Zeitschrift: Elemente der Mathematik
Herausgeber: Schweizerische Mathematische Gesellschaft

Band: 59 (2004)

Artikel: More on a topological mean value theroem
Autor: Almira, J.M. / Toro, N. Del / Jiménez, M.
DOl: https://doi.org/10.5169/seals-9306

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 28.02.2026

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-9306
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

Elem. Math. 59 (2004) 19 — 22 (© Birkhiuser Verlag, Basel, 2004
0013-6018/04/010019-4

DOI 10.1007/s00017-001-0192-1 [ Elemente der Mathematik

More on a topological mean value theorem

J.M. Almira, N. Del Toro, M. Jiménez

J.M. Almira obtained his Ph.D. at La Laguna University in 1999. Presently, he is
associate professor at the Department of Mathematics of Jaén University and co-
editor of La Gaceta de la R.S.M.E. His main interests are: approximation theory,
differential equations, new proofs, and the history of mathematics.

M. Jiménez graduated at Granada University in 1989. He also obtained a degree
in management sciences at U.N.E.D. University in 2001. Presently, he works with
JM. Almira in his Ph.D. thesis. He is interested in mathematical modelling and
optimization techniques.

N. Del Toro graduated at La Laguna University in 1999. Presently, she has a research
grant from Junta de Andalucia to complete her Ph.D. thesis on approximation theory.

In her paper [3] 1. Rosenholtz has proved, as a consequence of the Jordan curve theorem,
the following interesting mean value theorem for the plane.

Theorem 1 (Rosenholtz) Let us assume that o : [a,b] — R? is a differentiable non-stop
arc in the plane (i.e., « is assumed to be injective and to have non zero derivative o’ (t)
Jor all t € (a,b)). Then there exists a positive number M and a ty € (a,b) such that
a'(to) = M(a(b) — a(a)).

This theorem contains as a particular case the classical mean value theorem, which is
usually stated for curves of the form «(t) = (¢, f(f)) and claims that if f i3 continuous
on [a,b] and differentiable on (a,b), there exists a point to € (a,b) such that the tangent

Kurve o [a.0]
Lund ein fy & (4,
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line to the curve a(t) = (t, f(t)) at a(to) is parallel to the vector joining the end points
of the curve, (a, f(a)) and (b, f()).

In her paper, Rosenholtz named Theorem 1 “Topological Mean Value Theorem™ because
its proof is strongly based on the Jordan curve theorem for the plane, and also because
the result has some interesting topological consequences. For example, she proves that if
@ : [a,b] — R? is a differentiable non-stop arc in the plane then the derivative directions:
{(B)/)|&/ ()] : t € [a,b]} form a connected subset of the unit circle (note that we are
not assuming that « is of class C') [3, Corol. 2]. In this note we respect this terminology.

On the other hand, it is very easy to prove a mean value type theorem which also holds
for non Jordan curves. To be more precise, the following result holds:

Theorem 2 (Weak topological mean value theorem) Ler us assume that o : [a,b] — R?
is a differentiable non-stop curve. Then there exists a number M # 0 and a to € (a,b)
such that o/ (ty) = M(a(b) — o(a)).

Proof. There is no loss of generality if we assume that [a,b] = [0,T], «(0) = (0,0)
and o(T) = (0,A). Then for each t € [0,T] the square of the distance from «(t) to
the y-axis A = {(0,y) : y € R} is given by d(a(t),A)? = a3(t) and, since [0,T] is
compact, attains its maximum at some point o € [0, T|. It follows that o] (to) = 0 and
hence, since o’ vanishes nowhere, the theorem follows. d

Remark. If a(t) is of class at least C', then there is another nice proof of Theorem 2.
Indeed, we may proceed as follows: We assume that [2,b] = [0,T], «(0) = (0,0),
a(T) = (0,A) and that & = «(s) is parametrized by the arc-length parameter. It follows
that /(s) = (cos 6(s), sin f(s)) for a certain continuous function 8 : [0,T] — R, and

a(s) = (/s cos6(r) dr, /s sin0(r) dr) for all s
0 0

(here we have used that o(0) = (0,0)). Now, «(T) = (0, A) implies

T
/ cosO(r)dr = 0.
0

Hence, there exists some s, € (0,T) such that cos #(sy) = 0. This ends the proof.

We say that Theorem 2 is weaker than the topological mean value theorem since if we
restrict ourselves to consider Jordan arcs, it says nothing about the sign of M.

As we have already said, in her proof of Theorem 1, Rosenholtz used the Jordan curve
theorem. However it is interesting to notice that on the sphere, where the Jordan curve
theorem holds, the analogous of Theorem 1 is false.

In this note we will prove that Theorem 1 is only possible for plane curves. In fact, we
will prove that Theorem 2 characterizes the planes of R? in a certain sense. To do this
we first introduce the following concept:
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Definition 3 Let S C R® be a smooth surface of class at least C'. We say that S
satisfies the weak topological mean value theorem if for each differentiable non-stop
curve : [a,b] — S, there exists a number M # 0 and a t, € (a,b) such that o/ (tg) =
M(a(b) — afa)).

The main result in this note is the following:

Theorem 4 Let us assume that S C R? is a smooth surface of class at least C* which
satisfies the weak topological mean value theorem. Then S is an open subset of a plane.

Proof. Suppose that S is not an open subset of a plane. There is no loss of generality in
assuming that S has a chart x : Ds := {(1,0) € R? : t?> + v? < §} — S of the form

x(u,v) = (u,v, f(u,0))

for a certain function f € C'(Ds), such that £(0,0) = £,(0,0) = £,(0,0) = 0, and
fla,b) = fo # 0 for a certain (a,b) € Ds. If the curve a(t) = x(u(t), ( )) satisfies
a(0) = (0,0,0), o(T) = (a,b, fo) and o/(to) is parallel to (a, f then the curve
B(t) = (u(t),v(t)) satisfies 8(0) = (0,0), 3(T) = (a,b) and 5'(to) is parallel to
(a,b). Furthermore, if 5'(ty) = A(a,b) for a certain constant A # 0, then the identity
a'(to) = A(a, b, fo) also holds. This obviously implies that

fu(B(to))a+ fo(B(t0))b = fo.

Now, the function h(u,v) = f,(11,v)a+ f,(1,v)b is continuous on Ds and vanishes at
(u,v) = (0,0), so that there exists a point po = (uo,v0) € Ds \ {(0,0)} such that
h(po) # fo. In fact, we can assume that

Po—=¢1 (El, b) + 52(b7 _a)

for certain constants 1,5 € (0,1). We set 8(t) = t(a,b) + p(t)(b, —a), where p :
[0,1] — [0,1] is a smooth function such that p(0) = p(1) =0, p(e1) =2 and t = 21 is
the unique critical point of p. Then

B(t) = (a,b) + p'(£)(,—a)
is parallel to (a,b) only for t = ¢;. We define a(t) = x(3(t)).
It is clear that « is differentiable of class at least C' and o/ (t) # (0,0, 0) for all ¢. If o/ (t;)

is parallel to (a,b, fo), then §'(to) is parallel to (a,b) and £,.(3(t0))a + fo(8(t0))b = fo.
But 5'(to) = A(a, b) implies to = ;. Hence S(ty) = po and

fu(B(to))a+ fo(B(t0))b = h(po) # fo,
a contradiction, O

Final Remark. The previous results do not need, in any way, more regularity than C!.
In particular, no notion of curvature is necessary for the surface under consideration.
In so far, Theorem 4 can also be regarded as a regularity result, since the conclusion
is, in particular, that the validity of the weak topological mean value theorem implies
smoothness of the surface.
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