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1 Introduction
The Fundamental Theorem of Algebra claims that every polynomial p(z) € Clz] can be
decomposed as a product of linear factors, p(z) = ¢ [[_,(z — o). Now, if we assume
that p(z) is a monic polynomial, then ¢ =1 and

n—2

p(z) =z — Ell(a1, o 56 g Oén)Znil + le(al, o s Cvn)Z
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where

ag(ay, ..., o) = Z oy Oy .

1<ij<ip< - <ix<n

are the elementary symmetric functions. Hence the next result holds:
Theorem 1 The following claims are equivalent:

(A) The Fundamental Theorem of Algebra
(B) The map o™ . C* — C" given by

oy, .., 0n) = (@(a, .. o), @m0, . o), 8 (0, . 0y))
is onto for all n € N.

Proof. Let a = (a1, ...,a,) € C" be arbitrarily chosen and set
n
Pa(z) =2"+ Z(—l)kakz”’k.
k=1

It follows from the Fundamental Theorem of Algebra that pa(z) = []i,(z — aio) for a

certain choice of complex numbers {a;jo}" ; C C. Hence a = o" (o, . . ., ayo) and (A)
implies (B). On the other hand, let p(z) = z"+ 31 _, (—1)*a;z"* be arbitrarily chosen.
Then there exists a certain point & = (ap, . . ., awo) € C* such that (a1, . .. ,a,) = 0" ().
This implies the identity p(z) = []_, (z — i), which proves (A). |

The main goal of this note is to give an elementary proof of (B) of the theorem above.

For the proof we will need to use Brouwer’s Theorem of Invariance of Domain (see [2,
Theorem 36.5, p. 207]) and a certain separation property of R” :

Theorem 2 (Brouwer) Let us assume that f : & C R" — R" is a continuous injective
map, and S is an open subset of R". Then f(2) is an open subset of R™.

Theorem 3 Let M C R" be an embedded submanifold of R" of dimension < n — 2,
and let A be a subset of M. Then A C R" does not separate R" (we say that the set
A C R” separates R™ if R* \ A is not arcwise connected).

Proof. Recall that the k-manifold M C R" is embedded in R" if and only if for each
x € M there exists a bounded neighborhood Uy of x in R" and a homeomorphism
@x : Cp — Uy such that ¢ (0,) = x and M N Uy = ¢5(CE), where C, = [—1,1]", 0,
denotes the origin of coordinates of R" and CF = [—1,1]F x {0, _¢}. If k < n —2 then
G\ Cf; is arcwise connected, so that

‘px(cn \ Crlj) - Ux \ (M N ux)

is arcwise connected. It follows from the fact that R™ has a numerable dense subset that
there exists a sequence {x,}°; C M such that

(Us, \ M N Uy, ) N (U, \ (M N U,,,)) # 0



34 Elem. Math. 57 (2002)

for all n, and M C |J2, Ux,. Hence
TM) = (U, \ M L,))
n=1
is arcwise connected.
We may assume without loss of generality that A = M, since if M does not separate R”
then A cannot separate R". Let a, b € R"\ M be arbitrarily chosen and let c : [0, 1] — R”
be a path with end points {a,b}. If «([0,1]) "M # @ then we will find another path
B :10,1] — R" with 3([0,1]) "M = 0. With this idea in mind, let us consider the
intersection
a([0,1)NT(M).
It follows from compactness of ([0, 1]) that there exists to,t; € (0,1), to < £; such
that o(t) ¢ T(M) for all + € [0,1]\ [to, 1] and a(t;) € T(M) for i = 0, 1. On the other
hand, there exists a path 7 : [to,t1] — T(M) such that n(t;) = «(t;), i = 0,1 (since
T(M) is arcwise connected). It follows that

Bt) = {W(t) if t € [to, 11],

a(t) otherwise
is a path 3: [0, 1] — R" with 3(|0,1]) "M = @ and end points {a, b}. |

We believe that there are several advantages of our focus with respect to other proofs of
the Fundamental Theorem of Algebra based in algebraic topology: Firstly, the starting
point is very clear and no trick is used (you know what you must do from the very
beginning) and, as a consequence, the proof is very intuitive. On the other hand, this
proof needs the same background than others which are based on the knowledge of the
homology of spheres. There are also analytical proofs of the Fundamental Theorem of
Algebra (e.g., the one based on Rouché’s theorem) which only require some topological
background.

