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ON THE MATHEMATICAL WORK OF
FRANCOIS-EDOUARD-ANATOLE LUCAS

BY

Duncan Harkin, Cheverly, Maryland

Most of the arithmetic investigations of Edouard Lucas
(1842-1891) are summarized in volumes I and II of Leonard
Eugene Dickson’s, History of the Theory of Numbers, parti-
cularly in chapter xvii of volume I, which is devoted to the
theory of the numerical functions which led Lucas to a reciprocal
of the classical theorem of FErRMAT and to methods of factoriza-
tion. In addition to the Théorie des nombres (only the first
volume of which, unfortunately, ever appeared), Lucas published
four volumes of Récréations mathématiques and, as an introduc-
tion to these, L’Arithmétique amusante.

Edouard Lucas, professeur au Lycée Charlemagne, residing
at 56 rue Monge, Paris, thus speaks for himself in the Preface
to his Théorie des nombres: “ For a long time, we have gathered
and collected many interesting documents, of all authors and
from all countries, in order to write a book on the subject which
concerns us. To that we add a part of our own research, which
we have published to this end, from time to time, a little in
many places, notably in the Comptes rendus, the Bulletins of the
Academies of Sciences of Turin, Rome and St.-Petersburg, of
the Mathematical Society of France; in the American Journal
of Baltimore, in the Comptes rendus of the French Association
for the Advancement of Sciences, in the Nouvelles Annales de
Mathématiques, in the Nouvelle Correspondance and in Mathestis,
at Brussels and Liege, in the Messenger of Mathematics, at

Cambridge, etc.”
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Lucas has left a rather clear record of his ideas. In the
Preface to his Récréations mathématiques (Vol. I, pp. v-vi), he
explains that “ It was projected twenty years ago. At the
same time I dreamed of editing the somewhat scattered writings
of one of the greatest geniuses of mankind, the Works of Fer-
mat *; then to publish a work on the Theory of Numbers.
These difficult and profound meditations ought to offer more
than unintelligibility, at a time and in a country where the higher
arithmetic is deserted by mathematicians and official instruction.
On them I grafted most of my work and the ordinary ramifica-
tions of personal research.

“That is not all. The Works of Fermat raise important
bibliographical problems which are not yet resolved. Manus-
cripts are to be found, methods to be restored, all of which I
hope will soon be brought to a successful conclusion.”

“The first volume of the Théorie des nombres is about to
appear; the others will follow, with my ¢ Commentary on the
Works of Fermat’; then ‘ The History, the Practice and the
Progress of Calculation, in all times, among all peoples.” ”

Lucas intended to continue his series of Récréations and
himself had decided the plan of volumes 5 and 6 (see L’Arith-
métique amusante, p. 210). A second volume of the Théorie des
nombres was also planned, apparently rather fully worked out.
Some 1dea of its contents 1s given in the advertisement on the
back cover of the second edition of volume I of the Récréations
mathématiques (1891): “ Théorie des nombres. Tome II. Div-
isibility and Algebraic Irreducibility. Binomial Congruences
and Primitive Roots.” (In press.)

More specific detail of what was to be included in the pro-
posed second volume is found elsewhere, as on page 441 of the
Théorie des nombres, where Lucas mentions “ The Reciprocal of
the Theorem of FErmar: If ¢® — 1 is divisible by n for z equal
to (n — 1) and is not divisible by 7 for  equal to an aliquot part
of (n — 1), the number » is prime. In the second volume we
will give a great many corollaries.”

* Actually, Lucas was a member of the French Commission for the publication
of the Works of Fermat: 1 (1891), 2 (1894), 3 (1896), 4 (1912), 5 (1922).
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Lucas openly states the basis of much of his work and
reveals the mainsprings of his ideas, all in good taste and always
with historical perspective. Thus, in the Preface to his Théorie
des nombres (p. xii): “ We do not pretend to compare our
modest discoveries with those of all these immortal savants; but
still 1t 1s by observing the series of Fisoxaccr

0,1, 1, 2,3, 5, 8, 13, 21, 34, 55,

in which each term 1s the sum of the two preceding terms, that
we have encountered a new proposition which constitutes the
Reciprocal of the Theorem of Fermar. From it we have
deduced a great number of corollaries which enable knowing
whether a given number p of twenty or thirty digits is prime
or not . . . by the use of this new process, we have enunciated
a large number of theorems analogous to that of WiLsox and
obtained prime numbers of twenty and thirty digits, whereas
the largest prime number known twenty years ago, (231 — 1)
announced by Evirer, had only ten . . .

