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A diophantine equation for sums of consecutive like powers

Simon Felten and Stefan Miiller-Stach
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war er Professor an der McMaster Universitit in Kanada. 2003 wurde er Professor fiir
Zahlentheorie an der Johannes Gutenberg Universitiit in Mainz.

Simon Felten, Jahrgang 1994, machte 2013 sein Abitur am Gymnasium Saarburg und
studiert seither Mathematik mit Nebenfach theoretische Physik in Mainz. Er war Bun-
dessieger im Bundeswettbewerb Mathematik 2012 und 2013.

1 Introduction

The reader may have seen the following triangular pattern of equations for sums of con-
secutive positive integers:
14$2=23
44+54+6=7+8
O+104+114+12=13+ 14415

Diophantische Gleichungen wurden seit den Anfiingen der Algebra und Zahlentheo-
rie untersucht. So hat schon Euklid diesem Thema groBe Aufmerksamkeit geschenkt.
Natiirlich ist auch die Fermatsche Vermutung und ihre Losung durch Andrew Wiles
in der Geschichte der Mathematik bedeutend gewesen, besonders wegen ihrer leicht
zuginglichen Fragestellung. Spitestens seit dem 19. Jahrhundert wurden diophanti-
sche Gleichungen systematischer untersucht. Wie man am Beispiel der Fermatschen
Gleichung sieht, haben diophantische Gleichungen eine starke Verbindung zu tiefen
Problemen der modernen Zahlentheorie. Gleichungen mit hoher Symmetrie, wie etwa
Potenzsummen, begeistern oft am meisten. In dieser Arbeit wenden sich die Autoren
einer unendlichen Folge von diophantischen Gleichungen zu, die feste aufeinander-
folgende [-te Potenzen natiirlicher Zahlen beinhaltet. Fiir / = 1 und / = 2 wurde
diese Gleichung um 1879 von Georges Dostor untersucht: Sie besitzt in diesen Fillen
unendlich viele positive ganzzahlige Losungen, was damit zusammenhiingt, dass die
zugehorige ebene Kurve rational ist. Die Autoren zeigen nun, dass die Gleichung fiir
alle [ > 2 iiberhaupt keine Losung mehr in den positiven ganzen Zahlen besitzt.
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The numbers on the far left in each line are precisely all square numbers n = k? for
k > 1. Furthermore, £ is equal to the number of summands on the right, and one less than
the number of summands on the left. There is a similar sequence for squares, which was
already studied by Georges Dostor [3] in 1879:

F¥+4=5
102 + 112 + 122 = 132 4 142
212 4222 + 232 4+ 242 = 252 4+ 262 4+ 272

In this case, the numbers on the far left are of the form n? with n = k(2k + 1) for k >
1. There are geometric explanations for these sums via square dissections, see [1]. One
immediately wonders whether the pattern persists for cubes and higher powers. This leads
to the diophantine equation

e+ D) 4+ =+ k+ D+ (4 2k) (1)

with unknowns k and n. This equation is similar to other diophantine equations for sums
of like powers [5, page 209], in particular the Erd6s—Moser equation. For { = 3,4 it was
shown by Edouard Collignon [2] in 1906 that the equation does not have a solution in
positive integers. A variant of this equation for £ = 3 is related to cube dissections [4].
Here, we prove uniformly that there are no positive integer solutions for £ > 3 :

Theorem 1. Equation (1) has no solutions in positive integers k, n for any { > 3.

The rest of the paper contains a proof of this result. Our ideas are somewhat inspired
by Runge’s power series method [8], for which quantitative versions are known [9]. We
would like to thank Harald Scheid for mentioning this diophantine problem, and Greg
Frederickson for pointing out the history behind it. Our work has led to entry A234319 in
the Online Encyclopedia of Integer Sequences (www.oeis.org), where the reader can find
more references.

2 Proof of Theorem 1

To prove the theorem, we use the new variable w = n + k and seek solutions in k& and w.
Thus, equation (1) is equivalent to

{

U)[ — Z((U)‘I‘I)[ _ (H) _i)f) — z (’f) {— m(l (= l)m)ZIm 2)

=1 m=0

Only summands for m odd occur on the right side. Hence, we may rewrite equation (1) as

k
wf -2 Z (’i)mf—m Z[m (3)

m odd i=1
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If £ is even, all summands are divisible by w, since { —m > 1. Hence, we replace equation
(1) foreven ¢ > 2 by

k
¢
{—1 {—m—1 .m
w E (m)w i_El l 4

m odd

For { = | and ¢ = 2 equations (3) resp. (4) are of the form w = k(k + 1) resp. w =
2k(k + 1), and give exactly the solutions mentioned in the introduction. The Carlitz—von
Staudt theorem [7] states that

' k(k + 1
Zi’” =0 mod %

i=l

for m odd. Therefore, k(k + 1) is a divisor of 2 Zle i, hence of w’. Hence rad(k (k + 1))
divides w, and in particular w is even. (Recall that rad(x) is, by definition, the product of
all positive primes dividing an integer x.)

