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The principle of the isosceles triangle
for geometric inequalities

Razvan Alin Satnoianu

Razvan A. Satnoianu obtained his MSc in applied mathematics at the University of
Bucharest in 1992 and his PhD in mathematics at the University of Leeds in 1998. He
then worked as a postdoctoral fellow in mathematical biology at Oxford University.
Presently, he is a permanent faculty member in the School of Engineering and Math-
ematical Sciences at the City University in London. His main fields of interest are
geometric and analytic inequalities, pattern formations, reaction-diffusion equations
and their applications in biology and chemistry.

1 Introduction

In a recent note published in [8] we have presented a universal yet simple and unexpected
method of proof for geometric inequalities in an euclidian triangle. The method consisted
of reducing the case for general triangles to that of isosceles triangles. The idea went as
follows. For a given euclidean triangle denote by a, b, ¢ the measures of its angles in
radians chosen so that

O<c<b<a<nm and a+4+b+4+c=m. (1.1)

Then, to establish that some inequality f(a, b, ¢) > 0 holds, it suffices to show that

(1.2)

f(a,b,c)zf(a,b+c b+c>20’

2 72




The principle of the isosceles triangle for geometric inequalities T3

where the second inequality represents the case of an isosceles triangle. At first sight this
looks like a complication as it is not a direct way to solve the problem. Yet in [8] we have
shown, by exploring some suggestive examples, that it often proves easier to establish
the two inequalities at (1.2) than to establish the original one directly. Anybody reading
the result in [8] would naturally be lead to consider what is the underlying structure of
the triangle geometry that allows for such a simple property in the class of geometric
inequalities for triangles.

It is the purpose of this paper to establish a general result, which gives a simple sufficient
condition that answers the question above. In essence this establishes when “the set of
values taken by a function defined on the class of all euclidean triangles is exactly equal
with the set of values taken by the same function when restricted to only the subset of
isosceles triangles”. The importance of the present result lies in reducing the complicated
problem of analysis of the variation of a three variable function (representing the given
inequality) to that of a single variable function, which is an elementary task. We call this
main result “The principle of the isosceles triangle” or PIT in short. This is presented in the
first part. The method has a wide range of applications, which are illustrated in the second
part (for example the vast majority of the book [4] can be treated this way). We conclude
by alluding to the universality of the principle of the isosceles triangle as possibly being a
universal method of analysis in triangle geometry.

2 The main results

In order to state the main result we shall specify the class of functions to which it applies.
Naturally, we would like to be able to address at least any geometric inequality related
to the fundamental triangle inequality (see [4, p. 2] for details). The formal result is very
simple but forms the basis of the discussion in the sequel.

Lemma (The principle of the isosceles triangle — PIT) Assume that ABC is a triangle
Jor which (1.1) holds and let ¢ = g(a, b, ¢) be a differentiable functionin T = {(a, D, ¢) |
a,b,c>0,a+b+c=m}C R3 with real values. Let also T' be the subset of T formed
by all isosceles triangles. Suppose that

g >0 foralltrianglesin T' 2.1

and there is at least one isosceles triangle TOi on which g attains a global minimum in T .
Then g(a,b,c)>0inT.

Proof. Clearly T is a compact domain in R3. It follows that g is bounded and attains its
bounds on 7. From the hypotheses of the theorem we have that g(7°¢) > g(Ty) = 0 for

every triangle T¢ e T and that ends the proof. O

Definition A function g with the property that there is at least one isosceles triangle Toi
which realises a global minimum for ¢ in 7" will be said to have the property of minimum
isosceles extrema. Analogously, we define the property of maximum isosceles extrema. A
function with the property of minimum isosceles extrema and maximum isosceles extrema
will be said to have the property of the global isosceles extrema.
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Remarks

1. The following example shows that both hypotheses in the above lemma are essential.
Consider the function

fla,b,o)y=(a—x7?+®»—-y>*+(—2? (2.2)

where a,b,c > 0,a+b+c =mand x,y,z > 0, x + vy + z = 7. Clearly,
(x,v,z) is a global minimum. Take for example x = 1, vy = 2, z = & — 3. Then,
(1,2, 7 —3) = 0. Also one readily finds that f (¢, ¢, ¥ — 2¢) has its minimum at
_L(X—z 2 _ % > 0.

