £ g»
N

1.' \ (2®)* (2® + l)«*

-f~ O ^ (44)
V(4N + 2 '

Here both cos 2co0 and sin (2o -f- 1) 0 are polynomials in
av sin 0V with integer coefficients. Putting these polynomials
in (44), we obtain then, denoting by M the greatest of their
degrees,

M 2N A(co)
cos 2m0v V ax ^ V ^ + 0

x=0 n=l (2n)» \(4N + 2)^7 '

O These values have been checked independently of Lehmer by Dr. J. C. P. Miller.



38 A. M. OSTROWSKI

(4N + 2)t7
'

+ °
\""Ji v-"«» t 'I n=i [inf' \(4N + 2)t7

with integers A(na),andC(^\ and therefore

with integer DN. But, now it follows from (43) that

again the relation (43) with 2N instead of N.
Repeating this procedure indefinitely, the existence of the

Dirichlet series (42) is proved.
Introducing the asymptotic development (42) into the

Maclaurin series for arcsin x,weobtain an asymptotic Dirichlet
development of 0V itself. However, in this development, as we
see from (2), the coefficients are no longer integers.

§ 15. In what follows, we give with the kind permission of
Dr. J. C. P. Miller the first fifty coefficients of the series (42)
which he has computed.

n 1 2 3 4 5 6 7 8 9 10
Qn 1 -1 4 -3 -4 -4 8 11 4 4

n 11 12 13 14 15 16 17 18 19 20
Qn 12 -48 -12 -8 -16 25 -16 -4 20 0

n 21 22 23 24 25 26 27 28 29 30
Qn 32 -12 24 248 -4 12 4 -208 -28 16

n 31 32 33 34 35 36 37 38 39 40
qn 32 -41 48 16 -32 -400 -36 -20 -48 88

Di D, Dn 0

and we have, therefore, putting

InD„ (N < 2N) (46)

n
Qn

41 42 43 44 45 46 47 48 49 50
-40 -32 44 -544 -16 -24 48 732 8 4
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Dr. Miller drew my attention to the properties of the coefficients

of the series (42) which appear to be suggested by the
above values. The odd coefficients correspond exactly to the
denominators which are powers of 2, while all other numerators

are divisible by 4.

We will now prove that these properties are indeed true in
the general case. Beyond that, we will prove for the numerators
qn which correspond to n 2k, that we have

In - (— 2Ä + 1 (mod 4) (n 2k) (47)

We will prove even a more precise formula

In 351 (— l)fe_1 2 (k — 1) — 1 s= 4/c2 + 2k + 1 (mod 8) (n 2fe) (48)

Further, we will determine directly all qn corresponding to n
non divisible by 8 by forming generating Dirichlet series for
these numerators. We will find in particular for an odd natural u

12u —Iu(u 1 <mod 2» • (49)

§ 16. Expressing sin (2co + 1) 6 and cos 2co0 as polynomials
in g sin 0, we have, putting 2co + 1 », 2oo g,

sin wcj + Rn (a) (50)

cosg0— 1— + Ts(<t) (51)

where our Ru (a) and Tg (a) are polynomials in a with integer
coefficients, which are all multiples of 4.

Indeed, this is true for co 1. Assuming our assertions true
for a certain co, use the following relations and congruences
mod 4:

cos (2co + 2) 0 — cos 2cd0 — 2 sin 0 sin (2co + 1) 0 — 2a (2co + 1) a
— 2a2 (mod 4)

cos (2co + 2) 0 1 — 2co2 a2 — 2a2 1 — 2 (co -f l)2 a2 (mod 4)

which proves our assertion (51) for co + 1, and

sin (2co + 3) 0 — sin (2co + 1) 0 2a cos 2 (co + 1) 0

e 2a (1 — 2 (co + I)2 a2) 2a (mod 4)
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which proves our assertion (50) for <o + 1.

