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COMMISSION INTERNATIONALE
DE L’ENSEIGNEMENT MATHEMATIQUE C.LLE.M.

A COMPARATIVE STUDY
OF METHODS OF INITIATION INTO GEOMETRY

Report submitted on behalf of the International Commaission
on Mathematical Instruction (1.C.M.1.)
at the International Congress of Mathematicians
held at Edinburgh, 1958

by Hans FrReuUDENTHAL, Utrecht

(Recu le 28 janoier 1959.)

1. At its Geneva meeting on July 2, 1955, the Executive
Committee of the I.C.M.I. adopted a working plan consisting
of three subjects to be studied by the national subcommittees
and to be discussed at the Edinburgh Congress. This working
plan was communicated to the national committees by circular
letters in August 1955, again in January 1956, and in August
1957. On the strength of our experience in the Netherlands
I venture to claim that a working period of three years is imper-
ative for projects such as the ones we adopted in Geneva three
years ago. [ have the impression that in some countries the
delegates or committees that had to report on the third subject,
had not been designated before the end of 1957. In one case
they were informed as late as March 1958 that they were expected
to report on that subject. It is to be regretted that apparently
the national committees did not sufficiently appreciate the diffi-
culty of the task to be fulfilled. Most of the national reporters
have suffered from a serious lack of time which could easily
have been avoided. This explains and excuses the national
reporters who finally gave excellent reports though the time
available was too short for more detailed expositions.




===

i

T e

120 H. FREUDENTHAL

National reports on the third theme of the I.C.M.I. have been
submitted to the general reporter by ten countries: Belgium,
Canada, Finland, Germany (Federal Republic), Italy, Japan,
the Netherlands, Poland, U.S.A., and Yugoslavia ). Most of
these repdrts cover only a few pages. The German, the Polish
and the Yugoslavian reports are one printed sheet long. The
report of the Netherlands Subcommittee has been printed; it
contains 120 pages. Of course it should not be concluded from
this data that Dutch educators can tell more about teaching
geometry than those of other countries. Our whole secret is
that we started our work as early as 1955 and we were therefore
able to take advantage of the whole three year period.

2. As a project of international educational collaboration
the third subject of the I.C.M.I. is rather unusual. From the
beginning of this century programmes of mathematical instruc-
tion have often been discussed on the international level. In
1955 at the Geneva meeting a few of us strongly advocated the
need of an international exchange of experiences in the field of
teaching methods. On the strength of our arguments the third
subject has been adopted. Nevertheless the title of the subject
seems to have been open to misinterpretations. Some reporters
gave an account of programmes of geometrical instruction. If
possible in the time still available these reports have been
replaced by accounts on teaching methods as desired by the
I.C.M.I. Thope that in the new four year period the cooperation
will be better so that reporters will know what they are expected
to do. It would be wise to add detailed instructions to the new
themes.

You may have the impression that T am somewhat dis-
appointed. In a certain sense this is true. All national reports,
even the shortest of them, contain so many extremely valuable
details that I greatly regret that they could not have been longer.
I am convinced that educators of the world can learn a good many
things from the experiences of their colleagues. This conviction

1) It is a pity that owing to personnel circumstances no report on the present
subject has been delivered by the Committee of the United Kingdom. I could, how-
ever, draw some information from two reports of the Mathematical Association of 1922
(ed. of 1956) and of 1937 (ed. of 1957) on “ The Teaching of Geometry in Schools ”.
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has been confirmed by the reports I have studied when preparing
this general report. I hope all national reports will be printed
and made accessible to a broader public. It will be a good thing
to proceed in this manner. In all sciences we take advantage
of worldwide experiences. The exchange of teaching experiences
should not be hampered by political or linguistic frontiers.

3. Comparative studies in education have to account for a
large diversity of educational systems which is caused and main-
tained by different opinions, in the past and nowadays, about
the social task of the school. This might be illustrated by one,
particularly striking example. Nearly the same kind of geo-
metry (mainly mensuration) is taught in Canada to 15 or 16 year
olds 2) as in Germany and Poland to 10 or 11 year olds. This
1s not a reason for one country to boast and for the other to feel
inferior. In European countries children are given a widely
diverging amount of intellectual education according to the school
they attend. In Western Europe the percentage of youths who
are educated on the highest intellectual level, though ever
increasing, is still very small; in the countries of Eastern Europe
it 1s much higher. In U.S.A., Canada and Japan, and in some
other extra-European countries education i1s more uniform.
‘Intellectual people in Western Europe are usually proud of the
level of their education which is the same as that of their children.
They are exposed to the danger of disregarding all attempts of
giving a broader part of the youth an education that is not
equivalent to the highest level of European education. When
European people speak of mathematical education, they will
often be inclined to attach the highest importance to that kind
of school which prepares students for scientific training. The
majority of youths will not receive the educational attention they
deserve. So the large part played by prescientific education in
the European reports is not surprising. Nevertheless I am
convinced that the aims of teaching geometry, as seen by edu-
cators all over the world, are essentially the same. All educators

