
Zeitschrift: Elemente der Mathematik

Herausgeber: Schweizerische Mathematische Gesellschaft

Band: 42 (1987)

Heft: 3: Archimedes was right. Part one

Rubrik: Kleine Mitteilung

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veröffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanälen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
qu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 12.01.2026

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en


76 El. Math., Vol. 42, 1987

Kleine Mitteilung

Note on the diophantine equation 1 + x + x2 + + xn ym

This equation has occurred from time to time in the literature. In this note, we shall
treat some aspects of the lowest cases m 2 and m 3. Throughout we shall assume
|x| > 1 and«> 1.

Theorem. The Diophantine equation 1 + x +... + xn y2 has Solutions only for n 3

and n 4, the Solutions being (7, ±20) and (3, ±11), respectively. The Diophantine
equation l + x +...+xn= y3 has Solutions only for n 2 unless n is of the form
6k+ 4. The respective Solutions are (18, 7) and (— 19, 7).
This was shown by W. Ljunggren [4] in 1943*, using results by D. Schepel [7] and
T. Nagell [6]. Actually, the case n 3 for the first equation follows from a result
already known to Fermat and subsequently proved by E. Lucas and A. Genocchi [2].
(See also [1], vol. II, p. 487.)
Considering only primes for x, the sum l+x + + x" can be interpreted as a(pn),
the sum of the divisors of pn. The question for m 2 now reads: can a(pn) ever be a

square? It is easily seen that for n 1, 1 +p y2 if and only if p 3, v 2. Hence the
answer to our question is simply, that a(pn) is a square only in the cases p= 3, n l
or 4, and p l,n 3.

Recently, Takaku [8] has shown that o(pn) a square requires p to be less than 22"+
In view of Ljunggren's theorem this is quite staggering.
Returning to the second part ofthe theorem, let us remark that R. Guy ([3], p. 7) poses
the following question on so-called repunits, i.e. numbers Hill... 11 1 + 10 +
+ 10": Can such a number ever be a cube? (It is known that, except 1, they can never be

Squares.) As 1 +10 is not a cube, a positive answer to Guy's question can only stem
from n 6k + 4. Using the elementary geometrie summation formula, one obtains
106*+6- 10 90 y3, which gives >>3 2mod7 and hence is impossible. Therefore, the
answer to Guy's question is «no».

A. Rotkiewicz, Mathematics Institute PAN, Warszawa
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1* The author wishes to thank Prof. J. Brzezinski for a copy of Ljunggren's paper which was not available in
Poland.
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