2 Proof of the main result
In order to prove that ¢" is onto, we need firstly to state several technical results:

Lemma 4 Let us assume that o"(A) is a bounded subset of C". Then A is a bounded
subset of C".

Proof. Let us assume that sup,c4 [|o"(a)]|
a € A be arbitrarily chosen. Then

oo = SUP 4 MaAXi<y |ak(a)| < C, and let

n n
of Y (=Da(a)oy | =0 forall k<n. Hence |ax|” <> |ai(a)|lo]"".
i=1 =1
If |k | <1 we do nothing. Otherwise
n n
< ; 1~1 ()] < nC. < :
lok| < ; i) ok | < z:; ar(e)] < nC. Hence  sup mx |ax| < max{nC, 1}

This ends the proof, O
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Corollary 5 The map o" is closed (i.e, it sends closed sets to closed sets).

Proof. Let us assume that y belongs to the closure of o™(M) and M is a closed subset
of C". Then there exists a sequence of points {x,} C M such that o"(x,) — y. Hence
o"({xn}52,) is a bounded subset of C" and it follows from Theorem 2 that {x,} C C"
is bounded. Hence there exists a convergent subsequence {x,, } — x € M (since M is
closed) and

o"(x) = lim o"(x,,) = lim o"(x,) =y.

00 n—00

This proves that y € o™ (M). |

Lemma 6 Let us assume that o; # o; for all i # j. Then there exists an open set

U= U c C" such that U\nu is one-to-one and (o, ..., o) € U

Proof. Tt is easy to prove that under these hypotheses, there exists a neighborhood of
a = (aq,...,ay,) such that

(,317.4.7671) el= (,39(1)7...769(,1)) §7_£ U forall 0 e, \ {ld}

Now, assume that o"(51,...,05:) = o"(Bf,....5;) and (B,...,0B.) # (BT, ..., 5%
belong both to U. Then p(z) = [ (z — B) = [li;(z — B) is a polynomial of
degree n which vanishes on the set {37, U {5/ }",. This implies that (5},...,8}) =
(Ba)s - - -» Bomy) for a certain € € Xy, \ {id}, because of the divisibility properties of
polynomials (which are proved as a consequence of the division algorithm of Euclid), a
contradiction. O

Corollary 7 Let us assume that o; # «j for all i # j and i,j € {1,...,n}. Then there
exists an open set U = U C C" such that (e, ...,an) € U, o™ (U) is an open subset
of C*, and a‘”u U — o™(U) is a homeomorphism.

Proof. If we take U as in the lemma above, then U\nu : U — o"(U) is continuous, closed
and bijective. This obviously implies that it is also open, hence it is a homeomorphism.
Furthermore, the Theorem of Invariance of Domain claims that o™ (U) is an open subset
of C". O

Lemma 8 Let H;j = {(z1,22,...,2:) € C": zt — zj = 0}. Then

I':= Un(HiJ‘) =o" (UHt,s>

t<s

Jorall1<i<j<n

Proof. Let 1 <t <s <nand o € H;s be arbitrarily chosen. Let § € ¥, be such that
0(t) =1 and 0(s) = j. Then

o"(a) =o"(a,...,an) =" (), - - -, Qgmy) € 0" (Hij).