Further, it follows from the identity with a natural k:

k
sin 2k 0 2fe sin 0 XI cos 2fe_v 0

v= 1

that, developing cos 2k+i 0 in powers of a sin 0, we have

k
cos 2k+i 0 — 1 — 22fe+1 a2 XI cos2 2fe"v 0 s 1 (mod 22fe+1) (51°)

V— 1

§ 17. Introducing the relations (50) and (51) into (8) and

solving with respect to or sin 0, we obtain

_
• (-1)"+! _

« (-I)" £ (~D^2
(2to)«i A (2<o + l)^1 <o=l (2M)11

.„/T2<aW ^ R2w+1 w
(0=1
y / D« 2toV + 2co+1 (52)M (2co)^ (2oi + 1)7

We introduce now the two Dirichlet series well known in
the analytical theory of numbers of which the first is not

very different from Riemann's Ç-function while the second is

Dirichlet's L-function corresponding to the modulus 4:

uW=(i4)5WeÇ7. <53>

where the summation index u here and in what follows runs

through all positive odd integers subject to the restrictions

explicitly indicated, and

U — 1

m«)=£(~V n <54>

u Us 2 5—-
(-D

where p runs through all odd primes. Then we have for the

first three right hand terms in (52), putting

x
-1-

: (55)
2^
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/ A \ CÛ +1 r O t2

»-1 (2<">) x=2 1__a:

(-IT
+ 1)

(_ !)<>+! CO2

_
1 ^ (— 1)M+1

y —-— 7 L(n — 1) — 1 (57)
wei(2<o + l)^1

y lu^ 00 y _«£, (2«d)* 4 ^ (2«p~

«U(lx-2)-r^U(|*-2) =^Ëgu(^-2) (58)

Introducing these expressions into (52) and bringing the term
with a to the left, we have

L(,-l)^^U(,)-2a2^2U(,-2)-
_^(_irM + ^lil). (59)

V (2«)«* (2o + 1 )V

§ 18. We can replace a in (59) by the series (42) and

consider now (59) modulo 4, taking a Dirichlet series ^ — as 0
n= 1 ^

(mod 4) if all an are 0 (mod 4). Then the last sum in (59)
is eee 0, by what has been proved in Section 16 about (50) and
(51). Further, we have mod 4:

u — 1

MK-D-Et^Â-Eâ-ul,),
u u u u

U ((I - 2) y+ 1)2 ^ U L (n - 1) (mod 4)
(2 co + l)1^

It follows, therefore, from (59)

L (fx — 1) a e= (x 2xg2\ L ((x — 1) (mod 4)
1 — x

If we multiply this congruence on both sides by

/ p — i
L-1 (n -1) n(i (~11

p>2 \
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we obtain

g x — x2 — #3 — ic4 — — 2xg2 (mod 4) (60)

ISince we have x* 7—, we see that for each n 2* u
(2•2 )^

with and odd u > 1 the contributions to the qn come only from
the last right hand term in (60) and are therefore even. Putting
this into the right hand expression in (60), we see even that
qn 0 (mod 4).

Consider now an n of the form n 2k1 k > 1. The
corresponding term in (42) is then qn xh+i. Then the right hand series
in (60) contributes — 1 to qn. As to the contribution of — 2xa2

(mod 4), it is equal to — 2 times the coefficient of xk in a2, taken
(mod 2). Therefore, these qn are, in any case, odd and we have

a2 — Xj \ — S —~T~ (mo(l 2) •

n fin)2* n (2 n) ^

But this contributes (mod 2) to xk, 0 if k is odd and 1 if k is even.
The coefficient of xh+l in (60) is therefore ~ — 1 — 2 (— l)h
(mod 4), if k is even, and (— 1) (— l)h (mod 4) if k is odd.
This proves (47).

To prove (48), we extract from the series (42) the part with
the denominators which are powers of 2 and denote it by

(7* f] — (61)
X=1 2*»

Then we have, obviously, gk (— l)k~l (mod 4). We keep
now in (59) on both sides only the terms which have in the
denominators pure powers of 2 and obtain

CT* ^ 2X2 _ 2
X ~ 8*2

(7*2 _ V T2*

1—x 1 — kx 2(x+1)tJL '

since T2 (a) identically vanishes. Taking this modulo 8, we
have by (51°)

a* x — x2 — x3 — — 2xg*2 (mod 8) (62)

We put here for a* the expression (61) and compare on both
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sides the coefficient of 2~k (mod 8). Then we have, since we can
use on the right (47), for k > 1:

**=-1-2 £ ^^=-1-2 £ (- DX1+><2"2

Xl+X2 fe~l Xi+X2 /l-l

— 1 — 2 (k — 2) (— l)*"1

and this proves (48), as q2k gfe+1.