Now we show that there is at most one solution w = w(k) for any positive integer k& and
any { > 1.

Proposition 2. For any k., { > 1 there is at most one positive w = w(k) solving the
equations (3) or (4).

Proof. By subtracting the right-hand side from the left-hand side in both equations (3) and
(4), one obtains a polynomial f(k, w) with

k
l
flk,w) =w" =2 2 ( )u){_”' i for ¢ odd,
m a
m odd i=1
¢ k
f—1 f—m—1 -
= -2 for ¢ .
flk,w)=w E (m) w E i or { even
m odd i=1

In each case, f has only one sign change. Therefore, Descartes’ rule of signs implies that
for each k > 1 there is at most one positive w = w(k) solving the equations. t

For the remaining arguments, we define integers e, f, g by the 2-adic valuations

fri=vkk+1)), g:=wnw), e:=v().

In the following, we will often write 2/ || k(k + 1) etc. instead.

By a theorem of MacMillan and Sondow [6, Thm. 1], the power sums have 2-adic valua-
tions

k
12D i =2f -1,
i=l

independent of m for all odd m > 3 and all k > 1.
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Proposition 3. One has g > e + 1 for all solutions w and all €.

Proof. We may assume that ¢ is even, since otherwise e = 0. The integer w is even, as we
have seen already. Let p be any odd prime dividing w + 1. Equation (1) is equivalent to

k k
D= => (w+i).
i=0 i=I

This implies that

k k
Sw-i) =D w+i =k +k+1D"=0 mod p.
=0 =1

This gives thatk + 1 # 0 mod p, since otherwise k£ + 1 and k£ would be both divisible by

p. We get
k t

Let ¢ be a primitive root modulo p. Then, for some integer a, we have ¢ —1 mod p,
hence a2¢ = % mod p — 1. Let h be such that 2" || p—1. Then 2"~ || a2¢. Therefore,
h—1>e¢and 2! | p— 1. Thus p = I mod 2°T!. Since we proved this for all odd

primes p dividing w + 1, and w + 1 is odd, we conclude that w +1 =1 mod 2¢+1 This

a2’ _

shows that ¢ > ¢ + 1. O
Proposition 4. For every solution (k, w(k)) in non-zero positive integers and every { = 1
one has s 5
C-—D=2)y E—-D(t-=2)
Ck(k + 1)+ -
( ) 12¢ 1203k (k + 1)
(€ —1)(€—2)

<w(k) < thk(k+1
< w(k) = th(k+1) + 27

Proof. We may assume ¢ > 3 and we use the abbreviations

- A _ 1V2¢F _ 72
:(F 1)(€ —2) dl:w 1)=(€ — 2)

K =k(k+1
k+1), 120 anco 7203

2 .
2%. It is easy to see that

(1—2—‘1)3 <8(1—i),
(K (K

since 7% is small. By an easy computation (see appendix), this is equivalent to

Therefore, we have b =

(K + by’ (K | (K + b 2+€’ K’
: ——=] < —— “‘aK-.
a a a
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Letwg:=(K +a — % Then
wg < wa(z) + fzaKz,
or, equivalently,

'Uo < waé Lt fzasz() , for{ >3odd,

w([) L <€Kw([) 24 6% Kzlu0 , for¢ > 4 even.

The terms on the right-hand side are the terms for m = 1 and m = 3 in equations (3) and
(4). All other terms are also of the same sign, therefore we conclude that f(k, wo) < 0.
This shows that wq is a lower bound.

To obtain the upper bound, the idea is to divide equation (3) by w’~!, and use the lower
bound in all occurences of w in the denominator. The lower bound implies that

a(t —1)(¢ —=2) lla
={K — >(K+ — > (K
w +a 602K > + o=

for all ¢, since K > 2. If { = 3 or { = 4, then equation (3) gives

Cak?
w="_(K +

< (K +a,

w

and we are done. For £ > 5 we write equation (3) as

: 2 2 k =m
i—1 1" tfaK 0\ Zizi i
w=2 Z ( ) wn— 1 ={(K + lU +2 Z m wm—l ?

m odd m>5 odd

and estimate using w > (K + 1112" > (K

{12 K2 V4 /\ 7]
WK 12 > L=l
([K + 1111)2 m ([K)m—l

m=>5 odd
£\ k™ ’f_ (l_ m
=4K + al]a 2 +2 Z ( ) %{l—njl—kl) ’
(1 £ IZK() m=>5 odd L ( )
Form > 5, we use Z’,-":l(f)"’ < 1( )} = 4,\1, and

(f)fl_m LE=De-—pemiei - DE-2)
/

n m! {m!
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so that we get

I a +(€—1)(€—2)K3 Z 1
- 1+ 11211?5)2 26k° >5 odd L R
< 0 4 a (f—l)(€—2)K3 Z 1
(1 + 330)? 20k3 (k + 1)° masoda ™
<(K+a 111 4 = > =
(I+3%)?  Gk+D? Zm!

