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ON CERTAIN ARITHMETICAL FUNCTIONS

RELATED TO A

NON-LINEAR PARTIAL DIFFERENTIAL EQUATION lf

by M. A. Basoco, Lincoln

(Reçu le 21 mars 1957)

1. Introduction.

In a recent paper, van der Pol [1] has made an extensive

study of the elliptic modular functions defined by:

2 2 +
(1) a2M « m - W": * 2, 3, 4, 5,

2 m'2h

m — °o

where — t 2rctT, Imx > 0 -, m, n range over all integral values

and (m, n) =£ (0, 0). Hurwitz [2] and van der Pol [1] have

shown by different methods that these functions have series

representations of the form

4(-l)^^-ie-nt 4*(-Ufev.-»U w(2) «2ft-1W i + -B^Sr^7iS-1+ 2ie. W»).
ft n==l n—l

where G2hA (n) is the sum of the (2k — 1 powers of the integral

divisors of n,andare the Bernoulli numbers. These

functions are closely related to the coefficients in the series

development of the Weierstrass function iß and may be

found tabulated in van der Pol's paper [1] as well as in a paper

by Ramanujan [3] who uses a different notation.

l) This paper was prepared while the author held a Faculty Research Fellowship

during the summer ot 1956, granted by the University of Nebraska Research Council.
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The integers (ra, n) in (1) are unrestricted as to parity, and

it is of some interest to consider the three sequences of functions
for which the corresponding defining double sum is restricted
by the conditions that

(m, n) m (0,1), (1,0) or (1,1), mod 2.

These functions are defined respectively, for k > i, by

(4) v. «=2 s b +")_2k.
(t0 (v) /[A 0 ± 2, ±4,

(5) x2k-iwcs S 2 <v + '
(n) (v)

V ± 1, + 3, ± 5,

(6) W — 2 2 "b aT) (P> <* — ± 1> ± 3> ± 5> •••)•

(P) Co)

where,

kV (— l)feBÄ „ (— 1)!
(7) ck 2 ^ v,, vft ±;cft

(li)

Written in arithmetical form these functions will be shown
to have the form:

00 n2k-l 0-ntL 00

(4)1 ^-1 w 2 2 e'ntu hk-i (») >

n=l 1 e n=l

\n „2/1-1 „-nt„ i \n „ 2/1-1 0-nt ~
(5)! X2M W Uft + 2 } " _nte Uft + 2 ^ («)

n=l1 ~e n=l
22 4\h n2k-l p-ntl2

<6)x %-l w 2 ' J 52M in)
\k w2fe-l e~nti

n= L
1 e

where,

ß2fe-i t71) ~ sum — t) powers of the integral divisors
of n whose conjugates are odd.

(9) K2k-\ (n) 5=3 (sum of the (2k — 1) st powers of the even divisors
of n) — (sum of the (2k — 1) — st powers of the odd
divisors of n).

(10) ?2fe-i M (sum of the (2/c — a) st powers of the even divisors of
n whose conjugates are odd) — (sum of the (2k —1) — st
powers of the odd divisors of ra whose conjugates are odd) ;

L'Enseignement mathém., t. IV, fase. 1. 3
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(11) '
ufe (22Ä — 1) Vfe (— l)h (22ft — 1) •

As is well known, the double series occurring in (1), (4), (5),
(6) are absolutely convergent for k > 1; for k 1, the convergence

is conditional. However, as has been shown by Htm-
witz [2] in the case of (1), if the summation is first carried out
with respect to m and then with respect to ft, the resulting sum
agrees with (2) with k 1. For this case (k 1) similar
conditions hold for (4), (5) and (6). These matters are of relevance

in studying certain modular transformations of these
functions to be discussed later.

