Zeitschrift: Elemente der Mathematik
Herausgeber: Schweizerische Mathematische Gesellschaft

Band: 75 (2020)

Heft: 3

Artikel: Mixtilinear radii and Finsler-Hadwiger inequality
Autor: Lukarevski, Martin / Wanner, Gerhard

DOl: https://doi.org/10.5169/seals-880889

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 17.02.2026

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-880889
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

Elem. Math. 75 (2020) 121 - 124 © Swiss Mathematical Society, 2020
0013-6018/20/030121-4
DOI 10.4171/EM/412 | Elemente der Mathematik

Short note  Mixtilinear radii and Finsler—-Hadwiger
inequality

Martin Lukarevski and Gerhard Wanner

Abstract. In this short note we derive few relations for the mixtilinear radii of a tri-
angle and then as a curious application give an interesting proof of the celebrated
Finsler-Hadwiger inequality.

The mixtilinear incircle is a circle tangent to two sides of a triangle and internally to the
circumcircle of the triangle, [1]. Another, more suggestive name is inarc circle, [6]. We de-
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Figure 1 Mixtilinear incircle and proof of p4 = r sec” #

note by pa, pa, pc the radii of the mixtilinear incircles of a triangle ABC with inradius r,
circumradius R and semiperimeter s. It is known, [11], that the center of the mixtilinear
incircle is the orthogonal projection on the bisector of the point on the side which is itself
the orthogonal projection of the incenter. See Figure 1. Hence one readily gets that

, A
= T8EL" =%
Theorem 1. 11 holds for the radii of the mixtilinear incircles
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Proof. The cosines cos A, cos B, cos C are the roots of the polynomial [10, p. 56]

4R —AR(R+r)x* + (s +r* —4RDx + QR +r)? —s* = 0.
Putting x = 2y — | and rearranging, we get that the polynomial

16R2 . 8R(4R—I—r)v + (s? +(4R—I—r) )y—s = ) (5)
has cos? ’2‘, cos? ‘29, cos? % as its roots, and since cos? ’; = r/pa, we obtain that the

mixtilinear radii pa, pp, pc are roots of the polynomial
s2 —r(s2+ (AR + r)D)> + 8Rr2(4R + r)t — 16R*r = 0.
By Vieta’s formulas the identities (1), (2) and (3) follow. The last identity (4) follows from

| 1 1 1( 2A 2B 2C)
— 4+ — 4+ — = -({cos + cos + cos™ —
PA  PB  PC r 2 2 2

and the polynomial (5). U

We note that one can use the identity (1) to give a nice linear bound for the sum of the
mixtilinear radii only in terms of R and r

4r < pa+pp +pc < R+ 2r, (6)

which is sharper than 4r < pa + pp + pc < (SR + 6r)/4, given in [12]. The LHS of
(6) follows easily from the convexity of f(x) = sec2 5 and Jensen’s inequality. For the

RHS we shall make use of the Gerretsen inequality 52 > r(16R — 5r), [4, 5]. By (1), the

RHS of (6)
4R +r 2
rl 1+ < R+2r
S

is equivalent to s*>(R +r) > r(4R + r)?. By Gerretsen’s inequality and Euler’s inequality
R =>=72r,

s2(R+7r) = r(16R — S5r)(R +r)
=r[@R+r?+3(R -2n)]
>r(4R+r)?,

which proves (6), with equality for the equilateral triangle.
For the end of this note, we show how the relations for the mixtilinear radii can be used to
give an interesting proof of the celebrated Finsler—Hadwiger inequality from 1937 [3, 13]

a2+ b2+ > a4V3A+ (@— b+ b —0)* + (c — a), (7)
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where A is the area of ABC. It can be rewritten as
2v3A < a(s —a)+b(s —b) +c(s —¢) = 25* —a* — b> — 2.

By the identities a’+b* 4t = 2(s2 —4Rr — r2) and A = sr, known since Euler’s times
(see, e.g., [2, §11, §19]), the Finsler—Hadwiger inequality is equivalent to

s < (@R +1r)/V3. (8)

We can apply the AM-HM inequality to (1) and (4) to obtain

1 1 |
(pa + pB + pc) (—+—+—-) =9,
PA  PB  PC

which after substituting and rearranging is

3
2 BRETS
14R —r

It holds 3(4R + r) < 14R — r by Euler’s inequality. Hence

2 (4R +r)3 3 (4R+r)2,
14R —r 3

and that is the Finsler-Hadwiger inequality (8). Equality holds for ps = pp = pc, thatis

sec? % = sec? % = sec? %, and R = 2r, which implies that the triangle is equilateral.

The Hadwiger-Finsler inequality (7) is actually equivalent [7] to the seemingly weaker
Weitzenbdck inequality

A2+ b+ > 4V3A.

One sharpening of (7) is

R—2
A’ + b2+ > 443+ > Lt @=-0P2+ -0+ (c—a)’

which is equivalent to Kooi’s inequality [8, 9].
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