One has

1 11 1
Z—<exp(1)—l—l ————— — < 0.01.
£t il 2 6 24

For ¢ > 5 one also has 7 > % This implies, using Bernoulli’s inequality and K > 2,

1 6 1 1 6 1
(1_'_ lla )2+(k+1)2 Z _— (1+ )2 K Z %
2K7 mBrodl %OOK m=5 odd
933
< 1 n 0-06 K +0.06(1 + lS()K) K + 15500 <1
— 1100 :
1+ mox K K + 155 K + 15000
Therefore, we have the upper bound w < (K 4+ a. ]

Corollary 5. For every solution (k, w(k)) in positive integers and every { > 3 we have
kk+1) < E22 and3F 43 < ¢,

Proof. We know that (K +a — % < w(k) < £K + a for every positive integral solution
w (k). But one also has
£{-3 {—2
— _
12 ~— 12
As w(k) is an integer, we get
{—3 £{-3 b
w<({K+ ——r7, and thus —_—>a— —.
12 12 K

From this one deduces that

C-1D%(-2? (£-2)?
< 5

K <
- 1242 12
This implies £ —2 > V12K. As K > 2/, and 12-2/ > 9. f2 forall f > 1, we have
¢ — 2 > 3 f, and the claim follows. 0

Proof of Theorem 1. The idea of the proof is to look at 2-adic valuations in the terms of
the equation together with the above inequalities.

First let £ be even. We may assume that £ > 6 since f > 1 and { > 3f + 3. Look at
equation (4) modulo the integer s = 2(2/~1D+2g+e
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We claim that all summands on the right-hand side for odd m with 3 < m < ¢ — 3 are
=0 mod s. This is true for m = £ — 3, since then 2%¢ | w? and one also has 2¢ | (553) =

((L—1)(t-2 = ko .0—3
NE-D) g 22/-1 238 i3,

For m odd with 3 < m < € — 5, one has as well 22/~! [ 22{-":1 i and in addition
28U=m=1) || yl=m=1 Using g > e + 1, one has g(6 —m — 1) > 4¢g > 2g + e and
therefore the assertion follows. Therefore, we obtain

k
w' ™ =t Tk + 1) +26> i7" mod s,
i=1

We have shown that 2¢T2/=1 || 2¢ Zle i*~!. Since w is even, we have g > 1. Therefore,
e+2f—1 < (2f — 1)+ 2g + e. We also have 2¢(=2¢+f || w2k (k + 1). Using
{>3f+3weget

e+ (—2)g+f=2e+@Bf+Dg+f=20Bf—Dg+28+e=Q2f —1)+ (2g +e).

Hence the first term on the right is also = 0 modulo s. This implies ({ —1)g = e+ 2 f — 1.
This is a contradiction, using { > 3f +3and g > e + 1.

Assume now that £ > 5 is odd (hence ¢ = 0), and look at equation (3) modulo s =
2(2/=D+22 - Again, all summands on the right-hand side for odd m with 3 < m < £ — 2
are = 0 mod s, since 22/ 71 || 2 zf:l i",and g({ —m) > 2g form < ¢ — 2. Therefore,
we obtain

k
w' = (w " kk +1) +2Zi[ mod s.

i=1

We know that 22/~ || 2 Zf-":l i’. Since w is even, we have g > 1. Therefore, 2f — 1 <
(2f — 1)+ 2g. We also have 2(=Ds+/ || L’k (k + 1). Using € > 3 f + 3 we get

(t-1Dg+fz@f+2)g+f=2Q2f-1)+2g

and hence the first term on the right is also = 0 modulo s. This implies {g = 2 f — 1. This
is a contradiction, using £ > 3 f + 3. O

Appendix

Here we supply the missing computation from the proof of Proposition 4:
2a\} a 2a \} a
= — <8(1——)®a 1= — —8a(1——)<0
(K tK (K (K
o(1-22Y (2tk +af1- 2 20K
- — - — <
(K “\' Tk
& 49 2K +a-2) <b2k
a—— a——1]<
K K
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