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Affine regular polygons

Séndor Szab0
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member to the University of Pécs, Hungary. His main mathematical interests lie in
algebra and its applications to geometry and combinatorics.

1 Introduction

Let n, k be integers such thatn > 3,1 <k < n — 1, k is relatively prime to n. Let R be a
counter-clockwise rotation about the point O by k(360°/n). The images of the point P

Qo= R%P), Q1 =R'(P),..., Qu_1 = R"H(P)

are on one circle and divide the circle into n equal arcs. The directed straight line segments

0001, 0102,..., On—20n-1, On-100

are the sides of a regular (n, k)-gon (see Fig. 1). The regular (n, 1)-gon is an ordinary
regular n-gon with directed sides. The regular (n, n — 1)-gon is the same ordinary regular
n-gon, only the orientation of the sides are the opposite.

For2 < k < n — 2 aregular (n,k)-gon is a star polygon. An affine regular (n, k)-gon
is an affine image of a regular (n, k)-gon (see Fig. 2). We will show that three results on
triangles extend to affine regular polygons.
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Fig. 2

2 The propeller theorem

L. Bankoff, P. Erdos, and M. Klamkin [1] proved the following result what they called
the propeller theorem. Rotate a triangle about an arbitrarily chosen point by 60°. Let
Bo, B1, By be the vertices of the original triangle, let Cp, C1, C2 be the vertices of the
rotated triangle and let f be the cyclic permutation

01 2
2 0 1
of the indices 0, 1, 2. Then the midpoints Do, D1, D; of the sections

BoCr), BiCr1y, B2Cyo)

are the vertices of a regular triangle. The propeller theorem is a special case of the follow-
ing theorem.
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Theorem 1. Rotate an affine regular (n, k)-gon about a point by k(n — 2)(180°/n).
Let By, Bi, ..., Bu—1 be the vertices of the original affine regular (n,k)-gon, let

Co, C1,...,Cy—1 be the vertices of the rotated (n, k)-gon and let f be the cyclic per-
mutation
0 1 2 ... n—2 n-—1
n—-1 0 1 ... n—3 n-2

of the indices 0, 1, ...,n — 1. Then the midpoints Do, D1, ..., Dy—1 of the sections
BoCyry, BiCrys -+ Bn—1Crin-1)
are the vertices of a regular (n, k)-gon.

As a triangle is always an affine regular 3-gon Theorem 1 implies the propeller theorem.
An affine regular 4-gon is a parallelogram so Theorem 1 is about rotating a parallelogram
by 90°.

Proof. Let R be a rotation about the origin of the coordinate system by k(180°/n) and let
u be a vector. Clearly R, R%u, ..., R*"=Dy are the vertices

Ag, Aty .., Apy
of a regular (n, k)-gon. If S is an affine transformation, then
SR u+b, SR>u+b,...,SR** Dy 1+ p
are the vertices By, By, ..., By,—1 of an affine regular (n, k)-gon. Furthermore,

R*2SR% + R*?p,
R*72SR%*u + R* 2,

R"ZSR¥" Dy 4+ R"p

are the vertices Co, Cq, ..., C,—1 of the rotated copy of the (n, k)-gon BoBj ... B,—1. The
midpoints Dy, D1, ..., Dy—1 of the sections

BoCyr0y, BiCr1ys---» Bam1Crm-1

can be expressed in the following way:
1
E[SROu + b+ R"2SRY"=Vy 4 R"2p),
1
SISR?u+b+ R"SROu + R" 2],

1
E[SR“u +b+ R"2SR%u + R"?p],



140 S. Szabd

1

E[SRZ(n—Z)u + b + Rn—2SR2(n—3)u _|_ Rn—zb]’

