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‘CERTAIN ARITHMETICAL FUNCTIONS 39
This result implies that
(35)  re(n) = 16 (— 1) Ly (n) = 16 (— 1) (o () — o (n)

where o° (n) denotes the sum of the third powers of the odd
divisors of 7, and ¢¢ (n) denotes the sum of the third powers of
the even divisors of n. This is the desired result. [8]

5. MopuLAR TRANSFORMS.

It has been shown in [2] that for k> 1, the function oy, (f)
satisfies the modular transformation

Nk
( zhi) gy (271) -

(36) t* ag, y (2mE) =

For k — 1, the conditional convergence of the double series in
(1) creates difficulties [9], which however, have been resolved
by Hurwirz [3], who gives a result equivalent, in our notation,
to the formula

(37) oy (27) :—%al @nft) +

Al

We find that this result may be proved very easily by using (36)
in conjunction with the relation

(38) o () = og (1) + o (t) et (2)

which is the case n = 2 in (26).

With the aid of equations (30), (31) and (33), the transforms
(36) and (37) yield those for our functions (4);, (5); and (6);.
It is found that under the modular transformation in question,
the first two functions are reciprocal in the sense that,

R (— 1)F
(39) t ‘P‘%‘_1 [Zrt) = 7 Xop-y (27/t) , k=1.

The remaining function (6), transforms in a manner analogous
to aq,, (?), namely

(="
i Qopy 27/t) , kK >1,
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whilé for & = 1, the following holds:

1 1
(41) t®, (2mt) = _T(I)l (2me) — —

Finally, we note that for ¢ = 1, (37) and (41) yield rapidly
convergent series which are of interest, namely,

(42) 8 D et (n) = Y —1/n
n=1

(43) 8 > ™ (n) = —1/n .
n=1

These, 1n combination, give finally,

e™o, (n) = 2/3 — 1/n

M s

(44) | 8

I
[

n

where o] (r) is the sum of the odd divisors of n.
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