2) This statement was based on a geometry course for 15-16 olds that was added
to the Canadian report. The Canadian reporters inform me that this course does not
reflect geometrical instruction in Canada. Deductive geometry starts with the 14-15
agr group.
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will admit that in our world operational and creative skill is
~more valuable than a stock of permanent knowledge. They will
prefer teaching children the principles of comparing areas to
telling them Pythagoras’ theorem. They will judge it more
important, if children can find the area of a circle by rational

means than that they know by heart that = equals 3 % From

Greek times onward geometry has proven its value not as a sum
of disconnected experiences, but as a deductive system of
knowledge. Teachers will try to develop the sense of scientific
geometry as much as possible in the minds of their pupils.
Teachers will not give the same answer to the question why
children should be taught deductive geometry, but all will be
convinced of its educative value. Probably they will differ as
to the age ¢, at which deductive geometry can and should be
taught, and on the initial conditions of training which must be
fulfilled, so as to make the teaching of deductive geometry
fruitful. |

4. 1 have the impression that in the U.S.A. teaching
practice the point t, is fixed at the age of fifteen (10th grade).
Japanese education seems to share this opinion, though our
Japanese reporter advocates an earlier introduction of deductive
methods. In Canada the point ¢, seems to lie still higher. The
Canadian report contains a mensuration course for 15 or 16 year
olds, as an introduction to deductive geometry. Among the
European countries Italy fixes ¢, as late as the age of fourteen,
but the reporter remarks that during the preparatory period,
which precedes this point, the pupil is gradually led or should
be led to adopting the deductive method.

In most European countries the traditional ¢, is the age of
twelve (7th grade), but I doubt whether this tradition is as
old as people usually think, for not until the end of the last
century did mathematics become an important teaching subject.
European educators will be inclined to divide youth in two
groups, the one for which ¢, = 15 is much too high, and the other
for which no ¢, exists, i.e. which never reaches the maturity for
deductive geometry. They will refuse to delay deductive geo-
metry on behalf of the second group. On the other hand edu-
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cators who are inclined to question traditional opinions, will
often decide that twelve years is too early to teach deductive
geometry.

5. It is much more important to know which initial condi-

~ tions of training must be fulfilled at the time point .

For many years the answer to this question has been very
simple in European educational practice. Geometry is a rational
science, so it can be taught to children as soon as they have
matured into rational beings. Definitions, axioms, theorems,
and proofs were engraved into the mental tabula rasa of children
who did not grasp the meaning and the aim of the deductive
method. FEuclidean rigour has been the principle of teaching
geometry right from the beginning, but neither the authors of
textbooks nor the teachers realized that the hotchpotch of

‘definitions, axioms, theorems and proofs they dealt with in the

first chapters of geometry did not at all correspond to the exalted
ideal of mathematical rigour. The results have been dis-
appointing, but there are still many teachers who oppose new
methods. In Belgium the traditional method of beginning geo-
metrical studies has been officially abjured. The greater part
of the teachers have adopted a new point of view.

In the Netherlands the most progressive teachers have
succeeded in convincing the government of the need of new
teaching methods. The reader of the Netherlands report will
notice that the struggle against the traditional system is still
far from finished in our country. The adoption of new methods
will be a rather slow process, in which new textbooks will play
a decisive role. In our country the government has not the
right to prescribe or to forbid text-books.

In Belgium and in the Netherlands the system of confronting
the pupil in the first grade of secondary schools with Euclid has
been particularly bad, as in these countries no geometry what-
soever is taught in the primary schools (apart from computa-
tions of areas of rectangles and of volumes of rectangular paralle-
lepipeds). In Germany there is a long tradition of “ Raum-
lehre ”, preparatory geometry in the 5th and 6th grade, but it
seems that this subject seriously suffers from the indifference of
teachers who maintain that there is no time available for
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“ Raumlehre ” and from the opposition of those who object to
any kind of mathematical preparations. England has a very
short period of preparatory geometry. In Italy three years of
preparatory geometry precede the deductive geometry course,
but nevertheless the reporter complains that the 14 year olds are
struggling to understand the notions of the deductive system
with the same difficulties as the 12 year olds in Belgium and
Holland. There is a preparatory course, but the teacher of
the deductive course refuses to derive advantage from its results.
(From this experience we can learn that the value of a pre-
paratory course does not consist in its existence, but in the fact
that its results will be used and can be used as initial conditions
for a higher course. We shall come back to this important
point.) The same complaint about discontinuities between the
different levels of geometrical instruction is also heard in the
Yugoslavian report, though it does not specify at what age the
pupil will pass from the preparatory to the deductive course.
A high degree of continuity is met in the Polish system; in the
6th and 7th grade geometrical instruction develops gradually
from a preparatory into a deductive course. U.S.A. and Japan
have a long lasting preparatory course covering the 7th, 8th and
9th years. I am not sure, however, whether this course is really
preparatory. A small minority of youth continue with deductive
geometry in the 10th grade. It is therefore probable that the
geometrical instruction in the preceding grades 1s not directed
to the goal of creating favourable initial conditions for teaching
deductive geometry. Canada has a mensuration course in the
10th or 11th grade in which a few preparatory elements can be
found 3). "

