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The notable configuration of inscribed
equilateral triangles in a triangle

Blas Herrera Gémez

Blas Herrera Gémez obtained his Ph.D. in mathematics at the University Autonoma
of Barcelona in 1994. Presently, he is a professor at the University Rovira i Virgili of
Tarragona. His main fields of interest are: the geometry of foliations, the dynamics
of galaxies, classical geometry, and the mechanics of fluids and turbulence.

1 Introduction

Many notable configurations for a given triangle have been described by different ge-
ometers in the past. Among the most famous classic configurations are the Euler and
Simson lines, the Gergonne, LLemoine, Brocard and Nagel concurrences, the Feuerbach,
Brocard, Lemoine, Tuker and Taylor circumferences, etc. More modern configurations
can be found in the Soddy circles [9], the Euler-Gergonne-Soddy triangle [8], the Tor-
ricelli configuration [10], etc. In fact, one can see in [3] four hundred configurations
(triangle centers), in [4] even eight hundred configurations are picked up. Recently, new
configurations continue to appear, for example Morley triangles related to the Feuerbach
circumferences [5], associated rectangular hyperbolas [1], triangle centers associated with
a rhombus [6], Euler lines concurrent on the nine-point circle [7], etc.

Among modern configurations we focus our attention on the Lucas circles. Edouard
Lucas studied the configuration given by three inscribed squares in a triangle with a side
parallel to each one of the sides of the triangle. With them appear three circles. Recently
[2], Yiu and Hatzipolakis have been continuing the study of this configuration and, in
particular, have shown recently that the Lucas circles are tangent to each other.
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In this paper we take on Lucas’ idea and consider not the three inscribed squares, but
the three inscribed equilateral triangles with one side parallel to each one of the sides of
the triangle (see Fig. 1).

The notable configuration which appears is outlined below and will be summarized in
the theorem of the following section.

We will show that the centers of these equilateral triangles are aligned (see Fig. 2). We
will see also that the mid-points of the sides of the equilateral triangles are aligned three
by three (see Fig. 2). We will find that the simple ratios of these mid-points and the
simple ratios of the vertices are equal to the simple ratio of the centers. But the most
remarkable feature will be the appearance of three circumferences which link the vertices
four by four, and these three circles are concurrent in a point (see Figs. 3, 4).

Fig. 1 Construction of the three inscribed equilateral triangles.

2 Configuration

First of all, in order to establish our notations we recall that the “simple ratio” (A, B, C)
of three aligned points is (A, B,C) = ig—g with a positive sign if C is not between A
and B, and a negative sign otherwise.

We recall that in order to construct an inscribed equilateral triangle in AABC with a side
parallel to side AB, we consider the exterior equilateral triangle with side AB, AABC’.
Let Cs be the intersection of the line CC’ with the line AB. The lines through the point
C; parallel to AC’ and BC’ intersect with the lines AC and BC at the points C; and C;
respectively. The triangle AC;C,C5 is the inscribed equilateral triangle (see Fig. 1).
The other two triangles AA;AyAs and AB1B;Bs, with sides parallel to BC and AC
respectively, can be constructed in a similar way.

The description of the configuration can be summarized in the following theorem.
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Fig. 2 The centers O4, Op, Oc are aligned. The lines AA3, BB3, CCj3 are concurrent (outward Fermat point
F = Xj3). The mid-points A1z, B13, C13 are aligned; the mid-points A3, Biz, Cp3 are aligned; the mid-
points Aps, Cyp, By are aligned. All the simple ratios coincide with the simple ratio (O4, O, O¢).

Theorem 1 Let AABC be a triangle. Let ANA1AyAs, AB1ByBs, AC1CyCs be the three
inscribed equilateral triangles with A A, parallel to BC, BB, parallel to AC, C;C,
parallel to AB and A,, By, Cs on the line AB.

Let Oa, Og, Oc be the respective centers of the three equilateral triangles, and let Ajj,
Bij, Cij be the respective mid-points of the sides A;Aj, B;B;, C;C;.

Then we have:
1. The center points On, Op, O¢ are aligned.
2. The lines AAs, BBs, CCy are concurrent (in the outward Fermat point).

3. The mid-points A1, Bia, Ci3 are aligned, the mid-points Ais, B1y, Cos are aligned
and the mid-points Ays, Cra, Bos are also aligned.

4. The following simple ratios are equal:

(Oa,08,0c) = (A2,B3,C1) = (A1, B1,G) = (A3, By, (3)
= (A2, B13,C13) = (A3, B12,Ca3) = (An, B3, Ci2) .

5. The points As, Co, A1, Cs are concyclic, the points As, By, As, Bs are concyclic
and the points Cs, B1, C1, B3 are also concyclic.

6. The above circumferences A3CyA1Cs, A3ByAyBs, C3B1C1Bs are concurrent in a
point .

Proof. Take a system of Cartesian coordinates in such a way that
A= (a,b) with 0<a,b<1, B=(0,0), C=(1,0).

A straightforward computation proves the parts 1 and 3 of the theorem (see Fig. 2).

