Zeitschrift: Elemente der Mathematik
Herausgeber: Schweizerische Mathematische Gesellschaft

Band: 43 (1988)

Heft: 6

Artikel: Some integral inequalities

Autor: Sandor, Joseph

DOl: https://doi.org/10.5169/seals-40815

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 03.11.2025

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-40815
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

El. Math., Vol. 43, 1988 177

REFERENCES

1 Berger J. O.: Statistical decision theory and Bayesian analysis, 2nd ed., Springer, Berlin — Heidelberg — New
York 1985.

Hodges J. L. and Lehmann E. L.: Some problems in minimax point estimation. Ann. Math. Statist. 21,
182-197 (1950).

Lehmann E. L.: Theory of point estimation. Wiley, New York 1983.

Loeffel H.: Statistische Inferenz und strategisches Spiel. El. Math. 40, 109-120 (1985).

Neumann J. v.: Zur Theorie der Gesellschaftsspiele. Math. Annalen 7100, 295-320 (1928).

Rauhut B., Schmitz N. und Zachow E.-W.: Spieltheorie. Teubner, Stuttgart 1979.

[ 38

[« WAV, T - )

© 1988 Birkhiduser Verlag, Basel 0013-6018/88/060170-08 $1.50 +0.20/0

Some integral inequalities

The aim of this note is to prove some integral inequalities and to find interesting
applications for the logarithmic and exponential functions. These relations have some
known corollaries ([3], [4], [5], [8]).

Theorem 1. Let f:[a,b] = R (a < b) be a differentiable function with increasing (strictly
increasing) derivative on [a,b). Then one has the following inequalities :

[roaz6-as(*E) )

b
2-[f@dt < b — 0 f(/ab) + /b= JO(/bfB) +/af (@)
(Here 0 < a < b). )

Proof. The Lagrange mean-value theorem implies: f (y) — f(x) = (y — x) f'(x) for all
)
x,y€[a, b]. Take x = (a + b)/2 and integrate the obtained inequality:

2 b b\ ¢ b
[rovay-e-ar(*32) = r (%5 )3(r-23)ar-o.

) a

i.e. relation (1).

In order to prove (2) consider as above the inequality f (y) — f (x) < (y — x) f'(y) with
x = ./ab. Integrating by parts on [a, b] we get )

b b b
§fdy — (b — a)f(\/c’ﬁ»)(g)(y —Jab) f = {f»dy

which easily implies (2).



178 El Math., Vol. 43, 1988

Remark. Inequality (1) is called sometimes “Hadamard’s inequality” and it is valid for

+ b\ .
instead of

a
convex functions f as well with the same proof, but using fj,(
a+b
f’ (————2———> (see also [1]).

In applications is useful the following generalization of (1) (see [9])

Theorem 2. Let f:[a, b] — R be a 2 k-times differentiable function, having continuous 2 k-th
derivative on [a,b] and satisfying f®(t) >0 for te(a,b). Then one has the in-
equality : )

£ (b—aPrt o fa+b
[roaz & g5 (F) o

a+b
Proof. Apply Taylor’s formula (with Lagrange remainder term) for f around ( 5 )

a

a+ b\2m-1
and integrate term by term this relation. Remarking that | (x — -——2——) dx = 0 for

m=1,2,3,..., we obtain

a+b\ (b—a) [(a+b
yfqu—w~mf( )+ 223,f( 2)

o+ @0 (&) dx.

(b — a)?*1 o {a+b\ b(x—(a+ b))
22"‘2(2k——1)!f(2k ”( 2 )” 2 k)!

Taking into account f©@% (&) > 0, we get the desired inequality (3).

>)

1
Applications. 1) Leta >0, b=a + 1, f,(t) = - and f,(t) = — Int in (1). We can easily
deduce the following double inequality:

2a+2 e 1
2a+1<< 1)°<\/1+5 @
14-
a

containing inequalities studied by E. R. Love [4] and G. Polya — G. Szego [7]. Using
Bernoulli’s inequality we have (1 + 1/2a + 1))¥2>1 + 5/(4a+2) > 1 + 1/a,fora > 2.
Hence we have:

1 a+2/5 1 a+1/2
<1+5) <e<(1+;) (@a=2) (5)
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. ) 1
2) By repeating the same argument in (3) for k=2, b=a+1(a@>0), f,(t)=-

f,(t) = — Int, we obtain: t
- 1
za+ze6(2a+1)2<_L_< 1+_1_ '63(2a+1)2, (6)
2a + 1 ( 1)0 .
14—
a
This inequality implies for a > 0 e.g. that
1 1 1 1
— 1 —-= LN PN
e2a< a) < ____e]__‘; < eZa( 2a> (7)
14+ -
a
and so

A,=|z—nlne/| 1+ - =0(1/n)
2 n

which can be compared with the more familiar lim 4, = 0.

1 n— o
3) Apply (1), (2) for f (t) = — to deduce
t
,/ab<L(a,b)<a;b, (8)

-2 denotes the logarithmic means (see [2], [3]). The right-hand
Inb—1Ina

side of this inequality is due to B. Ostle and H. L. Terwilliger [6]. The left-hand inequality
was stated by B. C. Carlson [2]. (8) was rediscovered also by A. Lupas [5].

4) Select f (t) = — Int in (2). This application yields the following improvement of the
right-hand side of (8):

L(a,b) < (“—?;-—13 + \/EE)/z. 9)

Where L(a,b) =

5) An interesting remark is that one can use (8) (and also (9)) to obtain refinements of this
inequality. Indeed, let us consider a = \/x, b = \/;: in (8). It follows that

.
\/;} < 4\/7}, (if.}&) < L(x,y) < (M)z < f_+_¥_ (10)

2

With the same argument we can derive (on base of (9)):

2
L(x,y)<-;—<[5—;’—‘—@> + (DY (11)
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6) In order to arrive to a better refinement, we can consider the relation (3) for f (t) = 1/t,
k=2(0 <a <b).Itresults L(a,b) < 3(a + b)*/(a> + ab + b?). Lettinga = 3/x,b = 3\/;,
this is just one of the Lin [3] and Riithing [8] inequalities:

(’\/; ;r W)3 (12)

L(x,y) <

The author wishes to thank the referee for his valuable suggestions.

Joseph Sandor,
Jud. Harghita, Romania
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Kleine Mitteilungen

Eine komplexe Ungleichung aus elementarer Sicht
Aus der Operatorentheorie ist folgende Ungleichung bekannt:
Fir f(z,,2z;) =1+ 2(z; + z2) + (z; — z,)*> mit z;,z,€C und |z,| =|z,| =1 gilt

|f(z1,2)) < 5. 1)

Man kann (1) mit Hilfe der Ableitungen beweisen, indem man z, = exp(i¢,),
z, = exp (i ¢,) setzt und dann die Paare ¢, , ¢, sucht, fiir die

0 0
— | f(z1,2)1> = —|f (2;,2)> = 0
a(pl f( 1242 a(pz 1542
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