6. All modern educators agree that geometrical instruction
cannot start with an exposition of the deductive system.
Teaching deductive grometry may be the first intermediate aim

of geometrical instruction, but the foundations must be laid in -

a preparatory course. As to the length, the depth and.the
material contents of this course there is a large diversity of
opinions. In the course sketched by some contributors to the

3) See the note to p. 3.




METHODS OF INITIATION INTO GEOMETRY 125

Netherlands report the deductive level is reached in a few
months, in the more individual system of other Dutch contri-
butors the duration of the introductory period would depend on
the ability of the pupil. I am sure they would set two years as
a limit — after two years it would be evident whether a child
could switch over to the deductive course. The longest pre-
paratory course, that of three years, is used in the American and
in the Japanese system.

All educators agree that one of the initial conditions to be
fulfilled at the time f, is a conscious acquaintance with the
intuitive properties of concrete space and of the figures in it.
Yet the actual interpretations of this demand cover a wide range.
Some contributors to the Netherlands report deny the need of
special measures. They hold that the stock of incidental spatial
experiences of a twelve year old is broad enough as a basis for
geometry. Obviously they identify geometry with plane geo-
metry, but even under this restriction other teachers will deny
the sufficiency of the incidental experiences of the twelve year
olds. They will point out that often children and even grown-up
people who have learnt mathematics do not know what are
congruent and similar figures other than triangles, and that they
cannot discern central and axial symmetries in plane figures.
But the first group of teachers will not yield to this argument
because iIn a more or less classical course of geometry sym-
.metries or other geometrical transformations and general con-
gruency and similarity do not play any essential part. So the
desirable extent of intuitive properties of concrete space known
to the pupil at ¢, will depend on the pattern of deductive geo-
metry the teacher has in mind.

The question whether the pupil should be acquainted with
three-dimensional space as a substrate for solid geometry at a
very early stage is crucial. It will not arise if the teacher is
inclined to switch over from preparatory geometry to a classical
pattern of deductive geometry as soon as possible. Therefore
some of the Dutch contributors do not mention solid geometry
at all. On the other hand in three contributions to the Dutch
report solid geometry plays an even more important part than
plane geometry. Acquaintance with space is the leading idea
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of the preparatory courses of Mrs. Ehrenfest and of Van Albada.
The latter goes as far as to deal with perspective, shadow con-
structions, and descriptive geometry besides solids and making
models. Mrs. and Mr. van Hiele pay more attention to preparing
the deductive structure, but nevertheless two thirds of the time
available in the first year is devoted to solid geometry. Modern
Belgian methods lay strong stress on solid geometry, particularly
on making models. Sections of solid bodies are used as the most
natural means of introducing. plane figures and their relations
(congruency and similarity). German educators often plead
for the need of a “ fusion ” of plane and solid geometry, but it is
doubtful to what degree this fusion has been realized. The
[talian reporter does not mention solid geometry. Also in the
consulted English report little attention is paid to it. The
Polish reporter says to hesitate with regard to solid geometry,
he raises objections, but nevertheless solid geometry occupies a
rather important place in his preparatory geometry. The
importance of solid geometry is also stressed in the Yugoslavian
report. Solid geometry comes rather late in the American
preparatory programmes; it seems to occupy a place of minor
importance. The same seems to be true in the Japanese systems.

- No solid geometry is mentioned in the Canadian report.

The problem of solid geometry should be seriously recon-
sidered by all those who are interested in teaching geometry.
Some teachers hold that early acquaintance with solid geometry
is the best preventive against the usual difficulties experienced
by many children when deductive solid geometry starts. They
are afraid of exclusive plane geometry killing spatial imagination.

7. Acquaintance with manual techniques will improve
acquaintance with space, but it has also merits of its own, and
it may also be considered as one of the initial conditions to be
fulfilled at ¢,, Some Dutch contributors pay little attention to
these techniques. Others stress their importance, but they do
not go further than teaching the technique of using the usual
instruments (ruler, compasses, and so on) and of drawing and
constructing. Three contributors teach a variety of techniques,
such as cutting, matching, making models, paperfolding, measur-
ing, and so on. The same or even more stress is laid on manual
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techniques, particularly on making geometrical and mechanical
models in the aforesaid Belgian school. A strong collaboration
between the teachers of mathematics and of handicraft is cha-
racteristic of Belgian instruction. It is not surprising that in
Germany, which is the cradle of the “ Arbeitsunterricht ”, much
attention is paid to teaching a variety of geometrical techniques.
In Poland and Yugoslavia they occupy an important place in the
programme, though in Poland drawing techniques prevail. In
Italy, England and Canada the techniques to be taught are mainly
restricted to drawing and constructing. In U.S.A. and Japan
we meet again with a rich variety of techniques to be taught.
In U.S.A. handicraft and mathematics are strongly related.