Part 2 of the theorem is well-known. The concurrence of the lines AAs, BB3, CCs is
the outward Fermat point F (Xi3 in [4]).
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Fig. 3 The points Az, Cp, Ay and C3 are concyclic, the points Az, By, A, and Bs are concyclic and the
points C3, By, C; and B3 are concyclic. Also, the three circumferences are concurrent at the point .

Part 4 can be found with a straightforward computation. The value of the simple ratio
obtaining in every case is the same expression:

_1 (3a—=3b) (3% - 6a+36° + 2v3b + 3)
OO0 = 7 v3) (e — et 38— vA0)

Part 5 (see Figs. 3, 4) can be found with a long computation and we have that the points
As, Cy, A1, G5 belong to the circumference of center O4c  given by

1 =3 + 3v3a%b + 3ab® + 3a® 4 2v/3ab + 3v/3b* + 5b*
OACx — \/§

2 (3a2 1302+ 2\/§b> (2b 2 \/5) ’
o 1 3a® — 5v3a%b + 3ab® — 3a* 4+ 2v/3ab — 5/3b° — 9p?
ACy — — X )
Y2 (3a2 302+ 2\/§b> (2b + \/5)

and radius rac:

3 (@46%) (32" =432’ b+ 10a20" —4+/3ab’ —6a>+8+/3a*b—14ab’ 30" —4+/3ab+Tb" +8+/36°+ T1?)
(36> 436> +2v/30)* (2643 '

Analogously, the points Az, B, A,, B3 belong to the circumference of center O4p given
by:

o | \/§3a3 + V3a2b + 3ab® — 6a% + 3a+ V3b3 + 662 + 3v/3b
ABx — &
2 <3a2 — 6a+ 302 +2/3b + 3) (217 + \/5)

A 13a® + 5v/3a%b + 3ab? — 6a2 — 8v/3ab + 3a + 5v/3b° + 6b2? + 3v/3b
ABy — = )
2 (3a2 — 60+ 30+ 2v3b + 3) (2b + \/3)
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Fig. 4 Concurrence of the three circumferences.

and radius r4p:

\/3 (8222407 +1) (30 +4+/3a* b+ 10420 +4+/3ab’ — 62> — 4+/3a*b—6ab* + 34>+ Th" +4+/3b+ 30*)

(3a2—6a+3b7+2v/30+3)* (26+V3)

Analogously the points By, Cs, Bs, C; belong to the circumference of center Opc given
by:

0 3 3a* +4/303b-+6a2 0% +4+/3ab> —6a° —24/387b—2ab%+3a% +2/3ab+3b* +2+/36> + 5b*
BCx — &~
2 (322 -+2+/3b+36%) (3a® —6a-+3+2+/3b-+307 )

1 x/§(3a2 —3a+3b2+\/§b> (a— V3b - 1) (x/§b+a)
Z (3a2 13t 2\/§b> <3u2 —6a+3b2 +2v3b + 3)

?

Opcy = —

and radius rgc:

9 (@40%) (& =20+ +1) (36" +64° 0 — 62> —4+/3a*b—6ab* +3a+4+/3ab+3b" +4/30° +7b7 )
(32 +36*+2v/3b)* (30> —6a+36%+2v/3643 )’ )

Finally, part 6 corresponds to the above circumferences
AsCA1G, A3ByAsBs, (3BiCiBs

are concurrent in a point n (see Figs. 3, 4). To prove this statement let 1 be the image
of point A3 under the axial symmetry with respect to the line O30 4c. We obtain

71g 13U
T=\2776 "%
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with
¢ = 3d° + 8V3a°b + 94°b* + 16V3a*b® + 92b* + 8v/3ab® — 3a°
—11V3a*b — 6a°b* — 14/3a°b> — 3ab* — 3a* — 2v/3a%b
—10v/3ab® + 3a® + 5v/3a%b 4 3ab® + 3b° — 330> — 5b* + 5V/3b°
7 = 3a® + 94*b* + 92°b* + 9V3a*h — 98° — 18a°b* + 10V 3a%b>
— 9ab* 4 124" — 18V/3ab + 18a°b> — 10v/3ab> — 9a° + 9v/3a%b
+3a® — 9ab® + 3b° + V36 — 2b* + V3b® + 3b%
v— (32 =30+ 36" — V/3b) (3a* — 24" — 6a® + 2ab” + 3a* — 5b* 1 3b°)
¢ = 3a° + 9a*b* + 9a%b* — 92° + 9v/3a*b — 182°h* + 10v/3a°b> — 9ab*
+ 124" — 18V3a°b + 18470 — 10v/3ab® — 94> — 9ab® + 9v/3a%b + 34
+30° + V36 — 26" + V36 + 367

This point 7, by construction, belongs to the two circumferences Az CyA1Cs, A3ByA;Bs.
It only remains to prove that » belongs to the circumference C3B;C;Bs. But when we
compute the distance between 7 and Opc we obtain exactly the same expression obtained
above for rgc.

This completes the proof. O
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