2. Umbral Relations.

The functions defined in what precedes arise in a natural
manner as a consequence of the well-known fact that the Jacobi
theta functions are solutions of the partial differential equation

d^Z r^7
(12) d? 2 W z T) ' (r ^ 2' 3' 4) »

with s 27tc and — t 27Ut, and, what appears to be less well-
known, that the functions u — ln%r (c, t) satisfy the non-linear
equation:

14 o\ à*U _ du fdu\2(13) à?-2ô7~ià7j •

Here, the notation for the theta function is that used in Tan-
nery-Molk's treatise [4],

The arithmetical consequence of (13) can best be obtained
through the use of the infinite product representation of 6r (c, t).
It is found that the calculations needed are greatly facilitated
and the results obtained very simply expressed in a symbolic
form through an application of the umbral calculus of Blissard
and Lucas [5]. It is not feasible to give details for all cases
and we merely indicate briefly the nature of the calculations
for the case r4. Thus, since,
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(14) 04 (p, T) Q0 fi (1 - ?2n_1 e2) ~ 12n~l e'2niV) '
71=1

Qo XI (i — i2n). i eniT
>

n=1

and taking into account the change in variables from r) to
(s, t) it is found that if u s,t)In 04 (c, t), then

,i5) *««-*.
71 1

1 ^

and

(«) ;

71 1
1 *

moreover,

M7Ï
àu ^ nqn à f A COS Tis

1

^ ' àt 1

1 a2n ÔM 4_l i /y2n n f
71=1 1 * I 71=1 1 * J

provided Ret =b 21m s > 0 in (15), (16) and (17).

Now, in (15) replace sin ns by its power series development
and interchange the order of summation to obtain

lï»2S(-^(sêinT^w-
fe=l

v '

Hence if Y is the umbra of the sequence {1F2fe_1 (t)} we may
write symbolically:

(18) ^~2sin¥s ^~2-7cos7s.
OS ÖS2

Similarly, a more extended calculation shows that

(19) ~ 4- 2 - 1 ~~ CQS
1 j àt *** + 1

àt T

In (18) and (19), in order to pass from symbolic equality to
actual equality, the functions sin Y s, cos Y s and (1 — cos Y s)/Y
are to be expanded in powers of s and then the exponents in the
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powers of Y are lowered into subscripts ; thus Y(1) would then
be written Yx (t).

If (18) and (19) are substituted in (13), there results the
following umbral identity:

(20) Y (1 _ cos Ts) + 2 A Ç- ~^y') 2 sin Ts * sin Ts

where the asterisk (*) indicates umbral multiplication.
For the cases r 2, 3, rather extensive calculations show

that umbral identities of the same form exist. We may therefore

state the following result which is implied by the non-linear
equation (13).

Theorem 1 : "Let T, X, O be respectively the umbrae of the
sequences { T"2M (t)}, { X2fe_t (t) }, and { (t)}. If Y is one of
these umbrae, then the following umbral identity holds:

(21) y (1 -— cos ys) + 2 f î cos
ys^ 2 sinys * sin ys

3. Recurrences.

It is clear that (20) implies a recurrence relation for the functions

Wj (t), and indeed, Theorem 1 yields the following.
Theorem 2: "Let y3 (t) be Yj (t), Xj (t) or 3>3 (t); then the

following recurrence holds:

^ cït Ï2n_1 ^ + ~2 Ï2n+1 ^ 2 (2k 4- l) Ï2/l+1 ^ T2n-2fe-l (0 '
h=0 x 7

and hence y2n+1 (t) is a polynomial in yx (t) and its derivatives up
to order n."

This result, in turn, implies the following
Theorem 3 : "Let p2kA (n) be either of the arithmetical func

tions ß2fe_i (n) or £2fe_i (n) defined by (8) and (10) respectively;
then p2fe_i (n) satisfies a recurrence relation of the form:

k~{ n_1 / 2 k N

(23) p2fe+l (n) n p2fe-l (n) 2 2 2 U + 1
)p2s+l p2fe-2s-l (n ~~ /)'

s=03=1
V 7
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for all n and k>1. Moreover, the arithmetical function
^2fc-i n)defined by (9) satisfies the recurrence

k—1 f
^2fe+l M ~ 2n ^2fe-l (w) 2 2 (25 -f l) I

s=0 I

k-i
U,_sc2s+1H +

(24)
n-1

+ Us+1 hk-2s-lw + 2 ^2s+l (/) ^2fe—2s-l ~ /')

j 1

where Ufe is defined by (11) and n, k>_ 1."