8. The question may be raised to what degree applied geo-
metry should be incorporated into a preparatory course. When
I say “ applied geometry ”, I do not mean a series of computations
of volumes, in which the words rectangle and parallelepiped
are replaced by “garden” and “swimming pool”, or a
series of exercises on triangles which are supposed to contain
towers or to cross rivers. I shall speak of applied geometry,
if real problems are to be solved by geometrical means.
Real problems can considerably improve the conditions of
transfer of training. They can also be a powerful means of
motivation. It is, however, not easy to find real problems,
that 1s to say problems which, in a given classroom situation,
ask for a solution. The project method is an excellent idea,
but I never found reports on projects in which geometry was
integrated strongly enough and at the same time on a suffi-
clently high level. In one Dutch system of lower technical
education (cp. a contribution by Krooshof in our report), in each
phase of the instruction all subjects are centred around one
piece of handicraft made by the pupil. But the relation between
the piece of work and the mathematical subject is often too
loose or too artificial.

The need of stronger relations between mathematics and the
other teaching subjects is vividly felt by some reporters, espe-
cially by -the Yugoslavians. Valuable proposals are found in
the famous “ Ubungenbuch ” by Mrs. Ehrenfest-Afanassjewa and
in several reports, e.g. in van Albada’s contribution to the Dutch
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report, and in the American and Japanese report. Outdoor
activities can be stimulating. Handicraft can be a rich source
of real geometrical problems. This is perhaps less true in the
Belgian system, where handicraft is closely knitted with ma-
thematics and making models prevails, than in U.S.A., where
handicraft is selfconsistent. In the American report an instruc-
tion paper for making a school transit was included. Such a
plece of work, if directed by a good teacher, can be a rich
source of applied mathematics. (Note that this might be less
true in the European system, where children in the preparatory
phase are too young to make pieces of handicraft like those
mentioned above.) :

9. We have already pointed out the influence which a
prospective deductive course can have on the preceding pre-
paratory course. The teacher will be reluctant to adopt a
preparatory theory of parallels based on the existence of rec-
tangles, or of similarity, as long as he believes that the Euclid-
Hilbert definition of parallels as non-intersecting lines and the
Euclid-Hilbert form of the axiom of parallel lines is the only
possible one in a deductive course at school. It has been one
of the merits of K. Fladt to point out that the Kuclid-Hilbert
approach is less suitable for initiation into geometry. Never-
theless I have the impression that this approach still prevails in
mathematical instruction.

Another example is the use of geometrical transformations,
first advocated by F. Klein as a consequence of his so-called
“ Erlanger Program ” ¢), but still far from being generally
adopted, even in Germany, so it seems. In the higher forms of
some Belgian schools geometrical transformations, illustrated by
a rich variety of mobile models, are a substantial part of the
subject matter, more substantial than in any other country, as
far as I know. But it is quite another thing to teach transforma-
tions or to make them the fundamentals of geometry. In the
initiating phase the Polish program shows the strongest influ-
ence of the “ Erlanger Program ”. The Polish experiences are

4) The teaching problem of “ Erlanger Program ” is quite differently viewed
by Professor Servais. As it is not possible to incorporate his profound remarks, they
will be annexed to this report.
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diametrically opposed to those expounded by the German
reporter. I shall come back to this point.

How to explain this failure of “ Erlanger Program ” in
school geometry ? One of the causes is the badly-understood
authority of Hilbert’s ¢ Grundlagen der Geometrie ”, which can
be said to have lengthened the life of Euclid’s methods for half
a century. There is still another point. “ Erlanger Pro-
gram ” has been used as a slogan, but the problem of trans-
formation geometry in mathematical instruction has not been
seriously enough faced. There are text-books in which transfor-
mations are explained, but the basis is always classical. There
does not exist any systematic course of school geometry based
on the transformation idea. Even the problem of how to
introduce and how to teach transformations, has not received
due attention. It is perhaps worthwhile to expound the cardinal
problem of teaching geometrical transformations. There is a
danger that a child understands that transformation is just
picking up a figure and laying it down elsewhere, without
changing its shape or applying some similarity or affinity. Of
course this is -a serious misapprehension. Free mobility of
figures is much less than geometrical transformation. Geo-
metrical transformation means that the whole plane (or the whole
space) is picked up and put down elsewhere. Free mobility of
figures is a much more intuitive notion than geometrical trans-
formation. The less intuitive notion is very likely blocked by
the more intuitive one, especially if moving models are used, as
it is done in many Belgian schools. This is not a mere hypo-
thesis of mine, but a real danger. I have seen textbooks, in
which that fundamental mistake has been made by the author
himself and i1t is continuously being made in Piaget’s work.
Of course one cannot arrive at a consistent notion of transfor-
mation groups, if one starts from “ mobility of figures ” instead
of “ geometrical transformation ”.