A simple example of a symmetric function in (a, b, ¢) can also be constructed. Take
the function

fi(a,b,¢) = (@ —x)*(a — y)Xa — 2%+ (b — x)?® — y)?(b — 2)?
Fe—x02e -2 -2 {23)

fora,b,c >0, a+b+c=mandx,y,z >0, x+y+z=mwwithx >y > z.
Clearly, f1 is symmetric in (a, b, ¢) and has global minimum at points not included
in the set of the isosceles triangles.

2. The vast majority of the inequalities in [4], which is the standard reference in the
subject of triangle inequalities, do fit however, in the framework given by the above
lemma. This will be demonstrated below. One usually checks that for a given func-
tional inequality there is some “easy” case of equality for some particular triangle
(e.g.,if Té in the above is equilateral or degenerate isosceles with two right angles or
two angles zero, etc.). The reason behind this property lies with the dependence of a
typical such inequality on the triangle’s elements. Most of the geometric inequalities
in [4] contain expressions depending on elements such as altitudes, bisectors, medi-
ans, radii, semiperimeter, etc. All these quantities depend in a regular and symmetric
way on the triangle’s angles. For any such case it is clear that, by using standard
results, we can always express these in terms involving only the trigonometric func-
tions of the triangle’s angles, which reduces the problem to the case shown above.

The above remarks point to the question of finding a practical characterisation for the
class of functions to which the principle of the isosceles triangle inequality can be applied.
Property (2.1) is easy to check in practice, as it requires only one variable calculus. The
most difficult assumption to verify in applications is the global isosceles extrema property.
This of course, requires three variable calculus. We now shall show that this problem can
also be reduced to one variable calculus.

Theorem 1 (The reduction property for the principle of the isosceles triangle). Let
g = g(a, b, ¢) be a differentiable function in Topen = {(a, b, ¢) | a,b,¢c >0, a+b+c=
7} € R? with real values. Then, g has the property of global isosceles extrema if for any
pair, e.g. (a, b), the functions h+(x) = g(a £ x, b F x, ¢) satisfy

dhs

=0 ifandonlyif a=>. 2.4)
dx

x=0

Here, we take 0 < x < min{|b — c|, @}.
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Proof. Suppose that g has the property (2.4). Any point of extremum for g will then be
located in the set of values that satisfy A/, (0) = 0. From (2.4) this gives ¢ = b so that g
has the global isosceles extrema property. O

Remark The case ¢ = 0 already reduces the problem to one variable calculus.

In the following, we shall call a function of (a, b, ¢) symmetric if for any pair, e.g. (a, D)
we have that g(a, b, c) = g(b,a,c), forala, b, c.

Corollary 1. A symmetric function of (a, b, c) has the property of global isosceles extrema
if and only if it has the property of minimum isosceles extrema. A similar result is true if
one replaces “minimum” by “maximum” in the above.

The main usefulness of the lemma and Theorem 1 is clearly in their application in find-
ing/validating the range of values of a given function depending on the elements of the
triangle. It is also clear that the result will hold even if the function may depend explicitly
on more elements than just the triangle’s angles.

Corollary 2. Let g : T — R be a differentiable function with the properties of global
isosceles extrema (i.e. for both global minimum and global maximum) as in the theorem
above. Then, the set of values of g in T is equal to the set of values of ¢ taken when
restricted to only the subset of all isosceles trianglesin T.

