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‘CERTAIN ARITHMETICAL FUNCTIONS 39
This result implies that
(35)  re(n) = 16 (— 1) Ly (n) = 16 (— 1) (o () — o (n)

where o° (n) denotes the sum of the third powers of the odd
divisors of 7, and ¢¢ (n) denotes the sum of the third powers of
the even divisors of n. This is the desired result. [8]

5. MopuLAR TRANSFORMS.

It has been shown in [2] that for k> 1, the function oy, (f)
satisfies the modular transformation

Nk
( zhi) gy (271) -

(36) t* ag, y (2mE) =

For k — 1, the conditional convergence of the double series in
(1) creates difficulties [9], which however, have been resolved
by Hurwirz [3], who gives a result equivalent, in our notation,
to the formula

(37) oy (27) :—%al @nft) +

Al

We find that this result may be proved very easily by using (36)
in conjunction with the relation

(38) o () = og (1) + o (t) et (2)

which is the case n = 2 in (26).

With the aid of equations (30), (31) and (33), the transforms
(36) and (37) yield those for our functions (4);, (5); and (6);.
It is found that under the modular transformation in question,
the first two functions are reciprocal in the sense that,

R (— 1)F
(39) t ‘P‘%‘_1 [Zrt) = 7 Xop-y (27/t) , k=1.

The remaining function (6), transforms in a manner analogous
to aq,, (?), namely

(="
i Qopy 27/t) , kK >1,
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whilé for & = 1, the following holds:

1 1
(41) t®, (2mt) = _T(I)l (2me) — —

Finally, we note that for ¢ = 1, (37) and (41) yield rapidly
convergent series which are of interest, namely,

(42) 8 D et (n) = Y —1/n
n=1

(43) 8 > ™ (n) = —1/n .
n=1

These, 1n combination, give finally,

e™o, (n) = 2/3 — 1/n

M s

(44) | 8

I
[

n

where o] (r) is the sum of the odd divisors of n.

REFERENCES

[1] Balth. van per Por, Koninkl. Nederl. Akad. van Wetenschappen
4 (Amsterdam) Proceedings, Ser. A, 54, No. 3 (1951).

[2] Adolf Hurwritz, Math. Werke, Bd. 1, pp. 19-26 and pp. 581-586; Math.
Annalen, Bd. 18 (1881),p. 528; ibid., Bd. 58 (1904), p. 343.

[3] S. RaAmMANUJIAN, Collected Papers (1927), p. 141 or Trans. Camb. Phil.
Soc., 22 (1916), pp. 159-184, Table 1.

[4] TANNERY-MoLK, Fonctions elliptiques, t. 2, table XXXII, p. 252.

[5] See E. T. BELL, Algebraic Arithmetic; Colloquium Publications, No. 7,
Am. Math. Soc., pp. 146- (1927). Also, CARATHEODORY, Funk-
tionentheorie, Bd. 1, p. 265 (1950).

[6] NieLseN, N., Traité élém. des nombres de Bernoulli, pp. 45 and 56
(1923).

[7] NieiseN, N., tbid., p. 42 (13).

[8] GraisHER, J. W. L., Proc. London Math. Soc., Series 2, 5 (1907), p. 479;
G. H. Haroy and E. M. WricHT, Introd. Theory of Numbers,
3rd ed. (1954), p. 314. |

[9] In this connection, Professor van der Pol has very kindly brought to
my attention the following references: (i) RiemMANN, Ges. Werke,

" p. 466, « Erlduterung von R. Dedekind » and (i) SieceL, C. L.,
Mathematika (Univ. College, London), vol. 1, p. & (1954).

The Unigersity of Nebraska,
Lincoln 8, Nebraska
U.S.A.




	5. Modular Transforms.