“ The theory of recurrent series is an inexhaustible mine
which contains all the properties of numbers.”

Ltcas had already alluded to this creative calculus, inter
alia, in his Investigations on several works of Leonardo of Pisa
and on various questions of the higher arithmetic ” (1877, p. 107):
“ The profound consideration of the examples given by FERmMAT
and his contemporaries authorizes me to think that this illustrious
savant, regarded by LAGRANGE * as the first inventor of the new
calculus’ (Lecons sur le calcul des fonctions, nouvelle édition,
p. 321, lig. 28-29 = Wuvres de Lagrange, 10 (1884), 297), employed
in this theory, as in all those which he created but left incomplete
on higher arithmetic, the consideration of recurrent series of
the first kind, that is to say those in which the difference of the
roots of the corresponding equation of the second degree 1s real
and rational.”

Recurrent series were, indeed, the genesis of much of Lucas’
most profound investigations and the source of many of his
discoveries. Most curious and significant are his claims anent
elliptic and higher transcendental functions. He alludes to this
first in the Comptes rendus (82 (1876), 1303): “ The identity of
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these formulas concerning numerical functions of the roots of an
algebraic equation of the fourth degree or of any degree with
those which connect elliptic or abelian transcendentals.”

To the arithmetization of elliptic functions, much more
specific and elaborate allusions are made by Lucas in his
remarkable memoir on the “ Théorie des fonctions numeériques
simplement périodiques ” in the first volume of the American
Journal of Mathematics (1878), pp. 184-240, 289-321.

He first explains his aim: “ This memoir has as its object the
studyv of the symmetric functions of the roots of an equation of
the second degree, and its application to the theory of prime
numbers. We will first show the complete analogy of these
symmetric functions with the circular and hyperbolic functions;
then we will show the relation which exists between these
svmmetric functions and the theories of determinants, of com-
binations, of continued fractions, of divisibility, of quadratic
divisors, of continued radicals, of cyclotomy, of indeterminate
analysis of the second degree, of quadratic residues, of the
factorization of large numbers, etc. This method is the point
of departure of a more complete study, of the properties of the
symmetric functions of the roots of an algebraic equation of any
degree with commensurable coefficients, in their relation to the
theories of elliptic and Abelian functions, of power residues, and
indeterminate analysis of higher degrees.” o

Later, on pages 203-204, he states explicitly: “ The formulas
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pertain to the theory of elliptic functions and, more specifically,
to the functions ® and H of Jacobi: . . . formulas of extreme
importance, the basis of the theory of doubly periodic numerical
functions deduced from the symmetric functions of the roots

of equations of the third and fourth degree with commensurable
coefficients.”
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That Lucas had carried out extensive investigations in this
direction 1s again implied later on page 231 of the same memoir
on simply periodic numerical functions: “ One can in this way
obtain a great many theorems serving, like that of WiLson, to
verify prime numbers. We will leave aside, for the moment,
the curious and new developments which we have thus found,
in order to consider only those which are derived from simply
periodic numerical functions.”

Towards the end of this remarkable memoir, LLucas again
returns to the same tantalizing topic, this time with even further
detail on page 317: “ We have further indicated (sections 1X
and XXI) a first generalization of the principal idea of this
memoir in the study of recurrent series which arise from the
symmetric functions of the roots of algebraic equations of the
third and fourth degree and, more generally, of the roots of
equations of any degree with commensurable coefficients. One
finds, in particular, in the study of the function

U, =A@, bc",...)/A(a, b,c,...)

in which a, b, ¢,. . . designate the roots of the equation, and
Ala, b,c, .. .) the alternating function of the roots, or the square
root |of the discriminant of the equation, the generalization of
the 'principal formulas contained in the first part of this work.

“ Finally, there remains the development of the theory of
the division of numerical functions and its application to inde-
terminate analysis of the second degree and of higher degrees;
that is a study which we hope to publish shortly.”

Lucas finds all this, interestingly enough, intimately related
to the extraction of roots by arithmetic and geometric means,
in Note X on this subject appended to his Théorie des nombres
(1891): “ The application of this process leads to very important
formulas, which we will expound later, in the application of
elliptic and abelian funetions to the theory of numbers.”