This 1s the fundamental problem of teaching geometrical
transformation: how to fight against “ free mobility ” 3). T have

5) This does not mean that “ free mobility of figures ” is bad as a teaching subject.
I only assert that in an instruction system based on “ Erlanger Program ” we shall
have to fight against it. But I do not claim that geometrical instruction must be
based on “ Erlanger Program ”.

L’Enseignement mathém., t. V, fasc. 2. . 9
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found too few indications in the literature that this difficulty has
clearly been realized. So I can very well understand the sceptical
attitude towards transformations and the “ Erlanger Program ”
as a subject matter and as a basis of geometrical instruction.

- Nevertheless I think there is some hope left. There is one
non-trivial geometrical transformation that is immediately seen
- as a transformation of the whole plane, not as the movement of a
figure in the plane. That transformation is axial symmetry.
Central symmetry and rotation are much more difficult; trans-
lations are the most difficult cases. If the teacher starts with
symmetry and -if rotations and translations are introduced as
products of symmetries, there is a real chance, I believe, that
the child will grasp the notion of transformation, even in the
initiating phase.

This is exactly what happens in preparatory geometry
- according to the Polish report starting with symmetries and
dealing with rotations and translations as generated by symme-
tries. (6th grade.) The lengthy digression on mobility, trans-.
formations, and “ Erlanger Program ” you have listened to, was
meant as a plea for the Polish view. The Polish argument is
different. Too much stress is laid on the idea of mobility of
figures, and symmetry is preferred to other transformations
because it does not depend on the notion of parallel lines and
because symmetries produce the whole group of plane move-
ments. In my opinion this argument is less decisive. I believe
that symmetry is the didactic key of transformation geometry,
because it exhibits a transformation of the whole plane.

I have mentioned that the point of view of the German
reporter 1s diametrically opposed to that of the Polish reporter.
The German reporter has carefully analyzed the situation of
teaching symmetry. He has indicated some difficulty and a
way out of it, a way which I cannot explain in a small compass.
In any case he prefers starting with translations. In view of
our former exposition it is extremely instructive to see how he
proposes to introduce translations (5th grade): by means of the
square lattice (squared paper seems to be a rather popular
device in German geometrical instruction). I share this view.
I believe that the only way to introduce translations early is to
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use the square lattice. Not however because the pupil is familiar
with it, but because it is the most (perhaps the only) natural
infinite figure. Free mobility of the square lattice can suggest
translation or rotation over the whole plane. So it might be a
device that prevents the wrong reduction of “ geometrical trans-
formation ” to “ free mobility ” of a single figure. Nevertheless
I think that there are some other reasons for preferring symmetry

‘to translation as a starting point.

Symmetries are more interesting than translations and rota-
tions. To a young child congruent figures are the same. The
child will not hit upon the idea that something has happened if a
figure is carried to another place. To an unsophisticated mind
movement is not a transformation. In this regard rotation is
somewhat better than translation. If a cube is translated,
nothing has happened; if it is turned and put upon an edge or a
corner, something has been changed. But mirror reflection gives
the strongest feeling of an important event. Symmetry as a
transformation is more attractive, more abundant, and more
problematic than translation and rotation. So one can under-
stand why it appears in nearly all reports, and why its usefulness
as a teaching subject is often stressed. Symmetry has even
been integrated in some rather classical systems as exposed in
contributions to the Dutch report. There is alread'y a rich
abundancy of examples how to teach symmetry and how to
use it. Nevertheless this theme is far from exhausted. In
more recent literature one is often struck by the many new
versions. In the Dutch report symmetry plays an important
part in the contributions of van Albada and of the van Hieles.
In the first case stress is laid on acquaintance with space, in the
second case 1t 1s subordinated to the general aim of preparing
deductive geometry. As mentioned above in the Polish report
symmetry is even the base of congruence. It should be added
that in the Polish system homothety is the other pillar on which
transformation geometry rests.