Proof. Let T1 C T be the set of all isosceles triangles. 77 is a bounded set and ¢ is a
continuous function so there are two real numbers m < M such that g(T1) = [m, M],
where g(7T') represents the range of g on 7. Take g = g — m, go = M — g. Then, g1, g2
satisfy the conditions of our theorem and so we deduce that

(m, M]=g(11) C g(T) C [m, M] (2.5)
which ends the proof. O

Corollary 3. The result of Corollary 2 holds true for “vector-valued” functions, i.e. func-
tions of the form g : T — RP, p > 1 being an integer, which satisfy for each component
the properties given in Corollary 2.

Proof. All we have to do is to apply Corollary 1 for each component of ¢ in turn. O

Before ending this part we shall present two other sufficient conditions that guarantee that
a function f satisfies the global isosceles extrema property. The first one is relation (1.2),
which was presented in [8]. It is clear that any such function f does satisfy the minimum
isosceles extrema property. When applied to the examples in [8] the new method presented
here (Theorem 1) is far more efficient than the method given by relation (1.2) as we shall
illustrate in the next section.

A second sufficient condition is the following:
Proposition 1. Suppose that f is a convex function such that
2f(@.,b,0) = fla,a,c)+ f,b,0) (2.6)

Jorall0 <c<b<a<manda+ b+ c = n. Then, [ has the property of minimum
isosceles extrema.
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Proof. We shall show that f verifies relation (1.2). The function f being convex it satisfies
Jensen’s inequality. Therefore, we have that

(555570 = 5@ 579 +1(5570))

< %(f(a,a, )+ fb,b,c)) < fa,b,c). 2.7

A

In (2.7) the first two inequality signs are due to Jensen’s inequality and the last one arises
by using property (2.6). We conclude that f has the property of minimum isosceles ex-
trema. O

Remark As we shall show below both the above sufficient conditions, namely (1.2) and
that from Proposition 2, are not as good as our main result Theorem 1. There are functions
depending on the triangle’s elements that satisfy neither (1.2) nor Proposition 2 but they
do obey the PIT.

3 Illustrations

3.1 The fundamental inequality of a triangle

Here we want to illustrate the importance of our result. Our main aim is to establish that
the vast majority of the theory of geometric triangle inequalities can be obtained from our
main result Theorem 1. We do this by establishing first the fundamental inequality of a
triangle [4, p. 2]. Thereafter, this will imply that the method will work for any equivalent
inequality formulated with three independent elements of a triangle. Furthermore, we show
that the principle of the isosceles triangle also holds for geometric inequalities that involve
possibly some elements outside those given from the triangle elements themselves. This
will be illustrated by the second application through establishing one well-known result of
Paul Erdos. Finally, as a direct illustration of Corollary 3, we give a somewhat unexpected
application of the main result, illustrating a direct connection between the class of general
triangles with that of the isosceles ones. All these applications are pointing towards the
universality of the principle of the isosceles triangle as being the fundamental result in
triangle geometry.

We start by showing how one can use our result to establish the fundamental inequality for
a triangle. In [4, p. 2] the following result of E. Rouché (1851) is stated:

Theorem 2 (The fundamental inequality for a triangle). A necessary and sufficient
condition for the existence of a triangle with elements r, R and p is

2R? + 10Rr — r> —2(R — 2r)¥ R2 — 2Rr < p? (3.1)
and
2R? +10Rr — r* + 2(R — 2r)¥' R2 — 2Rr > p? (3.2)

where r, R are the radii of the inscribed and circumscribed circles, respectively, and p
is the semiperimeter. Furthermore, if one of the signs in (3.1) or (3.2) is equality then the
triangle is isosceles and vice-versa.
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Proof. We start with the necessary condition. We have to show that (3.1) and (3.2) hold
in every triangle. To do this, we apply the lemma and Theorem 1. Consider the following
functions:

hi(a,b,¢) = p?—2R*>—10Rr +r*+2(R —2r)v R? —2Rr, (3.3)
ho(a,b,¢) = —p?>+2R*+10Rr —r* —2(R —2r)YR2 —2Rr.  (3.4)