Incidentally, the comparison of coefficients which yields (24)
also gives:

<25) U„+l 2 2 L2" d) Uft+1 Un_, » > 1

ft=0 x 7

which is equivalent to a result given by Nielsen [7].
Finally, the case r 1, has been discussed by van der Pol

[1] who finds an expression analogous to (22) as follows:

'26' dt ^2n_1 + In + 2
^2n+1 ~~ 2 {2k + l) ^2fe+1 hZn-2h-i W » n —

1
»

fe=0 v 1 7

where,

(— t)nB.
(27> *2n-l(') 4, 0c2n-l >

a2n-i (0 being defined by (2).
We find the analogue of (24) for this case to be :

(28)
2k

k—\

±|a2ft+1 (n) - 2»0sm (n)2 £ (2#2* Vft_s a2s+1 (n) +
s=0 7 I

n-1 ^

+ Vs+1 a2Ä-2s-l (re) + 2 ct2s+1 (/) °2fc-2s-l

n-1

2
3 1

Corresponding to (25), we find

|29> v- £^!tU+iN,vn,
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which is equivalent to a known recurrence for the Bernoulli
numbers [8].

4. The Functions TV! (t), X2kA (t), 02M (t)
as Double Sums.

The results which are stated as (4), (5), (6) follow readily
from (1) and (2) which are known to be equivalent (see [1], [2]).
It is to be observed first that a comparison of (4) and (5) with
(1) taking into account (27) gives the relations:

(30) ^2fe-l W h2k-i (*/2) h2k-i M Vk (a2fe-l (^/2) ~ a2^-l W) '

(31) X2fe-1 W 22kh2k-\ h2k-\ W a2ft-l a2fe-l W)

From (4) and (6) we also have,

(32) ')-%.(')•
By (30), we may write

(33) ®2M (t)- VÄ (a2ft-i W2) - (22ft + 1) a2fe_1 (0 + 22ft
a2fe_t (2«))

Thus, our functions (4), (5), (6) are expressed in terms of a2k_{ (&).
These relations in conjunction with (1) and (2) identify them
with (4)x, (5)x, and (6)x respectively.

It is of interest to note that (31) with k 2 permits, with
the aid of a result of van der Pol [1], the deduction of Jacobi's
famous theorem on the number of representations r8 (n) of the
integer n as the sum of eight squares. Thus,

(34) 240 X3 (t) 16 a3 (21) — oc3 (t) 15 0® (0, q)

where q exp (- t). Hence,
00

6o (0, q) 16 X3 (t)1 + 16 2 «" K, (n)
n=1

and
00

0>,j) 1 + 16 2 (—l)n?nU") •

n—1
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This result implies that

(35) r8 (ti) 16 (- l)n Cs (») 16 (- l)n_1 (<4 {») — (»))

where oj (w) denotes the sum of the third powers of the odd

divisors of n,and ajj (ri) denotes the sum of the third powers of

the even divisors of n. This is the desired result. [8]

5. Modular Transforms.

It has been shown in [2] that for > 1, the function a2ft_t (i)

satisfies the modular transformation

(36) tk^h_i(2tu) (2tcA) •

For k 1, the conditional convergence of the double series in

(1) creates difficulties [9], which however, have been resolved

by Hurwitz [3], who gives a result equivalent, in our notation,
to the formula

1 6
(37) t <*! (2tu«) —ja1 (2ttft) + - •

We find that this result may be proved very easily by using (36)

in conjunction with the relation

(38) oc5 (t) — a3 (t) -j- (t) oc3 (t)

which is the case n 2 in (26).
With the aid of equations (30), (31) and (33), the transforms

(36) and (37) yield those for our functions (4)x, (5)x and (6)v

It is found that under the modular transformation in question,
the first two functions are reciprocal in the sense that,

(39) (2*0 (2 k > 1

The remaining functidn (6), transforms in a manner analogous
to <*»-1 W, namely

(40) (2*1) -
p

(2tcA> ' > 1 '
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while for k 1, the following holds:

(41) f®! (27t«) — -3»! (2 IT«) — ~t 4tu

Finally, we note that for t ~ 1, (37) and (41) yield rapidly
convergent series which are of interest, namely,

00

(42) 8 y3-l/n,
n= 1

00

(43) 8 V e~m ^ (n) — l/w
n= 1

These, in combination, give finally,

(44) 8 y e"71 aj (re) 2/3 — 1 /rr
n=l

where <7° (zz) is the sum of the odd divisors of n.
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