10. I shall deal with two major subjects proposed for
initiating into geometry: “ square lattices ” and “ paving a floor
with congruent tiles ”. Square lattices have drawn the special
attention of German teachers. (Cp. a paper of M. Enders in
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“ Der Mathematikunterricht 1955, 29-76 ”.) Areas, parallelo-
grams, proportions, similarity and -other transformations, and
coordinates are taught while using systematically squared paper.
No doubt the square lattice, if used with not too many preten-
tions, will be a valuable device. Compared to symmetry it is
too poor to derive a substantial part of preparatory geometry
from it. In any case it is too rigid. The plane is analyzed here,
and structurated by means of a fixed system of horizontal and
vertical lines. Such a procedure is artificial. It does not
match the attitude of synthetic geometry. It can lead the
pupils the wrong way. Getting rid of this rigid substrate of the
plane can become a difficult task. ‘

Gattegno’s geoplan is much better. This is a square lattice
of nails on a wooden plate without joining lines drawn. On
this plate figures are constructed with elastic strings. This 1s
a more flexible and quicker method. '

Paving is mentioned in the Dutch report only, though as a
topic of instruction it has a rather long history. It was used by
E. Borel in his booklets, and a few Belgian teachers have studied
it. In the Dutch report it is one of the chapters of Van Alba-
da’s method. It has thoroughly been explored by Mrs. van
Hiele. A detailed report on an experiment of teaching this
subject during one trimester 1s to be found in her thesis. The
children are given bags containing different kind of congruent
cardboard polygones. They have to cover a portion of the
plane with them and to copy these patterns by drawing. Paral-
lelism, sum of the angles of a polygon, similarities, congruencies
and some transformations arise in a quite natural way from
~working in this field. The paving patterns show a rich variety
of relations. The children themselves ask Why some relations
hold and -other relations do not hold, and. they discover the.
logical linking of geometrical relations. .

11. From teaching subjects we shall now pass to teaching
methods. There is a general agreement that the first phase of
teaching geometry must be concrete and intuitive. The abstract
approach has unanimously been condemned. Yet the inter-
pretations of what is concrete and intuitive differ widely. The
demand for concreteness combined with modern psychological
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ideas would suggest starting with global structures which should
be gradually differentiated and refined, and not the reverse way,
which is classical, of starting with the elements in order to build
up gradually the global structures. Nevertheless the classical
start “ point, line, surface, body ” is not yet out of use. An
old-fashionned subject such as the generation of a line by a
moving point, of a surface by a moving line, and so on, 1s even
recommended in the otherwise rather progressive official Belgian
programme ). Often concreteness and intuitiveness are treated
as synonymous with the handling of rulers and compasses, e.g.
as in the official Ttalian programme. Others are of the opinion
that drawing is too narrow a base for intuitive geometry, and
that it is too closely related to a rather abstract and sophisticated
image of perception space. They use solid and mechanical
models, global patterns like pavements, outdoor observations
and so on. Still others argue that showing models is not
enough. Not only the used material, but also the relation of
the pupil to the material must be concrete in the sense that as
long as concrete material is used it should be handled by the
pupils themselves. This is said in various ways in the Belgian,
German, Polish and Ywugoslavian reports. From the Nether-
lands report van Hiele’s intention “ to give the pupil concrete
material that he can handle ” may be cited. In the opinions
of the American and Japanese reporters this is a more or less
self-evident attitude. Card-board, scissors, glue, adhesive tape,
plexiglass, Meccano pieces, knitting needles have become or will
become as powerful means of concrete geometrical expression as
rulers and compasses have been in the past. Active learning is
met with criticism by the Italian reporter, but it is evident that
the caricature of active learning he paints does not aim at more
serious procedures.

I would like to add a few words about the so-called experi-
mental method in preparatory geometry. Aslong as experiment-
ing simply means trying, there is no need for further observa-
tions. Sometimes, however, experimentation in geometry is

.6). Professor Servais informs me that the programme does not recommend ver-
balizing the dynamical generation of geometrical entities, but rather an active dynamical
approach that matches the psychological dynamism of the child.




i

134 H. FREUDENTHAL

understood in the same sense as it is taken in the properly .
experimental sciences. In the Dutch report, Mrs. Ehrenfest
and the van Hiele’s, though advocating a concrete approach,
turn against this interpretation. Measuring the perimeter of a
circle or the volume of a pyramid or the sum of the angles of
triangles might serve to illustrate the notions of the perimeter
of a figure, volume of a body, sum of angles of a polygon. But
if the problem is faced, how to approximate =, how to find the
formula for the volume of a pyramid, how to make sure that
the angles of a triangle are 180° together, the teaching value of
this method is small or even negative. It is just the aim of the
preparatory course to block this kind of approach.

From Mrs. van Hiele’s experiment it appears that the child
himself tends rather early not to rely upon the method of
experimental science. When paving a “ floor ” with one kind
of figure, he will finish the manual activity of fitting the pieces
as soon as he has grasped the general pattern of the floor. It
1s natural for him to disregard bad fittings caused by incon-
gruencies of the used material. If this stage is reached, it
would be unwise to have the child fall back on more primitive
methods.