By using standard trigonometric identities, one can check that iy (w — 2¢, ¢, ) = 0 for all
0 <t < % and s strictly positive for § < ¢ < 7. Similarly, we have that ho (7 —2¢, 1, 1) >
Oforall 0 <7 < % and = 0 for & < ¢ < . This establishes that the assumption (2.1) of
the lemma is satisfied for /i1 and h2. We now want to check the property of global isosceles
extrema for i1 2. We do this only for 21 here. For A it can be done in a similar way.

First, on using standard results from triangle geometry (r = 4R sin(a/2) sin(b/2) sin(c/2)
and p = R(sin(a) + sin(b) + sin(c))) we can reduce the problem to show that

hi(a, b, c) = (sin(a) + sin(b) + sin(c))2 —2 —40sin(a/2) sin(b/2) sin(c/2)

+ 16sin®(a/2) sin®(b/2) sin®(¢/2) + 2(1 —8sin(a/2) sin(h/2) sin(c/2))*/?> 0 (3.5)
foralla,b,c > 0,a+ b+ ¢ = . In order to apply Theorem 1, we take ¢ > O (the case

¢ = 0 is trivial) and introduce the function hf(x) =h@+x,b—x,c)for) <x <
min{w — a, |b — c|}. It is straightforward to check that

dnt —b
—1L =4sin (a
dx [, 2

—4sin(a/2) sin(b/2) sin2(6/2) +3 sin(c/Z)\/l —8sin(a/2) sin(b/2) sin(c/2).

)(5 sin(c/2) — cos(c/2)(sin(a) + sin(b) + sin(c))) (3.6)

The last expression is zero only if either one of the two factors in (3.6) is zero. This gives
that either ¢ = b (from sin((a — b)/2) = 0) or that the second factor is zero. Denote by
hhi(a, b, c) the factor multiplying 4 sin(%) in (3.6). We will show that A is positive
in the set of all triangles and is zero only when the triangle is isosceles. Indeed, for il
it is again straightforward to check that the hypotheses (2.1) in the lemma are satisfied.
For the second hypothesis (i.e. the minimum isosceles extremum property) we are using
Theorem 1. Therefore, let us compute

dhhy a—>

dx

— 2in ( >(sin2(c/2) +cos2(c/2) +sin®(c/2)(1+3/P)  (3.7)

x=0

where P = /1 — 8sin(a/2) sin(b/2) sin(c/2) > 0 (see [4]). It follows that the expression
in (3.7) is zero only when a = b (the parenthesis on the right-hand side member of (3.7)
is positive). This shows that Theorem 1 applies and we deduce that h# is zero only when
a = b. A further application of Theorem 1 for hf via (3.6) then establishes the result
that h;r has the property of global isosceles extrema. These considerations then establish
inequality (3.1). Similarly, one can show that (3.2) is valid.

For the sufficiency part one needs only note that relations (3.1) and (3.2) guarantee that
the cubic in z, h(z) = 7° — 2pz*> + (p?> + r? + 4Rr)z — 4pRr = 0 has three positive
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roots which satisfy the conditions for being the sides of a triangle ([4, pp. 6-7]). This
establishes the theorem. We note that the proof in [4] does not contain reference to why
there is equality in (3.1) and (3.2) when the triangle is isosceles. Based on Theorem 1 this
is now obvious. O

Remark In [4, pp. 7-18] there is a long list of equivalent formulations of the fundamental
triangle inequality in terms of other elements of the triangle. Based on our main result
Theorem 1 it is straightforward to establish that each of them holds in the same way as
above.

