Zeitschrift: Elemente der Mathematik
Herausgeber: Schweizerische Mathematische Gesellschaft

Band: 72 (2017)

Heft: 4

Artikel: Gerretsen and the Finsler-Hadwiger inequality
Autor: Wanner, Gerhard

DOl: https://doi.org/10.5169/seals-730844

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 21.07.2025

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-730844
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

Elem. Math. 72 (2017) 173 — 174 © Swiss Mathematical Society, 2017
0013-6018/17/040173-2
DOI 10.4171/EM/341 | Elemente der Mathematik

Short note  Gerretsen and the
Finsler—-Hadwiger inequality

Gerhard Wanner

The inequalities. The beautiful paper [2] (1953) by J.C.H. Gerretsen, written in Dutch
language, is of difficult access!. It starts by stating Weitzenbock’s inequality from 1919 [4]

a? + b2 +c* > 443, (D

where A denotes the area of a triangle with sides @, b, ¢. Next follows its sharpening by
P. Finsler and H. Hadwiger [1] from 1938

a2 +b2+2 > 443+ 0, 2)

where
Q=(a—b)+(b—0c)+(c—a) (3)

can be seen as a measure for the “ongelijkzijdigheidsgraad”™ of the triangle. In both in-
equalities we have equality only for the equilateral triangle. Gerretsen then elaborates in
Art. 2 the original proof of Finsler and Hadwiger (“Het bewijs ... is nogal listig”) and
gives simpler proofs for (1) and (2) in Arts. 3 and 4.

A further consequence. In Art. 5 Gerretsen continues as follows: From the Cosine Theo-
rem

a = b? —|—02 —2bccosa = b% + ¢* — 4 Acota

we obtain by cyclic permutations and addition’

Ya? =443 cota

IThe author is grateful to W. Hundstorfer, Amsterdam, for providing him with a copy (“The scanner is not used
often anymore, everything is on the internet. Well ... almost everything”).

2literal]y “degree of unequilaterality”; Gerretsen adds: “as long as one does not find this word to crazy [wanneer
men dit woord niet te gek vindt]”.

3Gerretsen leaves the meaning of the notations X a? =a?+b>+c2or T cota = cota +cotf + coty or
¥ ab = ab + bc + ca to the intelligence of the reader.
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so that

Ya’>—Q=2%ab— Za2:4AE(
Sin o

— cota) =44 % tan % , 4)

thus the inequality of Finsler and Hadwiger means that

o B y
tan — tan — tan — > +/3 3
an2+an2+an2_x/— )]

for all angles @, f5, y of a triangle.

1.

2 T pon

Proof of tan & + tan g +tan £ > /3

Backward proof. However, we believe the inequality (5) at once: the angles a, 8, y of a
triangle satisfying a + f + y = « form in R? an equilateral triangle for which (e, £, 7)
are the barycentric coordinates (see the Figure above). The three terms of (5) are convex
functions on this triangle, each one strictly convex in another direction, therefore their sum
is strictly convex with a 120°-symmetry. Thus its minimal point, which must be unique,
can only lie in the center where & = f# = y = % and the sum is V3. Reading now the
proof in (4) backwards, we obtain another nice proof of the Finsler—-Hadwiger inequality.

Epilog. In Art. 7 Gerretsen proves “his” famous inequalities with the standard proof from
the Euler distances of the “bijzondere punkten” (see, e.g., [3]), and, inversely, Lukarevski
[3] proves the Finsler—-Hadwiger inequality from Gerritsen’s inequalities.
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