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A note on the St. Petersburg paradox

Shrisha Rao

Shrisha Rao’s major academic interest is in the area of safety in distributed com-
puter systems — what constitutes a safe distributed system, and how can we create
distributed systems that are safe? The motivation behind this is easy to realize; the
world of computing is increasingly distributed, with resources that are geographi-
cally spread, often with no central authority or assurances of performance. Tasks and
services that a single person uses are increasingly likely to depend upon invocations
of resources that are distributed. The safety of persons or property may also depend
upon the proper functioning of diverse, uncorrelated computing elements. In his
spare time, he volunteers for the American Red Cross — he is a certified instructor
in First Aid and CPR, and is also trained in various disaster relief tasks.

1 Introduction

The St. Petersburg paradox is said to occur when we express our unwillingness to take
up someone’s offer of a game under the following conditions: Assume that someone
offers to toss a fair coin repeatedly, with a fixed investment by us to play the game,
where we stand to win 1 unit of money should the first toss turn up heads, 2 if the
second should turn up heads, and 2 raised to (1 — 1), should the nth toss turn up heads.
The game ends at the first heads obtained.

Our expectation in playing the game has to be, by the laws of probability, the sum of an
infinite sequence, where each term in the sequence is the product of the possible gain
from a certain occurrence of heads, and the probability that a given toss will be the first
one to turn up heads, or a total of
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The paradox is that we can hardly expect to find anyone willing to play the game under
the stated conditions; if such were offered to us, we would not be willing to invest our
life’s savings to play it, although the theoretical expectation is infinity. To paraphrase
d’Alembert ([2]), “no one would be willing to pay even a modest amount of money to
enter this game, not to mention an infinite amount.” The problem therefore is to justify
this widespread behavior, which is contrary to known and accepted laws of probability,
which would require us to accept offers of games where the expectation is (much) larger
than the investment.

The most common approach to arrive at a justification dates to Bernoulli ([1]), and
invokes utility theory, to say that there is a “moral expectation”™ that does not rise linearly
over an infinite range with rising expectation, but rather rises asymptotically to a finite
peak value. This is a somewhat sensible explanation, but suffers from the fallacy of
being rather ad hoc, as though tailored to fit this one problem, and also relies on the
often-unstated axioms of utility theory ([3], [4]).

2 A solution to the paradox

To arrive at a solution, we start by noting that it makes no sense to speak of an infinite
expectation of return on any investment, no matter what the theoretical value of the
same, because the world’s (or even the observable universe’s) resources are known to
be finite, and all our thinking should rightly take this into account. That is to say, we
should know for sure that given that there is only a finite amount of money in the world,
no statement by anyone offering us a game with an infinite return is credible for this
very reason. Given this constraint of finiteness, the paradox disappears; to see how, just
consider the following.

Let us say that the person offering the game has a total amount M of money available.
Then, we can only play the game as long as the person offering can still repay us, should
there be an occurrence of heads then. Since the rules of the game call for us being paid
27=1 for an occurrence of heads on the nth toss, this means that the game can only go
on for so long as:

2" < M.

Since the return from a bounded sequence of any r number of tosses is exactly %~r, if we
are to invest in a way such that our expected return matches or exceeds our investment,
we can invest an amount 7 to play the game only if:
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Taken together, these inequalities give:

>m.
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We also may note that the number of tosses 7 that may be supported grows only as the
logarithm of the money M available to the person offering the bet:

n<|log, M| +1.
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Therefore, the sum M that is required on the part of the person offering the game grows
exponentially, with increasing m, the amount of money we are prepared to invest, and is
also exponential on 7, the number of tosses for which the game is meaningful; for us to
invest $10 to play this game, the person offering must have at least $524288 invested in
it! This is the correct explanation for why, as d’Alembert points out, no one is willing
to invest even modest sums to play such a game. The exponential growth of M with
increasing m means that even with an investment of just $50, the amount of money
required on the part of the person offering the game is over $6.33 -10%, which is much
greater than the total amount of money available in the world.
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