This means that 0" (Hys) C o”(H;;) for all + < s. Hence 0" (J,_ His) C o"(Hyj),
and the proof follows. O
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Lemma 9 C"\ Ut s Hys and C" \ T are both open connected sets. Furthermore,

o" ((C” \ UHt7s> CC"\T. (1)

Proof. 1t is clear that both sets are open, since Ut <« Hig 18 closed, T' = 0" (Ut 2 Ht,s)
and o" is a closed map. If we write the equations which define H; ; as a linear subspace
of R* = C" (where we identify z; = x; + ii; with the pair (x,14)), we have that
H; ;s = ker L ), where

L(t,s)(x17y17x27y27 ig '7xrl7yn) - (xt - xS7yt - ys)

Hence dimH;; = 2n — 2 for all t <'s, and this implies that Ut <5 Hrs does not separate
R?". Hence C" \ |J,., H;; is a connected set.

On the other hand, it follows from the identities I' = o™ (H; ») and

(z+a) (@2 02"+ 4 bya)
=2z" 4 (by +2a)z" ! + (by + 2ab; + ?)z" >
n—2
+ Z(bk + 2abg_1 + a?br_2)z" % + 2abu_sz + oby_s,
k=3

that T' is a subset of M = {A(a) -b:a € C, b= (by,...,b, ») € C" 2}, where

-1 0 0 0

2c 1 : :

—a? 20 -1
0 2 2a

Ala) = 0 0 —a? ... (_1)n73 0 = Mnx(n—z)((c)

0 0 0 2A-1"2a (—1)2
; 3 : (1) 1?2 2(-1)*"la
0 0 0 e 0 (-1)ra?

for all o € C. Now, rank(A(a)) = n —2 (as a complex matrix) for all & € C. Hence M
is a ruled submanifold of C" = R?" of complex dimension equal to 1 — 1, so that it has
real dimension 27 — 2. Hence R?" \ A is arcwise connected for all A C M. This means
that C" \ I is arcwise connected.

Now, we prove the inclusion formula (1). Let us assume that o™ («) € I'. Then there exists
a certain 3 € Hy such that o"(«) = o"(3). But this implies that o = (Byq1y, - - -, Bony)
for a certain 6 € ¥, (as in the proof of Lemma 4). Hence o € |J,_, Hy ;. This ends the
proof. O

Now we are able to prove the main result of this paper:
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Theorem 10 The map o™ : C* — C" js onto for all n € N.

Proof. 1t is clear that

o"(C") = o" («:” \ UHLS> UT.
t<s
Hence we only need to prove that o™ (C" \ | J,.,H;s) = C" \ T'. Now, it follows from
Corollary 5 and 7 that o”(C" \ |J,, Hs) is a connected open subset of C* \ I'. On the
other hand, if y € C"\I" is a point of the closure of o™ (C"\|J,., H;s) in C"\ T, then (as
it was proved in Corollary 5), there exists a convergent sequence {x,, } C C"\J,_, Hi,
such that {x,, } —x e C"\ |J,_, His,

o"(x) = lim o" (x4, ) =Y.
—00
But y ¢ T implies that x € C"\ | J,_, H;s. Hence o"(C"\ |J,_, H; ;) is a closed subset of
C"\T. Now we use that C"\ T is connected to obtain that o (C" \|J, , His) = C"\ T,
which is what we wish to prove. O

Remark 11 The proof uses that we are dealing with complex polynomials since oth-
erwise the sets H; ; would be hyperspaces in R", so that R" \ | J,, H;s could not be a
connected set.

Remark 12 With the use of a little of complex analysis there are several more elementary
proofs of the Fundamental Theorem of Algebra (see [1], [3]). The standard focus is to use
Liouville’s theorem. Another point of view (that usually does not appear in textbooks),
very near to our proof, is as follows: first prove the open mapping theorem (i.e., that
non-constant holomorphic functions are open maps), then prove by similar arguments to
those given in Lemma 4 and Corollary 5, that p(z) = z"+ 3 7_, axz" ¥ is a closed map
for all choices of coefficients ay, ... ,a, € C. Finally, you use that C is connected.
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