Certainly there are enough references in the writings of
Lucas to this most remarkable arithmetization of elliptic and
abelian functions, of the greatest fundamental significance, to
indicate that he had achieved far-reaching relations and inte-
resting applications.
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All search for remanent papers of Lucas has revealed nothing.
E. T. BELL, « Analogies between the ue, ¢¢ of Lucas and Elliptic
Functions ” (Bulletin of the American Mathematical Soctety, 29,
1923, 401-406) reports that “ In 1912, C.-A. LarsanTt, at one
time a trustee of Lucas’ manuscripts said that there was no-
where a vestige of the subject. Nevertheless Larsant recalled
_vividly that Lucas about 1878 made verbal communication to
the Société mathématique de France in which he exhibited a
close isomorphism between three symmetric functions, of which
one was o« 4 8" 4 v", of the roots «, 8, v of a cubic equation
and the elliptic functions sn, cn, dn, especially as regards a
species of double periodicity.

“LaisanTt is also authority for the statement that the
ultimate object of Lucas in his researches on recurring series
was the demonstration of FErmAT's last theorem. He recalled
that in 1890, shortly before Lucas’ death, the latter ¢ in a quarter
hour ’ reduced the proof of FErRMAT’s theorem to the problem of
showing that each of his symmetric functions had not more than
two ‘¢ periods’. Laisaxt remarked that at the time he per-
fectly followed this reduction, which was clear and convincing.”

I am indebted to Prof. Dr. Balth. vax peEr Por for the
following communication of 25 January 1956: “ 1 have also
further news to report to you on the famous crate of Lucas.
Professor SpeziaLi, about whom I have written to you before,
has now contacted Mr. BELGODERE (secrétaire de la Société
mathématique de France) in the Institut Poincaré. Mr. BEL-
GopERE and Mr. GERARDIN (} 1953) (Sphynx-(Edipe)—the latter
knew Lucas personally—have both gone through the papers
left by Lucas. I received the report that ¢ rien d’important,
en tout cas pas la suite du Tome I de la Théorie des Nombres’
has been found. The papers ‘se trouvent dans les caves de
I'Institut Poincaré et Dickson avait déja fait demander des
renselgnements a ce propos.’

“ So this looks final.”

It 1s too bad that margins are not wider and that “ just

pieces of paper ” are sometimes scrapped—with the irretrievable
loss of the fine flowering of genius.
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Principii fondamentali della geometria dei tessuti. ICAI, 6 (1880). 30 pp.

Récréation sur le jeu des échecs, comportant la solution compléte du probléme
des huit reines. RS (1880).

Récréations scientifiques sur PParithmétique et sur la géométrie de situation.
Le probléme des huit reines. RS, 2¢ sér., 25 (1880), 948-953.

Récréations scientifiques sur I'arithmétique et sur la géométrie de situation.
Le jeu du baguenaudier. RS, 2¢ sér., 26 (1880), 36-42.

Récréations scientifiques sur l'arithmétique et sur la géométrie de situation.
Le jeu des ponts. RS, 2¢ sér., 26 (1880), 375-380.

(Théorie des nombres.) Sur les fonctions cyclotomiques. CR, 90 (1880), 855-857.

Sur les nouvelles formules de MM. Seidel et Stern concernant les nombres de
Bernoulli. BSMF, 8 (1880), 169-172.

Théorémes généraux sur I'impossibilité des équations cubiques indéterminées.
BSMF, 8 (1880), 173-187.

Sur I’extension du théoréme de Descartes. NCM, 6 (1880), 250-253; BSMF, 8
(1880), 187-191.

Sur un théoréme d’Euler concernant la décomposition d’un nombre en quatre
cubes positifs. NA M, 2¢ sér., 19 (1880), 89-91.

Sur un théoréme de M. Laguerre. NAM, 2¢ sér., 19 (1880), 145-147.

Sur les cas genéraux d’impossibilité de I’équation x3 + y3 = Az3, NAM,
2e gsér., 19 (1880), 206-211.

Sur un probléme de Diophante. NA M, 2¢ sér., 19 (1880), 278-279.

Note sur la construction des nombres & l'ellipse. NA M, 2¢ sér., 19 (1880), 279-
280.

Sur un théoreme de M. Chasles concernant les coniques homofocales. NAM,
2¢ sér., 19 (1880), 397-401.

Sur trois coniques confocales deux & deux. NAM, 2¢ sér., 19 (1880), 401-403.
Notice sur les tilres et travaux scientifiques de M. Edouard Lucas. D. Jouaust,
rue Saint-Honoré, 338, Paris (1880). 62 pp.
1881

Sur le jeu du solitaire renfermant les solutions de trente problémes gradués.
RS, 3¢ sér., 228 (1881), 365-370.

La Logique du calcul, d’aprés les données de I'observation et de I’histoire. RS,
28 (1881), 367n.