1

E[SRZ(n—l)u + b + Rﬂ—ZSRZ(ﬂ—Z)u + Rﬂ—zb].
We want to show that

R*(DyD}) = D1D
0D1) = D1Ds,

R*>(D1D3) = DaD
(D1D3) = D2Ds,

R*(Da_1Dy) = DoD.
It is enough to verify that
R*SR® + R?R"2SR*"~V = SR? + R"SR",
R*SR* + R’°R"2SR° = SR* + R"2SR?,
R’*SR* 4+ R>R"2SR* = SR® + R"2SR*,

R2 SR2(I’l—2) + Ran—Z SR2<n_3> — SR2<ﬂ_1) + Rn—2SR2<n_2>,
R2SR2(YL—1) + R2Rn—2SR2(ﬂ—2> - SRO + Rn_28R2<ﬂ_l).
Any of these equations is equivalent to
R%S + SR"™? = SR? 4+ R"25. (1)

We prove this for the first and the last equations separately and for the remaining ones
together. In the case of the first equation we get (1) in the following steps

RQS + R2Rn—2SR2(n—1) = SR2 + Rn_ZS,
R2S + RnSRn+n—2 — SR2 + Rn—ZS’
using that R” = —1. For the last equation
RZSRZ(}’l—l) + RzRﬂ—ZSRZ(ﬂ—Z) — SRO + Rn—ZSRZ(n—l)’
—R2SR" 2 4+ SR"* = § — R"72SR" 2.
After multiplying by R? from the right we get (1). For the remaining equations
RZSRZ 4 RZR"2gR2G-1) _ gR2G+1) + Rn_ZSRZi,

wherel <i <n -2,

Multiplying by R”~% from the right we get (1).
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So it remains to verify that (1) holds. For 0 < ¢ < 1 the affine transformation 7" with the

matrix
1 0
[0 J (2)

shrinks the plane in the direction of the second coordinate axis. The image of a circle is
an ellipse. We can get every possible shape of ellipses with a suitable choice of ¢. Con-
sider now a regular n-gon together with the circle passing through the vertices. Applying
first a rotation W to the regular n-gon then 7" we can get every possible shape of affine
regular n-gons with a suitable choice of W and T'. In short, we may represent the affine
transformation § in the form 7W. Using the fact that W and R commute the equation

R*TW + TWR" 2 = TWR? + R"2TW

is equivalent to
R’T + TR 2 =TR?+ R"°T. (3)

The matrices of RZ, R"~2 are

[cos a —sin a} [cos B —sin ﬁ}

Ssine  cosa sing  cospf

respectively, where « = 2k(180°/n), B = (n — 2)k(180°/n). Using these matrices and
sin« = sin B it is a routine computation to verify that (3) holds. [

3 The Napoleon theorem

Consider a triangle with vertices Bo, B, B>. Construct the triangles BoB1B),, B1B2B],
BzBoBé such that they are regular and all are outside of the BoBjiB; triangle. Then
the centroids Cop, Cy, C of the constructed triangles are vertices of a regular triangle. This
result is known as Napoleon’s theorem. Napoleon’s theorem is a special case of the next
theorem.

Theorem 2. Consider an affine regular n-gon Il with vertices Bo, By, ..., By—1. Erect
regular n-gons on each side of 11 such that all these are outside of T1. Then the centroids
Co, C1, ..., Cy—1 Of these regular n-gons are the vertices of a regular n-gon.

A triangle is always an affine regular triangle, so Theorem 2 is a generalization of Napo-
leon’s theorem. An affine regular 4-gon is a parallelogram and a regular 4-gon is a square.
So Theorem 2 is about erecting squares on the sides of a parallelogram.

Proof. If R is a rotation about the origin O by 90°/#, § is an affine map and « is a vector,
then
SR%u, SR*u, SR¥u, ..., SR*"=2y, SR~y

are the vertices By, By, ..., By—1 of an affine regular n-gon II.

Rotating By B; about By by

(o]

)= n ()

180° 90°

n

360° — (90" - ) — [4n — (n— 2)](
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and multiplying it by
1
)\, = —/— —
2sin[2(90°/n)]

we get the centroid of the regular n-gon erected on the side By B (see Fig. 3).

