Zeitschrift: Elemente der Mathematik
Herausgeber: Schweizerische Mathematische Gesellschaft

Band: 48 (1993)

Artikel: Another Computation of [Formel]
Autor: Kortram, Ronald A.

DOl: https://doi.org/10.5169/seals-44635

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 29.11.2025

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-44635
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

El. Math. 48 (1993) 0013-6018/93/040170-03$1.50 + 0.20/0
© 1993 Birkhsuser Verlag, Basel

2
Another Computation of e " du
0

Ronald A. Kortram

Ronald Kortram was born in 1944. He studied mathematics in Leiden and obtained
his PhD in 1971 under the direction of C. Visser. He worked at the universities
of Helsinki and Nijmegen. His main interest is in the theory of functions of one
complex variable.

There are many ways to determine the value of fooo e~ du. In this article we establish
a relation between this value and the number of lattice points in a disc.

Let x be a real number, and let 0 < x < 1. The function
bl =etf'logx ¢ [0, 00)
is decreasing, thus
o 2 0 2 0 2
/ el loex g < Zx" < 1+/ el loex gt
0 =0 0
Substitution of u = t/—logx leads to

oo o0 o0
/ e du < \/-longx”2 < v/ —logx +/ e_”zdu,
0 0

n=0

thus
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From lim 2=

x—1

= 1, we conclude that

o0 oo
i 2 . 2
e “du=1lmv1-—x E X",
0 le
n=0
i.e.

0o 2 0 2 00
—du) = lim(1— ) =lim(1-x) Y byx”
(/o e u) Jgrll( x) (gx ) xl%Tll( x)jL:6 x

where b, is the number of representations of # as sum of two squares of non-negative
integers, i.e. b, is the number of lattice points with non-negative coordinates, at distance
/1 from the origin.

We base the computation of li%rll(lwx) > byx" on the following lemma.
& n=0

Lemma: Let A, be a sequence of positive numbers, such that ) A,x" converges for
x € [0,1) but diverges for x = 1. Let B, be a sequence of numbers such that

Then we have

Proof: Since |B,| is dominated by a constant multiple of A,, >_ B,x" converges for
x € [0,1). Let € > 0 be given. Choose N such that for all n > N we have

1.e.

For x € [0, 1) it follows that

0o oo N 0o
3" Bpx" | S3(By — MAp)x"| 3 [Bu— M|+ 3¢ Y AwxX"
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and for x sufficiently close to 1, this is smaller than ¢, and the lemma is proved. O
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We apply this lemma, with
n
A, = n+l1 and B, :Zbk,
k=0

the number of lattice points with non-negative coordinates in the closed disc with radius
v/n around the origin. To each such lattice point we associate the unit square that lies
“north east" of it. These squares cover a closed quarter-disc with radius /n and are
covered by a closed quarter-disc with radius \/ﬁ—!—\/i, hence

zll-yr(\/ﬁ)2 <B, < %w(\/ﬂx/ﬁ)z

thus
1

I = .
nocon+1 4"

It follows from the lemma that

oo o0
Z ann (1 - X) Z ann
—7 = lim = = lim =0 =
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n=0 n=0
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and this shows that
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