12. There is a general agreement that children can learn
the names of geometrical objects and of relations in the pre-
paratory phase. Teaching names can be purely ostensive or
more or less explanatory. (This is a rectangle — or — a reét-
angle is . . .) If the approach is concrete enough, the child
will learn the names of even complicated geometrical objects and
relations (regular polygon, similarity) in the same way as he
formerly learnt the names of persons, animals, things, activities,
and so on. In a less concrete approach the teacher will explain
the meaning of the names. The first method has the advantage
that after the children have grasped the meaning of some
word, they can try to find verbal explanations on their own.
Examples of this procedure are to be-found in the mentioned
thesis of Mrs. van Hiele. There is a rather general agreement
that such explanations should not be learnt by heart. The
teacher can check in a concrete situation whether a child knows
the meaning of a name. Yet without doubt it is one of the
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goals of preparatory geometry, that children can explain the
words they are using; not by showing the related objects, but
by verbalizing their properties. Some teachers go even further
in the initiating phase: they are teaching and asking formal
definitions, which is much more than informal explanations.
This difference is stressed in several reports, especially in the
Polish report and in van Hiele’s contribution to the Dutch
report. A child can explain a rhomb as a figure having four
equal and parallel sides, orthogonal diagonals, bisecting diago-
nals, and halving diagonals, thus summing up all the properties
of the rhomb he hits upon. The feature that a rhomb can be
defined by a part of these properties, is a feature of deductive,
not of preparatory geometry. A child cannot grasp the sense
of definitions if it has not grasped the interrelationship of pro-
perties and the possibility to derive one property from another.
Thus formulating definitions testifies to a rather high level of
learning geometry. According to the van Hieles the level of
being able to define what “ definition ” means, is still higher.

It is, however, possible, even in the initiating phase, to
arrive at economical definitions. Often the so-called genetic
definitions, advocated by the Polish reporters will be economical.
A thing will be defined by telling how it can be made. I think
that this procedure is rather dangerous. A thing can be actu-
alized in many ways, whereas in a deductive system a thing is
defined in a unique way. Furthermore if children are working
with ruler and compasses congruent triangles are genetically
defined by the equality of three elements, not of six. This
misunderstanding can be avoided only by laying strong stress
on congruency of figures other than triangles.

It goes without saying that already in the initiating phase
theorems will be formulated. It does not matter whether the
word “ theorem ” is used or not. It is quite another thing with
the word axiom. Many teachers and reporters refuse to use it,
and most of them do not even discuss the possibility of using
it. A few wish to use axiom in the sense of “ selfevident truth ”.
There is little to object as regards this usage, though it is not
the modern meaning of the word, and though the child will
meet with numerous self-evident propositions that are called
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theorems and not axioms. The use of the word “ axiom ” will
be a rather harmless verbalism.

Various reporters insist on formulating theorems not in the
hypothetical, but in the assertive mode. In some Dutch me-
thods the implication arrow is systematically used. I think this
must be preferred to artificial reductions of the linguistic level.

It is generally admitted that in the preparatory course self-
evident truth will be adopted without any argumentation. The
equality of opposite angles, proved in many textbooks, is such
a selfevident truth. Omne of the contributors to the Dutch
report, Vredenduin, has carefully accounted for the theorems
which are adopted at sight.

It is also generally agreed that no theorems should be proved
until the pupils feel the need of proving theorems. The habit
of proving theorems must be gradually developed, while the
concrete basis may not be left. This point has not been treated
in detail in the different reports, except in the Dutch report.
I cannot recapitulate the developments towards the deductive
system, as sketched by the individual contributors. The most
detailed exposition is to be found in Mrs. van Hiele’s thesis.
From her experiment and the theoretical work of both van Hieles
it becomes clear that the acquisition of the logical faculties in
learning geometry is a more complicated and less continuous
process than it was usually thought to be. We shall come
back to this point.

13. In the first paragraphs of this report I spoke of a
moment ¢, at which the deductive phase of geometrical instruc-
tion starts. So I may expect the objection that the deductive
attitude of the pupil develops so gradually that no sharp ¢, can
be indicated. It is, however, a fact that such a t, exists in
‘most teaching programmes. It is an urgent question whether
such a discontinuity in teaching can be justified by discontinu-
ities in the learning process. This question has been answered
by several contributors to the Dutch report, especially by
Vredenduin. At a certain moment we shall tell the children:
“Up to now we have adopted some theorems at sight, and we have
proved some other theorems. From now onwards we will define
everything, and we will prove every theorem we shall pronounce.”
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If we transfer this statement from the teaching sphere into
the learning sphere, we can say that at a certain moment the
pupil should have grasped the sense, the possibility and the
necessity of proving theorems. The pupil then enters indivi-
dually the phase of deductive geometry. Of course it is desir-
able that the ¢, of the teaching process and the ¢, of every
individual learning process coincide. In progressive schools in
Holland (perhaps also in other countries) systems of individual
or group education supplant more and more the rigid class
system. This is particularly true in mathematical instruction.
In this way pupils working in the same class-room will be
allowed to pass the different discontinuities of their learning
process at different times. '

The discontinuity t, is particularly important. Teachers
complain that when the deductive course starts, children shy
off. Then, they conclude, children are not mature enough.
But the same phenomenon is observed when deductive geometry
starts at the age of 15 instead of 12 (as testified by the Italian
reporter). So 1t cannot be a matter of maturity, but rather a
discrepancy between the teaching and the learning process. In
the same sense the van Hieles conclude that the discontinuities
in the learning process are not to be interpreted as symptoms
of maturing.