Application 1. By applying the same method as above the lemma and Theorem 1 imme-
diately give that in every triangle we have the following inequalities:

2R+ (33 — 4y, (3.8)
p? <4R? +4Rr +3r2 (3.9)

3\/§r§p

=
16Rr —5r% <
W.J. Blundon was the first to establish that (3.8) is the best inequality linear in » and R
[1]. The situation for the quadratic case is more subtle, and, as discussed in [4], it turns out
that (3.9) is only one representative of a family of such possible “best inequalities”. Very
recently we have extended Blundon’s optimality results for the linear and quadratic case,
to a general theorem for all degrees, which generalises many of the previous cases known
in the literature [9].

Theorem 3. In every triangle ABC we have the inequality
an _'_ﬁn + yﬂ S 21+Yan + 2n(31+n/2 _ 21+n)rn (310)

for alln > O where a, B, y represent the lengths of the sides of the triangle ABC. The
constants on the right-hand side are the best possible for each n > 0.

We now compare the PIT method with the two sufficient conditions given at the end of
Section 2. For example, let us analyse the Application 2.3 from [8].

Application 2. Given an acute triangle, let iy, hp, he denote, respectively, its altitudes,
and let p denote its semiperimeter. Show that

V3max{ha, hp, he) > p. (3.11)

This is problem 10418 [6, p. 1013] proposed by the author. As in [8], (3.11) can be trans-
formed to the equivalent form
g

f(a,b,c)=2\/§sin<%>sin<2>—cos(%) >0 for0<c<b=<acx >

2 (3.12)

We shall verify only the condition for minimum isosceles extrema given by Theo-
rem 1. Consider f_(x) = f(a — x,b + x, ¢). Then it is easy to check that [/ (x)|,—0 =
V3 sin(“—gb). Therefore, f' (0) = 0 < a = b and the property is established. In [8] (3.11)
was established by checking that condition (1.2) was satisfied by f in (3.12), which is a
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considerable more difficult task. Also Proposition 1 does not work in this case. Indeed, a
simple calculation gives that

2f(a,b,c)— fla,a,c)— f(b,b,c) = —2\/§(sin(a/2) — sin(b/2))2 < 0.

The following example shows that PIT holds even if (1.2) is violated. For example, con-
sider the function

3 b—c . q/a
fla,b,c)= E(cos(b) + cos(c)) — cos < 7 ) — sin <5> (3.13)

forO<c<b<a<m,a>mn/2,anda+ b+ c = m. It can be easily checked that
fla,b,c)— fla, 2, 2oy = 3sin(%) — Dcos(55%) — 1) < 0. Therefore, (1.2) is
not satisfied. However, a simple calculation shows that for f_(a, b, —x, ¢ + x) we have
710 = sin(b—gc)(3 sin(5) — 1), which is zero only for b = c. Furthermore, f is positive
when restricted to only the class of isosceles triangles such that b < /3.

We note that the vast majority of the geometric inequalities involving just some or all
the important elements of a triangle can be deduced, verified and indeed established as a
straightforward application of the lemma and Theorem 1. In this respect, the principle of
the isosceles triangle plays a universal character.

3.2 The Erdos-Mordell-Barrow inequality

We now show how one can extend the principle of the isosceles triangle so as to deal
with inequalities, which may involve explicitly external elements to the triangle itself.
For example, one may want to establish bounds between the distances from an arbitrary
point in the triangle to its vertices or its sides and possibly compare these to other known
elements of the triangle (sides, altitudes, etc.). To illustrate the ideas, we shall present as
a typical application the following well-known result due to Erdos [2] and later proved by
Mordell and Barrow [5], see also [3] for a recent proof.