§ 19. We are going now to write (59) in such a way as to
make possible an easy recursive computation of the coefficients
of (42). To that purpose we decompose the asymptotic expansion

of a, given by (42), and which we shall also denote by cr,

in the following way, using (55),

V — V q^~iu
Zj 2j jjV- '
x=l L u u

G <63>

X= 1

?9X 1

S (* 2' •••) • <64>

u u

§ 20. On the other hand, we have in (50) and (51):

9 v+1

(u) U(w212) (U2 _ 32) (l{2 _ (2x _ 1)2) ; (65)

00 2x
Tff ^ ~~ XÇ2 1'

(2x)~!
C* '

cx (g) g2 te2 — 22)... te2 — (2 k — 2)2) (66)

and, in particular, T2 (a) 0. We can now write if the
summation index g is running through all even integers greater
than 2, using (66),

<0 2 (2co)EX x=2 (2x) g> 2
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We introduce now the displacement operator H acting on p.
and diminishing p by one unit,

Hm/(p) /(p —m)

Then we can write for the inner sum in (67)

E (-ll^^-C.IH) £ tiff,g>2s g>2 ê

where Cx (H) is the polynomial operator obtained from the
expression Cx (g)in (66) replacing there the powers of g by the
corresponding powers of H. Here the sum to the right is by (56)

y üu(li)+s„V (2a>r 1-* '

and the inner sum in (67) becomes

CX (H) U M + Cx (H) * •

We have, however,

Hx 2x H2 x kx (H2 — 22) x — 0

and it follows from the expression of Cx (g) in (66) that
Cx (H) # 0 for x > 2. We obtain, therefore, finally

J2 <- *>" ~ - t H '>* â C. (H)^ ü (P) (68)

§ 21. In the same way, we obtain from (65)

y (_ i)w
R2t0+1 ^ y (_ 1)*

g2*~1"1

y i)-^- S"

h <2« + ir ^ + '

Here the inner sum is

u — 1

s* (H) I ' V SK (H) (L (p) - 1) Sx (H) L (p)
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since Sx (H) 1 Sx (1) 0 for x ^ 1. We obtain

y I— D"
R2cj+i

<0 1 (2® + 1)
l= y I-D** XV ' (2x

,2x+l

+ 1)!
Sx (H) L ((A) (69)

With (68) and (69), (59) becomes

L ([X 1) G
# — 2;Z2

1 — X
U (fx) — 2 s2

1 — 4 x
u ([X - 2)

(70)

00 2x 2
00 a2x+1

- S2(- 1)X cx (H) u m) -j] (- 1)X (-âr=Fïn s* <H>L W

§ 22. We introduce now in (70) for a the expression (63),
develop all powers of a and compare the coefficient of each power
of x on the left and on the right. Observing that the 2nd, 3rd,
and 4th terms on the right begin respectively with a;4 and a:3,

we obtain then for c1 and <r2

L (fA 1) <Tt U ((a) L ((A 1) (7, U ((A)

„ _„ - u(^)
2 l-O- 1)

' (71)

It follows then from (53) and (54), p running trough all odd
primes,

Pnl \

II
p> 2

1 + JL

II
p> 2

/ V ~ 1

\i— (— l) 2
p 1 p* p3*

(72)

We obtain then as the numerator corresponding to (p^p®2... pföY
the expression

Pk~1

n V1 - (- 2 pj n. (i ± PJ
y-=i K= 1

where in each factor the plus or minus sign is to be taken in such
a way that this factor is divisible by 4. We obtain, therefore,
for the numerators in a1 and <j2
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lu— 9iu11 (1 ± P> (73)
p/u

Comparing, on both sides, the coefficients of xs we have, since
Sjl (u) — US tt,

L ((x — 1) <r3 — U (|x) — 2<7| u ([X - 2) + (74)

al+ -j (L ([x - 3) - L ([x - 1))

From this formula, we can again express a3 by means of the
functions U («9), L (s) and proceeding in the same way obtain
for a general ax, interpreted as a formal Dirichlet series, expressions

containing only <7!, cr^. However, already the expression

foi o"3 becomes essentially more complicated than those of
a1 and <r2. We give here only the expression for the coefficient

Iof — for an odd prime number p in a3:
plL

p—1 \ / p—2 \ / p—1

jr {(— 1) * p — lM(— 1) 2
P — 5/ \(— 1) 2

P —

which is easily obtained from (74) and has been derived directly
by Dr. J. C. P. Miller. It is easy to see that this is always
divisible by 16.
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