Sur le jeu des traversées en bateau. RS, 3¢ sér., 27 (1881), 408-412.

Sur le jeu du taquin ou du casse-téte américain « on the 15 puzzle ». RS, 3¢ Seér.,
7 (1881), 783-788.

Sur la déformation du cache-pot. NAM, 2¢ sér., 20 (1881), 9-11.
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1882

Récréations mathématiques. Tome 1: Les Traversées — Les Ponts — Les Laby-
rinthes — Les Reines — Le Solitaire — La Numération — Le Baguenaudier —
Le Taquin. Paris, Gauthier-Villars, 1882.

1883

Récréations mathématiques. Tome 2. Quz perd gagne — Les Dominos — Les Ma-
relles — Le Parquet — Le Casse-Téte — Les Jeux de Demoiselle — Le Jeu
icosien d’Hamilton. Paris, Gauthier-Villars, 1883. 245 pp.

Entre chiens et loup (problémes de dames). RS, 3¢ sér., 531 (1883), 555-557.

Le probleme géographique des quatre couleurs. RS, 32 (1883), 12-17.

Le saut du cavalier aux échecs. RS, 3¢ sér., 632 (1883), 370-375.

Calendrier perpétuel julien et grégorien. RS, 3¢ sér., 632 (1883), 812.

Sur la généralisation du théoréme de Fermat. CR, 96 (1883), 1300-1301.

Aire du triangle. Mths, 3 (1883), 167.

Démonstration du théoreme de Clausen et de Staudt sur les nombres de Ber-
noulli. BSMF, 11 (1883), 69-71.

1884

Sur Arithmétique figurative et les permutations. AFAS (1884), 83-97.
Sur un mémoire de Cauchy et sur les nombres de Bernoulli. AFAS (1884), 182.
Calendrier perpétuel julien et grégorien. AFAS (1884), 215-217.

Le calcul et les machines & calculer. AFAS (1884); RS, 3¢ sér., 834 (1884),
482-496.
Le probléme d’Euler et les carrés magiques. Paris, Gauthier-Villars, 1884.

1885

Le calcul et les machines a calculer. AFAS (1885), 111-141.

Calendrier perpétuel a roulettes. — Appareils a calculs exacts et instantanés.
Belin, Paris, 1885.

Les carrés magiques de Fermat restaurés et publiés sur des documents originaux
et inédits. JME (1885), 104-111, 130-136, 148-153, 176-180; (1887), 32-34.

Les appareils & calculs exacts et instantanés. NA M, 3¢ sér., 3 (1885), b16-519.

1886

Le calendrier en batons. AFAS (1886), 91.

Construction des carrés magiques. AFAS (1886), 93.

Figuration géométrique d’une formule d’algebre. AFAS (1886), 94.

Divers appareils de calcul. AFAS (1886), 249.

« Les carrés magiques », nouvelle étude. Paris, Gauthier-Villars, 1886.
L’arithmétique en boules. N, 14 (1886), 54-b5, 66-67, 166-167, 218-219.
L’arithmétique en batons dans I’Inde, au temps de Clovis. N, 14 (1886), 282-286.

Récréations scientifiques. Les reines de 1'échiquier. N, 14 (1886), 299-300,
358-359.
1887

Sur I'emploi des critériums quadratiques, biquadratiques et octiques suivant
un module premier. AFAS (1887), 83.

Amusements par les jetons. N, 15 (1887), 10-11.

Récréations mathématiques. Sur les jetons et les polygones. N, 15 (1887),
54-55.

Calendrier perpétuel. N, 15 (1887), 138.

Récréations scientifiques. Sur le jeu de domino. N, 15 (1887), 218-220.
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Le jeu militaire. N, 15 (1887), 402-404.
Géométrie des réseaux. AFAS (1887), 173.
Les carrés magiques de Fermat et de Frenicle. JME (1887), 32-34.

1888

Sur un théoréme de Cauchy. AFAS (1888), 150.
L’arithmétique en boules. N, (1888) 696.
L’arithmétique en batons. N, (1888) 697.

Le jeu militaire. NN, (1888) 701.

Amusements par les jetons. N, (1888) 731.

Le probléme des reines. N, (1888) 734.

1889
Notes de géométrie analytique a trois dimensions. ¥. Pichon, Paris, 1889. 11 pp.
Nouveaux jeux scientifiques. N, 17 (1889), 301-303.

Sur les modes de croisement (dextrosrum et sinistrorsum) dans I’espace, étant
données leur équations. AFAS (1889), 231.

Sur la collection des machines a calculer du Conservatoire des arts et métiers
de Paris. AFAS (1889), 235.

