Zeitschrift: Elemente der Mathematik
Herausgeber: Schweizerische Mathematische Gesellschaft

Band: 68 (2013)

Artikel: A new class of permutation polynomials of Fq
Autor: Ayad, Mohamed / Kihel, Omar

DOl: https://doi.org/10.5169/seals-515895

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 09.02.2026

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-515895
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

Elem. Math. 68 (2013) 53 - 55 © Swiss Mathematical Society, 2013
0013-6018/13/020053-3
DOI 10.4171/EM/220 | Elemente der Mathematik

A new class of permutation polynomials of [,

Mohamed Ayad and Omar Kihel

Mohamed Ayad received his Ph.D. from Université de Caen in 1992. He taught in
Algerian and French universities. Since 1994 he is Maitre de Conférences at Université
du Littoral (Calais, France). His main fields of research are number theory, arithmetic
geometry, finite fields, and algorithmic algebra.

Omar Kihel received his Ph.D. from Université Laval (Canada) in 1996. He then had
a postdoctoral position at CICMA (McGill University and Concordia University) and
another postdoctoral position at Université Laval. Professor Omar Kihel joined Brock
University (Ontario, Canada) in July 2002. His areas of research are algebraic number
theory, elliptic curves and finite fields.

Let IF, be the finite field of characteristic p containing ¢ = p" elements. A polynomial
f(x) € Fy[x]is called a permutation polynomial of IF; if the induced map f : F, — F, is
one to one. The study of permutation polynomials goes back to Hermite [2] for IF,, and to
Dickson [1] for [F,. One of the open problems proposed by Lidl and Mullen [3], is to find
new classes of permutation polynomials of I,. We refer to [4] or [5] for the basic results on
permutation polynomials. Wan and Lidl [7], gave conditions on a polynomial of the form
x” f(x@=D/4) to be a permutation polynomial. The conditions are not explicitely given
in terms of ¢ and r, and may be difficult to verify in general. In the present note, without
using the characterization of Wan and Lidl [7], but using only an elementary method, we
exhibit a new class of permutation polynomials. We prove the following:

Theorem 1 Let g = p’, where p is a prime number and r is a positive integer. Let u be a
positive integer and let

f(x):x”(xlg_1 +xg_l+l). (D

Unter einem Permutationspolynom des kommutativen Ringes R mit Einselement ver-

steht man ein Polynom p € R[x], fiir welches die durch 7o := p(«) definierte Ab-
bildung von R nach R eine Permutation der Ringelemente ist. Permutationspolynome
sind beliebte Studienobjekte der Zahlentheorie, der Algebra und der Kombinatorik.
Am besten untersucht ist wohl der Fall, wenn R ein endlicher Korper ist. Die Auto-
ren der vorliegenden Arbeit steuern zu dieser Theorie eine neue, einfache Klasse von
Permutationspolynomen bei.
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Assume that the following conditions hold:

(i) ged(u,q — 1) =1.
(ii) ¢ =1 (mod 8).

(i) 357 =1 (mod p).

Then f(x) is a permutation polynomial of F.

Proof. We will prove that under the above conditions, the polynomial f induces a one-
to-one application on IF,. Suppose that f(a) = f(b) for some elements a and b of IF,.

If one of them, say a, is O, then b" (b% + b% + l) = 0. Suppose that b # 0, then
b% + b% +1=0.Setc = b%, then ¢ 4+ ¢ 4+ 1 = 0 and ¢ is a cubic root of unity.
Condition (iii) implies ¢ # 1. We have ¢ = ¢* = b9~! = 1, which is a contradiction. It
follows that b = 0 = a.

q—1 q—1
From now on we may suppose that ab # 0. It is clear that a'T =+landb'T = £1. By
symmetry, we have to consider only the following three cases:

Case 1: a7 = b'T = LIt a'5 = b5 = 1, then a" = b", hence (4)* = 1.
q—1 q—1

Therefore a = b by (i). To complete Case 1, we may suppose thata™ = land b =

1

g1 "
—1. From equation (1) we have 3a* = b* or (2)” = 3. We deduce that (%) = 317,
a

hence (—1)" = 1 by (iii). By (i), u is odd and we reached a contradiction.

—1 —1 —1 —1
Case 2: If a'= = b"T = —1. From equation (1) we get: a*™' % = b**"5", hence

(b/a)”‘*%_l = 1. The order é of b/a in ¥, divides ¢ — 1 and u + "4;1. Let [ be a prime
factor of §. Because u is odd and by (ii), we may exclude the case [ = 2. It follows that /
is odd and / | "4;1, therefore [ | u, which contradicts (i).

q—1 q—1 q—1 q—1 .
Case3: Ifa > = —b 2 = 1. Here wehavea ™ = *land b™# = ¢, where ¢ is a
primitive quartic root of unity.

. Ifaii_1 = —1and b%_1 = ¢, then by equation (1), we have a* = ¢b". We deduce

that (a/b)" = ¢, therefore (a/b)* = 1. Using (i), we conclude that (a/b)* = 1. If
q—1 q—1 qg-1 q—1
a/b = —1, then a'T = (—l)ITbIT = b"T", which is a contradiction. Suppose
q—1 g—1 q-1 q—1

next that a/b = +¢, then a™™ = (£¢)T b7 . Hence 1 = (¢4 T (1) = —1,
which is a contradiction. We conclude that a = b.

e Suppose now that a%_] = 1 and b% = ¢, then by equation (1) we have 3a* =
¢b". By condition (iii), the characteristic of the field is # 3, hence we may write

Y

e = >, hence
b T 3T

3%_1 = —1, contradicting (iii). O

this equation in the form: (a/b)"* = ¢ /3. It follows that <

Remark 1 The minimal example for Theorem 1 is when p = 7 and ¢ = 7>.
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Example 1 Let p be a prime number such that p = 1 (mod 8) and p = 1 (mod 3) and
let ¢ = p” where r is positive and even. It is clear that condition (ii) of Theorem 1 is

satisfied. Euler criteria gives that 3”7_1 = (%) = 1 (see [6]). It follows that 3”7_1 = =1,
hence 3% = (3¥)('+”+"'+”r_l) = 1 and condition (iii) of Theorem 1 is fulfilled. By
Dirichlet’s theorem (see [6]), there exist infinitely many prime numbers p = 1 (mod 8)
and p = 1 (mod 3). The smallest such prime is 73. Any polynomial f(x) of the form (1)
such that u satisfies condition (i) of Theorem I induces a permutation of IF,. We may put

u = 1 for example.
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