Fig. 3

Therefore the centroids Cop, Cq, ..., C,—1 of the erected regular n-gons are

SR + AR 2[SR* — SRJu,
SR* + AR [SRS — SR*u,
SRS + AR SRZ — SR3u,

SR4(n—1)u 4 )»RSYH_Z[SRO _ SR4(n_1)]Lt.

After setting V = S + AR T2S[R* — I we get that Co, Cy, ..., Cy_1 are
VR, VR*u, ..., VR*" Dy,
We want to show that

4 — —
R*(OBy) = 0Cq,
P — —
R*(OB)) = 0Cy,

R*OBy—2) = 0Cy_1,

R*(OB,_) =
h—1) = 0Co.
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It is enough to check that

R*VR® = VR*,
R*VR*= VRS,

R4 VR4(n—2) — VR4(n—1)’

RYVRY=D — y RO,
Any of these equations is equivalent to R*V = V R*. As in the proof of Theorem 1 we may
represent the affine transformation S in the form 7W, where 7 is an affine transformation
with a matrix (2) and W is a rotation. In the equation R*V = V R* the transformation V

can be reduced to
V= P AR¥Rre® )

as W commutes with rotations. Let the matrices of V, R¥12, R* be
a b cosf —sinf cosy —siny
c d|’ sing  cosp |’ siny cosy |’

respectively. Here

y =4(92°), B =0n +2>(9O°),

n
y =2« B=3-90°+c.

A routine computation shows that R*V = VR* is equivalenttoa = d and b = —c;
furthermore

a=hicosfB(cosy —1) — rrsinBsiny + 1,
b= —AicosBsiny — Atsin B(cosy — 1),

¢ =XsinB(cosy — 1)+ At cos Bsiny,

d= —Aisinfsiny + ArcosB(cosy — 1)+ 1.

The expressions for a, b, ¢, d are linear polynomials in £. Equating the like terms we have

AcospB(cosy — 1)+ 1= —AsinBsiny, (C))]
—AtsinBsiny = Atcosf(cosy — 1)+ ¢, 5

Asin B(cosy — 1) = Acos Bsiny, (6)
Atcos Bsiny = At sin B(cosy — 1). @)

Clearly, it is enough to verify (4) and (6). Using
sinf = —cosa, cosP =sina, A=1/2sina),

we can verify readily that (4) and (6) hold. O
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4 A transversal theorem

Erect regular triangles BoB1 B, B1 B2 B/, B2BoB/, on the sides of a given By By B, triangle
such that the new triangles are all outside of the old one. Then the straight line segments
B(’)Bz, BiBo, BéBl have the same lengths. The next theorem is a generalization of this
result.

Theorem 3. Consider an affine regular n-gon I1 with vertices By, By, ..., By—1. Erect
regular n-gons o, Tl on the sides BoB1, B1By of Il such that both Il and 11 are
outside of I1. If n is odd, then the distances of the vertices of I, Il and I1y, I1 opposite
to the sides BoB1 and B1By are equal. If n is even, then the distances of the midpoints of
the edges of o, Il and Iy, I1 opposite to the sides BoB1 and By By are equal.

Proof. Let R be a rotation about the origin O by 90°/n, S an affine map, # a vector.
Then SRu, SR*u, ..., SR**=Vy are the vertices Bo, By, . .., By_1 of an affine regular
n-gon IT.