In order to overcome those difficulties, it is to be insisted
upon that a preparatory course be really preparatory, i.e. that
1t prepares consciously for deductive geometry, and that the
preparatory results of such a preparatory course are fully utilized
in the deductive phase. To this point the Italian and the Yugo-
slavian reporters have paid special attention. Actual school
systems, as outlined in the various reports, tend to have the
transition from preparatory to deductive geometry coinciding
with the changing from one kind of school to another or at
least from one class to the next. Perhaps more continuity in
the teaching situation would be an advantage just where dis-
continuities in the learning process are to be surmounted.

Of course, not all initiation into geometry must be pre- |

paratory. The greater part of youth never reaches the deductive
level. For them an intuitive course may be the initial and
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final phase of geometrical instruction. In my opinion, which
1s perhaps not that of the Polish and the Yugoslavian reporters,
there is no need to have these students attend a preparatory
course that prepares for deductive geometry. Acquaintance
with space and practical geometry will suffice. Among the
reports of the Western-European countries, the Netherlands
report is the only one which pays regard to this type of instruc-
tion.

On the other hand, if the destination is deductive geometry,
the teacher of the initiating course may never lose sight of this
goal. Particularly, if during two or three years the level of
instruction is too low, the transition to a higher level can involve
extraordinary difficulties.

Most of the present reports are not detalled enough to judge
whether or not, and how the goal of deductive geometry is
approached during the preparatory phase. I doubt whether a
mensuration course like the Canadian one can be called pre-
paratory. It would be particularly interesting to know how it
is done in the school systems where children who have to pre-
pare for a higher level of geometrical instruction are not separated
from those who actually work on their final level.

In all contributions on secondary education in the Dutch
report the efforts are steadily focussed on the goal of deductive
geometry. The shortest way is the most popular. Obviously
our teachers are anxious not to waste time with subjects that
might be dispensed with. (Note that our children learn three or
even five foreign languages, and that the whole school time lasts
shorter than in any other country.— eleven or twelve years.)
A Dutch teacher will not readily adopt a course like the one
of van Albada who takes his line. Mrs. van Hiele’s prepara-
tory course is rather long. It takes more than one year or
even two years before the pupil reaches the deductive level.
Nevertheless every step in this course is consciously and deliber-
ately directed towards that goal. The other preparatory courses
are much more straight- forward All of them show very in-
teresting details.

14. In this final paragraph I would like to say a few words
about the impact psychological and pedagogical research may
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have on geometrical instruction in the initiating phase. The
role of psychology and general pedagogics is often misunder-
stood. It is as imperfectly understood as that of mathematics
by people who do not know what mathematics are. Mathe-
matics is an important tool. We cannot dispense with mathe-
matics if we are building, for example, an airplane. But this
does not mean that a mathematician can tell you how to build
an airplane. As little as this can a psychologist tell you how
to teach, or a general pedagogue, how to teach mathematics.
It is true that gestalt psychology has influenced lower educa-
tion, and I hope it will influence more and more mathematical
instruction. But this influence will be restricted to some general
principles. All will admit that Piaget’s research is highly in-
teresting. But it is quite another thing to apply his results to
teaching mathematics, firstly because Piaget’s mathematical
background has been rather weak, but mainly because Piaget’s
approach hardly reflects the teaching situation in the classroom,
but the rather unusual laboratory situation of the psychologist.
Mathematical teaching theory can be furthered by mathematical
teachers who are able mathematicians and able educators.

In the Netherlands report you can find a brief account of
the theoretical work of Mr. and Mrs. van Hiele. I shall not
try to summarize that summary. I will only draw your critical
attention to their theory of the discontinuities in the learning
process, the so-called thinking levels. These levels form a
hierarchy which reminds of that of systems in logistical analysis.
The relation between one level and the next higher one is
analogous to that between a system and a meta-system. At
every level the subject matter is a certain field that will be
organized on this level. The devices of organizing on a certain
level will form the field, and therefore the subject matter, on
the subsequent higher level. Perception space is the field on
level 0. Rhomb is a first level notion, equality of line segments
and symmetry are on the second level, a logical relation like
implication belongs to the third level, logical thinking itself
becomes a subject matter on the fourth level. Under this aspect
the van Hieles have analyzed their teaching experiences and -
particularly the above mentioned experiment of Mrs. van Hiele.
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