Sur les coordonnées tripolaires. Mths, 9 (1889), 129-134, 173-181.

Jeux scientifiques pour servir & lUhistoire, a l'enseignement et & la pratique du
calcul et du dessin. Premiére série: 1° La Fasioulette, 2° La Pipopipeite.
3¢ La Tour d’Hanoi, 4° L’Icosagonal ou le jeu des vingts forts, 5° L’ Arithmé-
tique diaboligque ou le calcul infernal, 6° Les Pavés florentins du pére Sébastien,
Six brochures in 82, avec illustrations. Paris, 1889.

1890

Le diagrammomeétre du colonel Kozloff. N, 18 (1890), 131-134.

Chinoiserie arithmeétique. Un carré magique de cinquante-quatre siécles. N
(1890), 203-204.

Les appareils de calcul et les jeuc de combinaisons. RS, 45 (1890), 1-13.
Nouvelle démonstration de la loi de réciprocité. AFAS (1890), 147.

Sur les carrés magiques et leurs applications & Parithmétique. AFAS (1890),
148.

Sur le critérium de Paoli. AFAS (1890), 149.

Sur quelques questions de signes en géométrie analytique. AMths, 10 (1890), 5-8.
Sur les nombres parfaits. Mths, 10 (1890), 74-76.

Critérium pour la formule de Paoli. Mths, 10 (1890), 129-132.

1891

Sur les théoremes énoncés par Fermat, Euler, Wilson, Staudt et Clausen. Miths,
11 (1891); 2¢e sér., 1 (1891), 9-12.
Théorie des Nombres. Tome : Le calcul des nombres entiers — Le calcul des nombres

rationnels — La divisibilité arithmélique. Paris, Gauthier-Villars, 1891.
XX X1V 520.

Récréations mathématiques. Tome 1, 2¢ éd. Paris, Gauthier-Villars, 1891,
XXIV+ 254,

1893

Récréations mathématiques. Tome 2, 2¢ eéd. Paris, Gauthier-Villars, 1893.

Récréations mathématiques. Tome 3: Le calcul digital — Machines arithmétiques —
Le Caméléon — Les Jonctions de points — Le Jeu Militaire — La Prise de la
Bastille— La Patte d’oie — Le Fer o cheval — Le Jeu américain — Amuse-
ments par les jetons — L’Etoile nationale — Rouge el noire. Paris, Gauthier-
Villars, 1893. vii—+200.
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1894

183. Récréations mathématiques. Tome 4: Le Calendrier perpétuel — L’ Arithmétique
en boules — L’ Arithmétique en bdtons — Les Marejles. X VIIIe siécle — Les
Carrés magiques de Fermal-— Les Réseaux et les Dominos — Les Régions et les
quatre couleurs — La Machine & marcher. Paris, Gauthier-Villars, 1894.
VIII 4 266.

1895

184. L’Arithmétique amusante. Amusements scientifiques pour [’enseignement et la
pratiqgue du calcul. Paris, Gauthier-Villars, 1895. vIII-}+266.

ABBREVIATIONS FOR JOURNALS IN WHICH LUCAS PUBLISHED

AFAS Association francaise pour I’Avancement des sciences. Compte
rendu des sessions.
AJM American Journal of Mathematics pure and applied. Baltimore,

AMPA  Annalt di Matematiche pura ed applicata. Milano.
ARAL Attt della Reale Accademia det Lincer. Roma.
ARAS Atir della Reale Accademra delle Scienze div Torino.

BBSS Bullettino di Bubliografia e di Storia delle Scienze matematiche
e fisiche. Roma, ed. Boncompagni.

BIOP Bulletin international de ’Observatoire de Paris.

BSEA Bulletin de la Société d’émulation du Département de U’Allier.
Moulins-sur-Allier.

BSMF Bulletin de la Société mathématique de France. Paris.

CR Comptes rendus hebdomadaires des séances de UAcadémie des
Sciences de Paris. Paris, Gauthier-Villars.

ICAI L’Ingegneria Cuiile e le Artv industriali. Torino.

JME Journal de mathématiques élémentaires. Paris.

Mths Mathesis. Bruxelles.

MM Messenger of Mathematics. Cambridge.

NAM Nouvelles Annales de Mathématiques. Paris, Gauthier-Villars.
NCM Nouvelle correspondance mathématigue. Bruxelles, F. Hayez.
N La Nature. Paris.

RS Reoue scientifique de la France et de U'étranger. Paris.

(Recu le 14 janvier 1957.)
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