—
Let us first deal with the n = 2k + 1 case. Rotating BoB1 about By by

(o]

) < ()

1
A= —
28in(90°/n)
we get the vertex Dy of I1p opposite to the BoBj side (see Fig. 4).

360° — <9o° -

and multiplying it by

D,

Q0%

180°/n,

Fig. 4

e
Similarly rotating By By about By by (3n + 1)(90°/n) and multiplying it by A we get the
vertex Dp of I1; opposite to the BBy side. As n = 2k + 1, the vertices Bg+1, Br+p are
the vertices of IT opposite to the sides BoB1, By By, respectively. The vertices Do, D1 are

SRO%U + A R3"USR*u — SR,
SR + 2RISRy — SR*u].
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We want to show that R*(Biy1 Do) = BryoD1. Set
V=S+ )\.R3n+1S[R4 _ I] _ SR4(k+l)
— S[[ _ R4(k+1)] +)\,R3n+1S[R4 _ I]

It is enough to verify that R*V = VR*. The affine map S can be written in the form
S = TW, where W is a rotation and 7T is an affine map with a matrix (2). As rotations
commute, V can be reduced to

V =T[I — R* D] L ARMHITIRY — 1.

Let the matrices of R*®*D_ g3+l R v pe

cosé —siné cosB —sing
sind cosd |’ sing  cosp |’
cosy —siny a b
siny cosy |’ c d|’
respectively. Here
90° 90°
8:4(k+1)( - ): 180°+2< - ): 180° + 2a,
90° 90°
p=0n+1)( - >:3~90°+<7):270°+a,

o

y :4(92 ):401.

We can see that R*V = VR*is equivalent to a = d and b = —c; furthermore

a=XicosfB(cosy —1) —rtsinBsiny +1 —cos?é,
b= —AcosBsiny — Afsin B(cosy — 1) + sin§,
c=AxsinB(cosy — 1)+ ArcosBsiny —¢siné,

d= —AisinBsiny + At cos B(cosy — 1)+t —tcosé.

The expressions for a, b, ¢, d are linear polynomials in . Equating the like terms we have

AcosB(cosy + 1) —cosd + 1 = —Asin Bsiny, ©))]
—Atsin Bsiny = ArcosB(cosy — 1)+t —1cosé, 9

AsinB(cosy — 1) = AcosBsiny —siné, (10)

AtcosBsiny —tsind = Afsin f(cosy — 1). (1D

Clearly it is enough to verify (8) and (10). Note that

sin 8 = —cos«, cos B =sinc,
sin § = —sin2«, cosd = —cos2«a,
A=1/2sina).
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Substituting these into (8) and (10) we can verify that (8) and (10) hold.

. e
Let us turn to the n = 2k case. Rotating BoBj about By by

360° — 90° = (3n)(920),

multiplying it by
B cos(2(90°/n))
~ sin(2(90°/n))

and adding (1/2)BoB1 = up we get Dy, the midpoint of the side of [1g opposite to BoB1
(see Fig. 5).

180%/n

B, B,
Fig. 5
—
Similarly, rotating B1B, about By by (372)(90°/n), multiplying it by A and adding

(1/2)B1B2 = u1 we get D1, the midpoint of the side of IT; opposite to By B. The vertices
Do, Dy are

SR + AR [SR*u — SR°ul + uo,
SR*u + AR*™[SR%u — SR*ul + u;.
The midpoints Ep, E1 of the sides of Il opposite to BoB1 and BB are Byt + uo and
. 4 —_—
Br+o + u1, respectively. We want to show that R*(EoDo) = E1D;. Set
V=S -+ ARFUSIRY — 11— SRV
= S[I — R*** D] 4 AR S[R* — 1.
We have to verify that R*V = V R*. We can represent S in the form S = TW, where W

is a rotation and T has matrix (2). Now V reduces to T[I — R** D] 4+ AR T[R* — I].
The equations we have to verify are the same as earlier. Note that

8 =4(k+ 1)(90°/n) = 180° +4(90°/n) = 180° + 2«,
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where
o =2(90°/n), B = (3n)(90°/n) = 270°,
cos2((90°/n
y = 4000°/n) = 2, K= — (©00°/m) _ o8
sin2((90°/n))  sina
Using
sind = —sin(2a), cosd = —cos(2a)
we can verify the desired equations. O
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