Theorem 4 (Erdos-Mordell-Barrow). Let ABC be a triangle and P a point inside it.
Denote by dg, dp, d. the distances from P to the triangle’s sides. Then

PA+PB+PC=2ds+dp+de). (3.14)

Proof. We start by following the standard method and note that the following inequality
holdstrue AB-PA > CA-dp+ BA-d. (and the other two obtained by circular symmetry)
for any point P inside ABC [4]. By taking the symmetrical point P’ to P with respect to
the bisector of the angle BAC one alsohas AB-P'A > CA-d.+ B A-dp valid [3]. Now, we
depart from the proof in [3] and simply apply the crucial property related to the principle
of the isosceles triangle. It is easy to observe that the “best” inequalities as above will be
obtained when AP = AP’ but this will correspond to the triangle AB C being isosceles. In
other words, the function that maps a point P to the difference AB-PA—(CA-d.+BA-dp)
has the minimum isosceles property (here due to symmetry considerations with respect to
the angle bisector). Similar reasoning related to the other sides shows that the best (i.e.
closest) inequality will be obtained for the case when the triangle will be isosceles two by
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two sides thus being equilateral. However, it is straightforward to see that (3.14) holds true
(and in fact it is an equality) in such a case, which ends the proof of the result. |

Remarks Although the above proof is not simpler than the standard proof by Barrow it
does underscore the essential property of the Erdos-Mordell inequality that its strongest
case is given by the case of an isosceles triangle. The above ideas can be easily applied to
establish similar results, for example, to obtain the various generalisations and extensions
of the Erdos-Mordell theorem. Many examples and extensive discussions are given in [4,
Chap XI, pp. 313-319]. In fact, we published recently the following new result related to
the Erdos-Mordell theorem [7].

Application. With the above notations the following inequalities hold in every triangle

kPA + kPB4 kPC 43 > 2(k% + k% + k%), (3.15)
kPA+PB+kPB+PC+kPC+PA+6 > kZda +k2db —I—kZdC —|—2(kd“ —|—kdb _|_de) (3.16)

for any k > 1. See [7] for details.

3.3 A connection between non-isosceles and isosceles triangles

We end this section by giving a rather unusual and a priori unexpected application of the
principle of the isosceles triangle. This application is an illustration of Corollary 3 above.

Proposition 2. For any non-isosceles triangle there is at least one isosceles triangle hav-
ing the same perimeter and area as well as equal inscribed and circumscribed radii.

Proof. Let A = XYZ (with X > Y > Z) be a non-isosceles triangle of semiperimeter
D, area § and having the radius of the circumscribed circle equal to R. Let also r be the
radius of its inscribed circle. It is straightforward to verify that the function g : A — R3,
gla,b,c) = (p, S, R) satisfies the requirements in Corollary 3. Define by A(¢) the set
of all isosceles triangles with the angles of the form X () = Y () =, Z() = 7 — 2t,
% =t = %. Now, consider the function

h: AW =R, nt)y=(p—p@),S—St), R —R(®)), (3.17)

where p(f), S(¢) and R(¢) are the perimeter, area and the circumscribed radius of A(¢),
respectively. Again, it is straightforward to check that £ satisfies the hypotheses of Corol-
lary 3. Therefore, we deduce that there is some fo with % > fo > % such that 2 (fo) = 0. If
we note that for every triangle one has S = pr this ends the proof. O

4 Conclusions

There are many methods of proving geometry by calculus and in some cases they do not
always give a real insight into the geometrical aspects of the result. However, although it is
not a statement of a theorem, we argue that the principle of the isosceles triangle (PIT) is a
fundamental result on which an extensive part in the field of geometric triangle inequalities
can be understood and learned. We hope that we have made this sufficiently clear through
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the presentation of the various applications (and their many corollaries and extensions)
in the previous section. For example, most of the material in the book [4], which is the
standard reference in the field, can be easily established in this way.

In an abstract way, the essence of our main result can be summarised as follows. For a
given function g on 7 (as in the PIT lemma) the solutions of the equation ¢ = 0 in T
giving the global minimum under a certain group action or set of symmetries (the set of
the isosceles triangles, for example) remain invariant when the action is extended to a
bigger class (here the set of all triangles).

We hope that the principle of the isosceles triangle presented here will help enrich the field
of geometric inequalities by opening up a systematic method for establishing old and new
inequalities.
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