
Zeitschrift: L'Enseignement Mathématique

Herausgeber: Commission Internationale de l'Enseignement Mathématique

Band: 5 (1959)

Heft: 4: L'ENSEIGNEMENT MATHÉMATIQUE

Artikel: ON SOME VERSIONS OF TAYLOR'S THEOREM

Autor: Boas, R. P.

DOI: https://doi.org/10.5169/seals-35494

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veröffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanälen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
qu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 16.10.2025

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-35494
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en


ON SOME VERSIONS OF TAYLOR'S THEOREM

by R. P. Boas, Jr., Evanston

(Reçu le 10 juin 1959.)

A familiar form of Taylor's theorem with remainder states
that, under suitable hypotheses, if n > 1,

(1) / (a) -/(»)+«,f'(o) + +/(n-1) (o) + ^ /<n> (Ç),

It is usual to suppose at least that / is continuous in [0, a], that
/(n_1) is continuous in [0, a), and that /(n) (x) exists (finite or
infinite) in (0, a). The formula can, of course, be written down
under less stringent hypotheses; a recent paper in this journal [1]
shows that it is valid when the continuity of /(n_1) at 0 is omitted.
This has been noticed before [2]. What I want to point out is
that while the theorem with is true the weaker hypothesis, it is

trivial. More precisely, we have the following result.

Theorem 1. If f(n_1) is not continuous (on the right) at 0, f(n)

assumes all real values in 0 < x < a and so (1) holds for
some \ whether the coefficients have Taylors form or not.

This was in fact proved long ago by Hobson [3, vol. 2, p. 203]
with the unnecessary additional restriction that /(n) is never
infinite in (0, a).

The proof depends on two facts, the first of which is a well
known corollary of the law of the mean.

Lemma 1. If f is continuous and V (x) exists (finite or infinite)
in p < x < q (as a right-hand derivative at p/, then if the

limit V (p+) exists (finite or infinite) it is equal to f' (p).
That is, /' cannot have a simple jump, finite or infinite.

Lemma 2. If f is continuous and f' exists (finite or infinite) in
(p, q), while f (p+) does not exist (finite or infinite) then V (x)
assumes every finite value in (p, q).

Lemma 2 is proved by Hobson [3, vol. 1, p. 363] with the

unnecessary restriction that f is finite in (p, q). Since the

proof is short and the result is not well known, I give the proof.
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If / (x) does not approach a limit as x -* /?+, neither does the
continuous function H (x) f (x) — Xx, where X is an arbitrary-
real number. Hence H is not monotonie in a right-hand
neighborhood of 0, so it has extrema. At an extremum £, H' (£) 0,

i.e. /' (£) X.

Now consider Taylor's theorem when is not continuous
at 0. Since /(n) is a derivative, by Lemma 1 it does not
approach a limit; by Lemma 2, /(n) assumes every finite value;
consequently Taylor's theorem (1) is trivial.

We can go further and exclude some other plausible weakened

hypotheses for (1). There is, for example, nothing in the structure

of (1) to require that /(n_1) is continuous if we admit infinite
values for /(n). However, we can establish the following result.

Theorem 2. Formula (1) is trivial unless f(n_1) is continuous
in [0, a)] and f(n) is (Lebesgue) integrable on every subinterval
(0, b) and bounded on one side.

In fact, if /(n)(x) is finite in (0, a), /(n_1) is continuous in
(0, a) and so in [0, a) unless (1) is trivial. Suppose that /(n) (c)
is infinite, 0 < c < a. By Lemma 2, unless /(n_1) approaches
limits from both sides as x -* x0, /(n) assumes all real values and
(1) is trivial. If /<n_1) approaches limits from both sides at c,

it is continuous at c by Lemma 1.

Again, if /(n) is unbounded both above and below, it assumes
all real values since a derivative has the Darboux property
[3, vol. 1, p. 379]. If /(n) is bounded below, then (x) + Xx,
with a sufficiently large X, is non-decreasing. It follows from
Fatou's lemma that /(n) is integrable on every (0, b).

There are a number of other forms of the remainder in
Taylor's theorem, of the general type

(2) • Rn ~ Kg(5)/(n) (Q,0<^<a,
with a suitable auxiliary function g, and An independent of /
and

Theorem 3. The propositions about the triviality of Taylor's
theorem that we have established with g (x) 1 still hold with
the remainder (2) provided that g is bounded away from 0 in
every neighborhood of a and 1/g derivative.
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To verify this we need slight extensions of Lemma 2, and of
the fact that derivatives possess the Darboux property.

Lemma 2'. If f is continuous and V exists (finite or infinite) in
(p, q), while f (p+) does not exist (finite or infinite) ; if G is

continuous in [p, q), G' exists (finite) in (p, q) and G' (x) ^ 0

in (p, q); then V (x)/G/ (x) assumes every finite value in (p, q).

Since f (p+) does not exist, H (x) ='/ (x) — XG (x) does not
approach a limit (since G (p + does exist). Hence H is not
monotonie and so possesses extrema. At an extremum 2, we
have H' (£) 0, so f (£) XG' (£). Since G' (£) is neither 0

nor infinite, f (i;)/G' (Ç) X.

Lemma 3. If f and G are continuous in [p, q]; if V exists

(finite or infinite) in [p, q], and G' exists (finite) in [p, q];
if f' (p) and V (q) are finite and G' has a fixed sign (and hence

is never 0) in [p, q]; and if

f (P)l& (P) < c < f (q)IG' (q),

then there is a % in (p, q) such that f (^)/G/ (Ç) « c.

This says in effect that f/G% like /', has the Darboux
property.

Consider H (x) f (x) — cG (x) and suppose for definiteness
that G' (p) > 0. Then H' (p) < 0, H' (q) > 0, so the continuous

function H cannot assume its minimum at p or q. If H
assumes its minimum at we have /' (Ç) — cGr (Ç) and so

(since G' (£) is neither zero nor infinite), f (Ç)/G' (£) c.

It now follows just as before that Theorems 1 and 2 hold,
with g — 1/G' in (2).
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